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Abstract  

    In this paper, we analyze several aspects of a hyperbolic univalent function 

related to convexity properties, by assuming   to be the univalent holomorphic 

function maps of the unit disk   *         + onto the hyperbolic convex 

region   (  is an open connected subset of   ). This assumption leads to the 

coverage of some of the findings that are started by seeking a convex univalent 

function distortion property to provide an approximation of the inequality |
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 and confirm the form of the lower bound for    ( )  

 

   
. A 

further result was reached by combining the distortion and growth properties for 

increasing inequality  |
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|  

 

   
. From the last result, we wanted to demonstrate 

the effect of the unit disk image on the condition of convexity estimation by proving 

the two inequalities of 
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الزائدية أحادية التكافؤ دالةبعض الخصائص الهندسية لل  
شذى سامي الحلي*  ،صباح سعدي العزاوي   

امعة المستنصرية , بغداد , العراققسم علوم الرياضيات , كلية العلوم , الج  

  الخلاصة 

أحادٔح انتكافؤ انزائذٔح انمتعهقح تخظائض  ذانحفٓ ٌذا انثحث ، قمىا تتحهٕم انعذٔذ مه انجُاوة  انٍىذسٕح نه    

 +         *   قزص انُحذجانتكافؤ معزفح عهّ  أحادٔح  دانح   انتحذب مه خلال افتزاع أن
انّ ، تؤدْ ٌذي  انفزضٕاخ  (   متظهح مفتُحح مه جزئٕحٌٓ مجمُعح    )   انمىطقح انمحذتح انزائذٔح َان

|    ةتُضح خاطٕح انتشُٔح نهذانح احادٔح انتكافؤ انمحذتح مه خلال متزاجحح انتقزٔ
   ( )
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  ( )  اضافح انّ أجاد انحذ الادوّ نطُل انذانح احادٔح انتكافؤ انمحذتح        ( )    

 

   
    .

 متزأذي  ححمتزاجَانىمُ نهحظُل عهّ  انتشًُٔ  خُاص وظزٔتٓ تٕه تجمع إنّ وتٕجح أخزِ  َانتُطم

  |
    ( )

 ( )
|  

 

   
تُضٕح تأثٕز طُرج قزص انُحذج عهّ حانح تقذٔز كما تم  .مه خلال انىتٕجح الأخٕزج  

 انتحذب مه خلال إثثاخ َجُد متزاجحتٕه اساسٕح نثٕان تاثٕزانظفح انٍىذسٕح نهتحذب فٓ انذانح احادٔح انتكافؤ 

|
     ( )

    ( )
|    

   

       
( )    عىذما        | َكذنك   

     ( )

    ( )
|  .   عىذما        

Introduction 

     The typical problem in the Geometric Function Theory has always been to maximize the value of a 

particular function over a given class of analytical functions. This class contains a single valued 

function in a domain     that is called univalent function, if it ever never takes the same values 
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twice (one to one). We shall be concerned with the class   of a holomorphic and univalent function in 

the unit disk    *         +, normalized under two conditions,  ( )      ( )   , where 

each     can be represented by a Taylor series of the form  ( )  ∑      
       The subclass of   

consists of the convex function (which is one of those functions that maps the disk to a convex domain 

conformally, which is denoted by   [1, 2] 

The class   of all functions   that are holomorphic and have positive real part is closely related to both 

classes   and  . The most famous case of this relation is the Bieberbach conjecture of achieving the 

full co-efficiency of the expansion of the univalent function of the power series for another important 

problem, namely the distortion (cf. [3]). 

Here, we are dealing with hyperbolic univalent functions with property of convexity. These functions 

attracted a great deal of interest, especially in recent years, as they were applied to surfaces and certain 

types of classes (cf. [4-6]. 

In 1987, Minda [7] published one of the first papers on hyperbolic convexity of univalent functions, 

and in 1994, Ma and Minda [8] provided the first general description of hyperbolically convex 

functions on growth problems. In that same year [9], Kim and Minda reached two-point theorems for 

convex regions. These theorems are a comparative analysis between hyperbolic geometry and 

Euclidean geometry. In [10], the authors also speculated that the Schwarzian derivative is maximized 

by the hyperbolic strip map, whereas Roger et al. recently showed this relation [11]. The study of two-

point distortion theorems for an univalent function on a unit disk, through the definition of hyperbolic 

metric by theorem, provides a necessary condition for simply connected regions on a complex plane 

[12]. Yamashita [9] also used a metric to define several aspects for convex regions. 

In 2000, Mejia and Pommerenke [13] started working on hyperbolically convex functions. They stated 

that the Schwarzian derivative was maximized by the hyperbolic strip mapping. 

