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Abstract

This paper is based on two main concepts: the matching and interdiction.
Consider the graph G that each edge has a positive weight. The purpose of the
matching interdiction problem in the weighted graph G with the weight v(G) is to

*
delete a subset of vertices, denoted by R, such that the weight of the maximum
matching in the resulted graph is minimized. We first restrict this problem to the
case of deleting two vertices of the in graph. Then, we compute the quantity

(v(G)-v(G[V\R" ]))/(V(G) —v(G[V \ R])) some special classes of graphs,
where V(G[V \R"]) and V(G[V \ R]) are the weights of the maximum matching
in the graphs G[V" \ R"] and G[V \ R], respectively. We show that the limit of this

proportion in some sequences of graphs tends to its maximum value. We prove that
the limit of this proportion can be decreased in the sequence of the wheel graphs.
Also, if the weight of all edges in the complete graph is equal, the approximate and
optimal solutions will be the same. At end, we generalize the results related to the
path graph when the purpose is to delete B even vertices.

Keywords: Interdiction, matching, weighted graph.

1. Introduction

The interdiction problem is a classical problem in networks such that the researchers have
studied this problem since the 1960s [1, 2]. In the network interdiction problems, there are
two inconsistent forces, the follower and interdictor. The follower tries to optimize the
objective function by considering the constraints of problem. The interdictor attempts to
restrict the action of follower by destroying the vertices or arcs of the network. The topic of
interdiction has been entered in majority of the network problems that some of them are
expressed [3-6].

The maximum flow network interdiction problem is defined as follows. Consider the network
G=(V,E) such that each arc (/,/) has the capacity u, and the deletion cost r,. Suppose that
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R is positive integer. The purpose is to find the set £'C E such that Z(i,j)eE, ;<R and the

maximum flow in G- E' is minimized. McMasters and Mustin [3] presented an algorithm
for this problem on the planar undirected networks. They use the dual of network in this
algorithm. Wood [7] showed that the maximum flow network interdiction problem is NP-

complete even when r;, =1 for each (i,j)€EE. Then, he presented an integer linear
programming model for solving this problem. The presented model by Wood is a basic model
that has been used in some other papers [8, 9]. Kennedy et al. [9] expressed the maximum
flow network interdiction problem as follows. Let 7; be the deletion cost of vertex i. The

purpose is to find the set V' <V such that Z_EV, 5 < R and the maximum flow in G[V'\V']
l

is minimized. They presented a model for this problem similar to the Wood's model.
Zenklusen [10] considered the network flow interdiction problems on the planar networks
with a single source and sink having no restrictions on the demand and supply.

Shen et al. [11] presented another interdiction problem in graphs. The purpose is to remove

the subset V'V in the graph G=(V,E) such that the disconnectivity of graph is maximized.
They introduced three metrics for measuring the connectivity of graph.

In this paper, we consider the matching interdiction problem. This problem was started by
Zenklusen in 2010 [6]. Consider the graph G=(V,E) such that each arc (i,/) has the weight
w,, and each vertex i has the deletion cost 7;. Suppose that B is positive integer. The

purpose is to find a set R <V such that Z Rli<B and the weight of the maximum
le

matching in G[V'\R] is minimized. Zenklusen proved that for some classes of graphs and

under some conditions, this problem is NP—complete. He also considered the proportion
between differences of the optimal and approximate solutions of the matching interdiction
problem from the weight of the maximum matching in G ,which is denoted by e;j;. The

quantity e;; can be bounded when 7, =1 for each ie V.

The rest of this paper is organized as follows. In Section 2, some needed definitions and
basic facts are introduced. In Section 3, the values of e, for some classes of graphs such as

path, cycle, complete, wheel and complete bipartite are computed. The limit of this
proportion in some sequences of graphs tends to its maximum value, i.e., two. We join the
path graphs from a specific vertex and prove that e;, will be attained its maximum value.

The value of this limit can be decreased in the sequence of wheel graphs. Also, we show
which this proportion in the complete graph with equal weights on the edges is equal to one.
The limits of this proportion in the mentioned classes of graphs are considered into account.
At end, we generalize the results related to the sequence of the path graphs when B is even.

