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1. Introduction

The theory of Banach algebras is an abstract mathematical theory. Banach algebras started in
the early twentieth century, when abstract concepts and structures were introduced,
transforming both of the mathematical language and practice. A non-empty set A4 is an
algebra with (A,+, .) over a field F is a vector space and A is a ring with 4+, o and a o (ab) =
a(@cb)=(aa) ob forall ainF, for each a,bin A [1]. In [2], a ring R is an algebra
< R,+,,—,0 > where R is a ring and binary operations + and -, unary is— and nullary
element is 0, when a commutative group is < R,+,—,0 > and a semi-group is < R,.> ,
x+y)z=xz)+ (y+2alsox. (y+2z) =(xy)+ (x.z). Assume that A is an algebra,
recall that a Banach space & is a left B- algebra-module if [la]|||x]] <
la.x|]|(ain A,xin €) and € is a left A —module [1]. All modules over commutative Banach
algebras are both left and right modules. A Banach algebra A is always a left and right A -

*Email: uhood.s@sc.uobaghdad.edu.iq
640



Al-Hassani et al. Iraqi Journal of Science, 2022, Vol. 63, No. 2, pp: 640-644

module with the module multiplication which is taken to be the multiplication in A. A
Banach space is a A -module with the module multiplication which is taken to be the scalar
multiplication. So every closed left ideal of a Banach algebra A is in a natural way is a left A
-module. If U is a submodule of an A -module V, then the quotient space V/U with the
quotient norm is in a natural way an A -module. If A is a Banach algebra, and V is a Banach
space, then V becomes an A -module if we define av = 0 for all a €A, veV. We call V a
trivial A —module [3]. A function T : X — Y (not necessarily A is commutative) is said to
be (homomorphism) multiplier if a.Tx = T(a.x) V a € A,x € X [4]. Following [5], let V'
be sub-module of a module M,iff(M)<S N , N is said to be stable, for each
R —homomorphism f: N — M an R —module M is called a fully stable module , if each
sub-module of M is stable”. In [6] , a B-A module M is said to be full stability B-algebra-
module if each sub-module V' of B-algebra-module M and for every multiplier 6 from N to
M such that ¥ 2 (V). From [7], a left B —algebra-module X is n —generated n € V' if
there exists x4,..,2,inX such that for all xinX, can be written x as x =
X1, ..., qpxfor some a4, ..,axin A . A 1l-generated is called cyclic module .
Following [8,9,10] Let X be B-algebra module , X is called fully stable Banach A —module
if for every submodule V" of X and for each multiplier 6: ' — X suchthat(WV') & N,
suppose that X is B-algebra module, if for each sub-module V" of X and for every multiplier
0 from IV to X, such that V' + KX 2 0(N), X is said to be fully stable Banach algebra-
module relative to an ideal K of A. It is easy to see every fully stable Banach A —module is
fully stable Banach .Amodule relative to an ideal. Assume that X is B-algebra module , if for
every sub-module V' of X and for every multiplier 6: ' — X such that ¥ N XX 2 0(X),
X is said to be strongly fully stable B- algebra module relative to an ideal K of A, . Itisan
easy mater to see that every strongly fully stable B- algebra module relative to an ideal is
fully stable Banach algebra module. Following [11], suppose that T'- is a groupoid and V is
a space of vectors over F. Hence , V over F is said to be a I —algebra, if there is a mapping
fromV xT xV to V (we denoted the image by x a ¢ for x , ¢ in V and a in I') such that
W) x@+tPpy=xay+xPy, (2) cxr)ay=clxay)=xacy) )(x+y)az=xo0z+
yoazg, xa (p+z)=xay+x0z,(4) 0oy =ya0=0,0,B € Fandforall x, 4y, z2€V,C
€ V. AT - algebra is said to be associative if (5) (x a¢)pz = x a(y Bz), and unital if for
every a, B € T, there is an element 1, in V such that 1, o v = ¢ = val, for every nonzero
elements of V. The concept of strongly fully stable B- 'A-modules related to an ideal have
been introduced and is proving anther characterization of strong fully stable B- TA-modules
related to 'A-ideal A Banach 'A-module X is strong fully stable B- TA-modules related to
['A-ideal if and only if for each MNg,,Kjg, subsets of X, y ¢ Ny, NTJr X implies

annr( Ny,) € annpy, (%B/y)) .

2- Strongly Fully Stability Banach I'- Algebra Modules Related to an I'-ideal.