In 2017, Alhily [14] showed some results on the function representation of the convexity area for 

univalent function by applying the weighted composition operator to the convexity of the Bergman 

spaces.  

It is now important to remember that the hyperbolic plane is formed from the unit disk   
*         +  and the hyperbolic metric. The hyperbolic metric on the unit disk   is defined by  

  ( )      
    

       
  Also, we need to know certain properties about the hyperbolic geodesic arc   in 

   which joins the two points    and    and is orthogonal to the unit circle in a certain sub-region  

         is called hyperbolic distance. 

  (       )         ( ), where    ( )  ∫   ( )      
 

 

One can perceive another geometric concept, which is the hyperbolic metric density on the hyperbolic 

region, that played the major role in the development of the classical geometric theory, which is 

defined in the form that a convex set or a convex region is a subset that intersects every line into a 

single line segment, 

  , ( )-|   ( )|     ( ),  

where    is a holomorphic generic covering projection of    onto  . 

1. Preliminaries 

Definition (1.1) [Gaussian curvature] [15, 16] 

Curvature is an integrated part of the curve that defines its geometry at a point.  

i. The formula    |
  

  
| shows how quickly the unit tangent vector rotates at a certain point, where 

  is the vector of the unit tangent and     is the differential of the length of the curve. 

ii. The formula    
     

    
 represents the curve in the direction of a moving point and is determined 

by time  , where   is the velocity,   is the acceleration, and " " is the symbol of the vector product.  

iii. The formula    (   )     (   )   
      ( )

  ( )
 

    (   )    [
      ( )

  
  

  ( )

   ( ) 
]   

be Gaussian curvature where    (   )  is the euclidean curvature with  the unit normal  ( ) at   

that makes an angle with tangent vector, which is 
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Definition (1.2) [ Convex univalent function] [ 3] 

  Let   be a holomorphic and univalent function in the unit disk    *         + and maps the 

 unit disk onto a convex domain. Then,   is said to be convex univalent function (or simple convex).  

Definition (1.3) [ Hyperbolic convex function] [8] 

    A holomorphic and univalent function   in the unit disk   *         + is called hyperbolic 

convex if the image region is a hyperbolically convex subset of   . 

Theorem (1.1) [ 1 ]. Suppose that   is a convex hyperbolic region in     Then, for all        

     (   )    
  ( )

  ( )
       (   )    equality holds if and only if     is a half plane and the line 

segment joining   and   is perpendicular to the boundary of    
2. Results 

Here are some interesting results for the classical distortion and growth properties for the convex 

univalent function.  

Theorem (2.1).   Let            be a convex univalent function, where    is a hyperbolic region. 

Then, | 
    ( )

   ( )
 

 

    
|  

 

     
|   ( )|

  
      

Proof.  Given that   is a univalent and convex function which belongs to   , that is   ( )    and  

   ( )   . 

   Let    be a convex domain and     ,     are in   and joined by the curve  . 

  Now, substitute  ( )   ( ) for     ,     respectively, such that   ( )   . 

 Then,        ( ) |    ( )|     ( )     (   )  

where    ( )   
 

       
. Hence this will imply that   ( ( ))  |   ( )|   

 

       
    . 

Apply the logarithm function to the earlier statement, as follow 

    [  ( ( )) |    ( ) |]       
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Derive both sides to the earlier statement to obtain  
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                                                  (  ( ))   |
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  Since      
 

  
       , ( )-           (   ( ))  is a Gaussian Curvature, then we can apply inequality 

(2.2) in order to obtain  

  

    
          (  ( ))     |

    ( )

   ( )
|                        (   ) 

 

In the last step, we make a short calculation of inequality (3.2) with the use of inequality (1.2) to 

obtain 

|   
    ( )

   ( )
   

  

     
 |     

  

    
   |   |

  
  

The proof is complete    

Theorem (2.2) If   is a univalent and convex function on a convexity region    such that  ( )   , 

then    ( )  
 

   
        . 
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Proof .  Let      (    (   ))    
  ( )

  ( )
       (   (   ))              (   ) 

be a statement that is provided by theorem (1.1), where     are two points that belong to    
     Let us start with the left- hand side of (2.4), as follow   

  
  ( )

  ( )
          ,     (   )-   such that  

  ( )     ( )       ,     (   )-, 
 

  ( )
     

 

  ( )    ,     (   )-
 

It is regarded that   ( )      (  ( )), since  ( )          for all     ,    -  
Therefore,  it must be assumed that  ( )  for   and   for  , where  (   )   , since (    is 

univalent function on  ), in order to get  
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   , with the fact that  
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so that      (    )     
      

      
      

              

      
  

    

      
  which implies  
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  , as required    

Theorem (2.3). If   is a holomorphic and convex function defined on a convexity region   , then 

|
   ( )

 ( )
|  

 

   
,  where            

 Proof. Given   is a univalent function, that is       let      and     such that , ( )  

 .
   