2. Basic facts
Suppose that G =(V,E) is an undirected graph with vertex and edge sets » and FE,

respectively. Let |V |=n and |E|=m. Each edge (i,j)€E has a positive weightw, [12]. A
walk in G is a sequence of vertices (V,V,,...,v,) such that(v;,v,,)€E for each 1<i<r—1.

The graph G is called connected if there is at least one walk between every pair of its
vertices. We say that two vertices # and v are adjacent if (u,v)€ E. Also, the edge (1,v) is

incident to vertices 1 and v. Let V'V . G[V'\V'] is a subgraph of G with the vertex set
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'\ and edge set {(u,v) eE|u,yel\ V'}.M' C E is called a matching in G if no two edges
in M'are incident to the same vertices. The weight of matching A7’ is defined as follows:

wM')= Zwy

(i.j)eM’
We refer to the matching M = {el,...,ek}as the maximum matching in G if w(M)2w(M'),
for every matching &' in G. The weight of the maximum matching in the graphG is
denoted by v(G), i.e., W(G)=wW(M). Let Be N be even. Consider the set:
w={WG\V'D |V V.|V |- B),
where v(G[V\V']) is the weight of the maximum matching in the graph G[V'\V']. Let
WGV \ R;]) = Min {w|we w}. R}, is called the optimal interdiction set of G . Each element of

the set {V’gV||V' |= B} is called an interdiction set. Let e; =(u;,v;), where 1<i<k, and

w,, =--->w, . The set R, ={u1,...,u3,v1,...,v3} is called the approximate interdiction set
2 2

upvy UV

of G.If B=>2k, the graph G[V'\R;] is a graph without edges. Therefore, we suppose that
B < 2k . Now, consider the following proportion:
_ Y@ -v(GlV \Ry])

= ) 1
%68 = (G~ w(GV \ R,)) ®
Since M\ {el,. €y } is the maximum matching in the graph G[V'\R;]. Therefore,
2
B/2
WG \Ry ) =(G) =D w,,. )

i=1
It has been showed that e, <2[8]. If ¢;; =1, then we can conclude that R, = R,. Hence,

it is better that the value of e;;to be near one. In this paper, we denote the sets R, R, and

quantity eg, by R",R and eq , respectively.

3. Main results
The aim of this section is to compute ¢;, for some classes of graphs. We start by the path

graph P, =(V,E). This graph has the vertex set V= {1,...,n} and edge set
E= {(i,i+1)|1s:’s n—l}. We also assume that each edge (i,i+1) has the weight w, € N .The
graph P, is depicted in Figure 1.

ol o M o . o Vulg
2

1

Figure 1: The path graph P,
Theorem 1. Let w, <---<w,_,. Then,
1 n=23,

eP = Wn—3 + Wn—l

n

3)
w,

n-1

and Lime P, = 2 In particular, if w; =i, for every 1<i <n—1,we obtain:
n—0
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1 n=2,3,
¢n=12n-4 n>4
n-1
Proof. Let n>4. There are two cases:
1. 1 is even. The maximum matching in P, and its weight are as follows:
M ={1,2),(3,4),....,(n - L)},
n/Z
W(B,) =D Wy . (4)
i=1
Therefore, R= {” —1,”} and
(n=2)/2
v(P,[V\R)) = (P, ;)= sz, (5)

Claim 1.R° :{n—3,n—l},

Proof of Claim 1. Let R, = {n -3,n- 1}. The maximum matching in P,[V/ \R,] and its weight
are as follows:

M, ={1,2),(3,4),....(n-5,n -4},

(n-4)/2

VB IVAR ] =v(F,_4)= Zw2i—l
= v(Pn) - an3 - anl' (6)
Let R, ={j,k} <V suchthat |<j<k<nand M'= {(a,b) eM|aeR,orbe Rz}. Therefore,
Zwab < Wi + Wit (7)

(ab)eM’