In this section the concept of strongly fully stable Banach I'- Algebra Modules Related to
an ideal is introduced and other characterizations of this concept have been studied.
2.1 Definition: Suppose that X is B-algebra- module , X is said to be strongly fully stable B-
[':!A —module related to I' —ideal ;J of T" A, if for each sub-module N of B-algebra- module X
and for all TA -multiplier 6 from NV to X such that N NTJIrxX 2 6(N) . It is easy to
see that every strongly fully stable Banach «A-modules related to an ideal is fully stable
Banach T':A-modules. Therefore X is strongly fully stable Banach I'eA-modules related to
I':A — ideal, if and if for each 1-generated sub-module L in X and for every I':!A — multiplier
6:L — X suchthat6(L) € LNKX.
Let X be a Banach A-modules and J be a nonzero I' —ideal of algebra A. If X is fully stable
B- I'A-modules and X = T'JI' X then X is strong fully stable B- TA-modules related to an
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ideal K, since for each 1-generated sub-module N of X and ’A-homomorphism f from N to
X, NNTJrx=.nN NX2fN).
Suppose that X is a B-T<:A — module, let V' and K be two subsets of X, then
1) Ny ={ng|neN,aerl,x € X}and
2) annpy(N,,) ={a.a ETA|la.a.n,, = 0,YVn,, € Ny}

2.2 Proposition: A Banach TA-module X is strong fully stable B- TA-modules related to
[A-ideal if and only if for each N, ¥g, subsets of X, y € N, NTJI X implies

annp( Ny,) & annFﬂ(%By)-
Proof :- Assume that X is is strong fully stable B- I'A-modules related to 'A-ideal K, there
IS Ny Kg, subsets of X, such that y & N, NTJgr X and

annr,( Nyy) € annr,(Kp,). Define 8: < Ny, >— X by 0(8a.nyy) = da.kgy, for
all 8a€TA, if da.ng, =0 then &a € annpp( Ny,) € annpa (Kg,). This implies that

8a.xgy = 0, hence 6 is well define. © is a I' —multiplier, since X is strong fully stable B-
FA-modules related to TA-idea , there is an element yteETA st
B(myy) = ytm,, foreach my, € N,. In particular, kg, = 8(ngy) = Ytngy € Ny, N
['Jr X. This gives a contradiction. Hence X is strong fully stable B- 'A-modules related
to T'A-idea. Conversely, suppose that there exists a ' —multiplier 6: < N, >— X and a
subset Ny In X such that 6( V) € Ny, NTJT X then there exists an element m, €
Nox Such that (mgy) & Ny, NTKLX . Let ns € annpa( Ny, ). Therefore msngy =
0 ,ms6(myy) = 6(msmy) = B(msytn,) = B(ytmsn,)0(yntsn,) = 6(0) =0 . Hence
annpa ( Ny,) € annp, (6(mg,))which is contradiction .
2.3 Corollary : Suppose that X is a related to strong fully stable B- I'A-modules related to
[A-ideal K .Then N, X, subsets of X,annr,(Kg,) = annr,(Ng,) implies Xg, N
TKIX = N, NTJr X.
Proof:- Suppose that there are two elements x,y € X' 3 annr4(Xp,) = annr,( Ny,) and
Kpy NTIU X # Ny, NTJT X. Therefore without loss of generality there exists z,, €
Nozand zqx € Kg,, By using proposition (4.2) we get annr4(Kp,) € annpa(Zax) , but
annrq( Nox) € annpa(zax) , hence  annp,(Kpy) € annp,( Nyy) which is
contradiction.
2. 4 Definition : A sub-modue N of B- I'A-module is called pure I' —submodule if TKT' V' =
'V NTJr X foreach T —ideal J of A.
When the sub-module of strong fully stable B- 'A-modules related to I'A-ideal have been
partial answer in the next result.
2.5 Proposition : Suppose that X is a strong fully stable B- 'A-modules related to a
nonzero I' —ideal J of A. Then every pure I' —submodule is strong fully stable B- T'A-
modules related to 'A-ideal.
Proof : Assume that V' is pure I' —sub-module in X. For all T —sub-module L in V" and f :
L — NaTl —multiplier, setio f=g: L — X ,iisthe inclusion mapping from IV to X , then
from assumption f(L) = g(L) € TJr X, and f(L) € N. Hence f (L) € L N TJIrx Ni.
Because of N is pure I' —sub-module in X' ,we have T'’V N T'Jgr X = rgr v, for each
[ —ideal J of I'A , therefore f(L) € L N IT'JT' NV . Thus IV is strong fully stable B- T'A-
modules related to I'A-ideal 7.
2. 6 Definition : A Banach I'tA —module X is called Baer criterion relative to an ideal J in A
satisfied, if every sub-module of X Baer criterion relative to an ideal J in A satisfied, this
mean that, for each 1-generated sub-module V' in X and 6 from V to X A — multiplier,
thereis tain€ T A st O(n) =tan € 'JIrX foralln € V.