   ̅  
/  ( )

(      )   ( )
 

Suppose that        belongs to  , then  ( ) reforms to 

 (     )   

  ( 
       ) 
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 )    ( )

(        )    ( )
  

  ( )    (   )

(        )    (   )
 

                                                                            
    (   )

(        )     (   )
     

We apply the preceding theorem (2.2) to a function that has a convexity property in addition to a 

univalent property, in order to have  

   (  )    
   

      
  

|
  (   )

(             (   )
|     

   

      
 

(        )

   
   |

  ( )

(             ( )
|      

   

      
  
(        )

   
 



Al-Azawee and Alhily                      Iraqi Journal of Science, 2021, Vol. 62, No. 6, pp: 2022-2028         

      

2026 

|
  (   )

     (   )
|     (        ) 

|
     (   )
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|    

  

      
 

We replace    instead of   to obtain |
     (   )

  (  )
|      

 

      
            

Theorem (2.4)   Let           be a holomorphic and hyperbolic univalent convex function in the 

unit disk  . Then, the domain   is hyperbolic convex if  

{  
|
      ( )

     ( )
|    

   

       
            ( )    

|
      ( )

     ( )
|                                 

   

Short Structure of facts  
Let          be a holomorphic and hyperbolic univalent convex function. Then, for any         
  , the closed geodisc arc    is joining the points              
.  

In this proof, we have two important cases,  

i.      ( )    
ii.         (                 )   
Proof.   i-   For     ( ). 

Since   a is hyperbolic univalent convex function, and for                 is radius of an open 

disk   centered at  , which is contained in  ( ),  

then      , ( )- |   ( )|   
 

    
  

Here, we have to show that   must map each subdisk        onto the hyperbolic region   ( ) .  

The Gaussian curvature should be used in logarithmic cases to do this, as follows:   

    [   , ( )- |   ( )| ]     
 

    
   

       , ( )-     |   ( )|       (     )                (   )    

Suppose that        ( )         where     is an interval on the x – axes, in order to derive (2.5) with 

respect to the unit normal   ( ) at   that makes a right angle with tangent vector to   at   , as 

follows:  
 

  
      , ( )-  

 

  ( )
     ( )      

 

  ( )
   (        )  

From the hyperbolic metric   (  ( )) |   ( )|  
 

    
  and the formula below  

 (     )   ( )     
      ( )

  ( )
        ( cf . [1] )  

we obtain,  
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   (      )  

  

|  |
     (   )  

It is worth to note that the logarithmic partial derivative has a role to extend the open disk    

 {  |
       

         
|     } , which is hyperbolic convex in   for all  and larger in  ( ) , which makes ( 

2.6 ) to be as follow .  

    [
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Let      in the larger unit disk   , to have  
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The right – side of (2.7) will be limited to reduce to the state  
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Such that  |
 ( )  

     ( )
|    

   

    
  .  

ii -      

     Since   is a hyperbolic univalent convex function defined on the open disk    which is centered at 

0  and         , then   can be contained in  ( ),with      , ( )- |   ( )|   
 

    
  

Here , we have to show that   must map each subdisk        onto the hyperbolic region  ( ) .  

The Gaussian curvature should be used in logarithmic cases to achieve this aim, as follows:  

    [   , ( )- |   ( )| ]     
 

    
   

       , ( )-     |   ( )|       (     )                   (   )    
      Suppose that        ( )        where     is an interval on the x – axes, in order to derive 

(     ) with respect to the unit normal   ( ) at   that makes a right angle with the tangent vector to   

at  , as follows:  
 

  
      , ( )-  
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From the hyperbolic metric   (  ( )) | ( ) |  
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  on    , with   
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    , in order to get  |
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|  |
   

 

 
  |

 ( )   

   ( )
 |    on  

      So, the required    |
 ( )   

    ( )
 |                  . 

From (i) and (ii), the proof is complete  

Conclusions   

     The deformation properties of convex and univalent functions in the determination of the 

relationship between the first and second derivatives of the given function, on one hand, and their 

association with the range of the region   with convex properties, on the other, can be adopted. 

As a consequence of the above conclusion, the distortion property was adopted in the proof of the 

upper bound of the convex and univalent function. 

Another estimate in theorem (2.4) was obtained by combining both the distortion and growth 

characteristics to clarify the effect of the state disk image on the formulation of estimating inequalities 

that guarantee that the function preserves its geometric and analytical properties. 
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