By Egs. (6) and (7), we have:
V(B,IVAR ] =v(F,) =W, 5 =W,

<v(P,)- Z Wap

(a,b)yeM’

=w(M,)<v(P,[V\R,]),
where M, =M \M' is a matching in P,[V'\R,]. Therefore, R" = R, and the claim follows.
By Egs. (4), (5) and (6), e, is obtained as follows:

v(b,) —v(b, 4) Wa3 T Wi

n

TNE) B
2. 1 is odd. The maximum matching in P, and its weight are as follows:
M ={2,3),(4,5),....(n-1,n)},
(n-1)/2
W(B)= D Wy ®)
i=1
Therefore, R = {n—1,n} and
(n=3)/2
v(P,[V\R) =v(P, ;)= sz, )
Similar to claim 1, we can show that R" = {n —3,n—1}. Hence, we have:
(n=5)2
VBIVAR]=V(P, )= D wy. (10)
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By Egs. (8), (9) and (10), e, is obtained as follows:
_ v([)n) - v(])n—4) _ Wn—3 + Wn—l
TUWB)-VBL) W

n—1

Wn—3 + Wn—l

Therefore, for every n>4, ¢, = . It is obvious that e, =e, =1. [ |

anl
The cycle graph C, =(V,E) is a connected undirected graph such that V = {1,...,n} and
E={ii+)[1<i<n—-1jU{mnD}. Each edge (i,i+1) has the weight w, € N and the weight of

edge (n,1) is w, € N. The graph C,, is depicted in Figure 2.

Figure 2: The cycle graph C,

Theorem 2. Letw, <w, <wj; <---<w,. Then,

1 n=2,

W, +w . .
T if n>4is even, (11)
! w

n

Wyp+w, =1 if n>3is odd and w, =1,

w,

n

and Limec, =Limec, ~=2_1f w, =i, for every 1<i < n, then for every n>2, we have:

n—0 n—0
2n-2 .
if nis even,
0. = n
c, 2
n-—3 .
if nis odd.
n

Proof. It is obvious that ec, =1.Let n>4 be even. The maximum matching in C, and v(C,)

are as follows:
M ={23),(4,5),...,(n = 2,n = 1),(n,))},

n/2
W(C,)=v(B,) = D Wy (12)
i=1
Therefore, R = {l,n} and
(n=2)/2
WC,IV\R) =v(P, )= Y wy. (13)

i=1

Similar to claim 1 in Theorem 1, we can show that R = {n—2,n}. Hence,
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(n—4)/2
WC, VAR ) =v(B,_3)= D wy. (14)
i=1

ec 1s obtained by Egs. (12), (13) and (14):

_ V(B,)—v(B,5) _ W,n tW,

n

e =
@B~ (B, w,

n

Now, let »>3 be odd and w, =1. The maximum matching in C, and v(C,) are as follows:
M ={(3,4),(5,6),...,(n-2,n=1),(nD)},

(n+1)/2
v(C,)=v(P)-w = szi—l- 5)
=2
Therefore, R = {l,n} and we have:
(n=1)/2
VC,IV\RD) =v(P, )= wy = D Wy (16)
i=2

Claim 1.R" = {n-2,n{.

Proof of Claim 1. Let R, = {n~2,n}. The maximum matching in C,[V'\R] and its weight are
as follows:

M, ={1,2),3,4),....,(n-4,n-3)},

(n-3)/2
W(C,IV\RD=V(P,3)= Y wy . (17)

Suppose  that R, ={{j, k1< j<k<nm{j,k} e {Ln—1},{,n-2}{n—1,n},{n-2,n}}} and
M' = {(a,b) eMlaeR,orbe Rz}. Since w, =1, we have:

Zwab +w Sw,, +w,.
(a,b)eM’

Therefore,
(n-3)/2
WC,IVA\RD= Y w,,

i=1

= V(Cn) - Wn—2 - Wn + Wl

< V(Cn) - Zwab

(a,b)eM’

=w(M,)