642



Al-Hassani et al. Iraqi Journal of Science, 2022, Vol. 63, No. 2, pp: 640-644

The next proposition and corollary give new characterization of strong fully stable B- I'A-
modules related to I'A-ideal.

2.7 Proposition :If X is a B- algebra —module, then the Baer criterion relative to an ideal J
in A is satisfied for 1-generated sub-module in X if and only if annFX(annm(Nax)) =
Ny, N TJrXxX foreach ax € TX.

Proof :- Suppose that the Baer criterion relative to an ideal J in A holds for 1-generated sub-
module of X. Let y € annp,(annr,(N,,)) and define  6:< NV, >— X by
B(va.ngy) = va.xgy, for all ya€TA. Let ya;.ngg =Yyazng, thus y(a; —az)ng =
0 where y(a; — a;) € annpq( Ng,), S0 that y(a; —a,) € annr4(Kg,). Therefore y(a; —

az)kgy = 0,and a kg, = ayKgy, then 0 is well define. It is easy to see that 6 isan A —

multiplier. There exists an element &t € I'A from the assumption that 6(mg,) = 6tmy, €
KX for each myy € Ny, We have in particular, kg, = 8(nyy) = 8tnyy € TJIX, therefore

annpx(annpﬂ( Nyw)) € N NTITX,  and annpx(annpcﬂ( Nyz)) = Ny NTIT,
Conversely, assume that annry(annrg(Ny,)) = Ny, N TITX, for each IV, S X, then

for each A — multiplier 0: NV, » X, and ps € annp4(Ny,) we have psO(ngy) =
O(usngy) = 0. Thus  B(nyy) € annpx(annpﬂ(]\fax)) = Ny NTIJrX , and 0(nyy) =
0tny, € TJIX for some &t € I'A, hence Baer criterion relative to an ideal (7 in A holds.
2.8 Corollary: X is strong fully stable B- 'A-modules related to I'A-ideal K if and only
if anng(anna(Nyg)) € Ny N T'JrX foreachx € X.
In[8], the authors assume that A be a unital B-I' —algebra. Algebra-module X is said to be
quasi a-injective if, @ from N to X is algebra-module homomorphism (multiplier) such that
|| ¢ || <1, there is algebra-module homomorphism (multiplier) 6 from X to X, 30 oi= ¢ and
|0 <a, iisan iso-metry ,algebra-module isomorphism is an iso-metry algebra-multiplier ,
from sub-module V' in X to X, and X is said to be quasi injective if X is quasi a - injective
for some a
The concept of strongly quasi a-injective related to an I':A — ideal J of A is introduced.
2.9 Definition: Assume that <A be a unital B-I' —algebra. T'"A —module X is said to be
strongly quasi o-injective related to an I':A — ideal J of A if, ¢ from NV to X is
['A —multiplier such that || ¢ || < 1, there exists ':!A —multiplier 6 from X'to X, such that (6
oi)(n)=@(n) ETJrX and| 0 || <aiis an iso-metry from sub-module ' to X. X is said to
be strongly quasi injective related to I':A — ideal if it is strongly quasi a — injective related
to'A — ideal for some a.
In the following proposition we give the relationship between strongly quasi a-injective B-
I':A —module related to I':A — ideal and strongly fully stable B- T'eA —module related to an
['A — ideal K of A.
2.10 Proposition: Assume that X be B- I':A —module and J be a non-zero ideal of TA. If X
is strong fully stable B- TA-modules related to I'A-ideal then X is strongly quasi injective B-
[':A —module related to I':A —ideal.
Proof: Suppose that Nis sub-module in X and f : V=X be any algebra-module
homomrphism. Because of X is a fully stable B- I':A-module related to I':A —ideal 7,
therefore f(W') € IV N TJrX, hence there exists At € I'A such that f(n) = Atn . Define g : X
— X by Mx =g (x), it is easy to see that g is a well defined 'cA —multipler, f(x) = g(x) = AMx
eTgrx,and forallyin v, (foi) (y) —g(y) = f(y) —g(y) € TJrX, i isiso-metry, and for
some a, || g || < a Therefore X is strongly quasi injective B- I':A —module related to T'eA —
ideal.
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