<v(C,[V\R,]), (18)
where M, =M \M" is a matching in C,[V'\R,]. Now, we consider the following three
interdiction sets:

1. R, = {l,n - 1}. Then, we have:
(n=3)/2
WC,IV\R = D w,,
i=1
(n=3)/2

2 Z Wai
i=l

=v(C,[V\R]).
2. R, = {l,n - 2}. Then, we drive:
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(n=3)/2
WCIVARD = D Wy + W,
i=2
(n3)/2
2 Wai
i=1
=v(C,[V\R ).
3. R, = {n—1,n}. Therefore,
(n=3)/2

WC,[V\R,]) = z Wi
i=l

(n-3)/2

2 Z:,Wzi—l

= v(C,[V\R))).
According to Rel. (18) and the above three cases, we can conclude the following inequality
holds for every set R, = {j,k}g V  where 1< j<k<n:

WC,IV\R DSV, [V\R,)]). (19)
By (19), R, is the optimal interdiction set and the claim follows.
The value of e. can be obtained by Egs. (15), (16) and (17) as follows:
_ V(P,) —w —v(B,5)
OB - (B T W

I

w

This completes the proof. ]
Consider the graph 4, =(V,E), depicted in Fig. 3. In this graph, V = {1,...,11} and
E= {(i,i +D)[1<i<n —Z}U {2,n)}. Bach edge (i,i+1) has the weight w; € N and the weight of
edge (2,n) is w,, € N.

Wi

o—i-2 g .. — @ 123 & .
n—1 n—2 3 2 1

Figure 3: The graph 4,

Theorem 3. Letw; <w, <---<w,_,. Then, the value of e, is given by:
1 n=4,

eA,, = wn—2 + Wn—l

n=>5. (20)

Wn -1

Furthermore, Lim e, =2.In particular, if w; =i, for every 1<i<n—1, we have:
n—0

1 n=4,

€y, =92n-3
n—1

Proof. Since v(4,[V \R]) =v(4,[V\R]=0, we have e, =1.Let n>5. There are two cases:

n=>S5.
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1. 1 is even. The maximum matching in 4, and its weight are as follows:
M ={(4,5),(6,7),...,(n—2,n=1),(2,n)},
V(An) = V(Pn—l ) Wy + W,

(n=2)/2
= ZWZZ. =+ anl' (21)
i=2

2. n is odd. The maximum matching in 4, and its weight are as follows:
M ={(3,4),(5,6),...,(n = 2,n=1),(2,n)},
V(An) = V(Pnfl) W W,
(n-1)/2

= Z Wy g W, . (22)
=2
In each two cases, R = {2,n}. Therefore,
(n-2))2
V(P_)-w, = 2w2i if nis even,
V(4,[V\R]) = (n_’;"’/z (23)

WP, )-w = Y wy, if nisodd.
i=2

Similar to Claim 1 in Theorem 1, we can show that in the above two cases, R" ={2,n-2}.

Hence,
(n—4)/2

B, 3)—w, = szi

MAIART) = ooy (24)
(P, 3)—w = szl._l if nis odd.
i=2

if nis even,

We can derive e, , for every n>5, by Egs. (21), (22), (23) and (24) as follows:
VB V(P

A
n Wn_l
— Wn—2 + Wn—l
b
Wn—l
whence the theorem. ]

Consider the graph G, =(V,E), depicted in Fig. 4. In this graph, V:{l,...,n} and
E={ii+D[1<i<n-1JU{nDJU{Gi+3)]|i=159,...,n-3} such that n=4k and m=>5k.
Each edge (i,i+1) has the weight w; € N and the weight of edge (n,1) is w, € N. Also, we
put the weight of edges {(i,i +3)|i=159,...,n— 3}from W, to W, , respectively
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" 1w n
n—2
W Wy-3
4 n-73
Wi W4
5 n—4

Figure 4: The graph G,

Theorem 4. Letw, <w, <---<w, .. Then, for each £ > 2, we have:

_ Wsk1 T Wsi

G = (25)

10k -1
Sk
Proof. Notice that the graph G, is obtained by repeating the subgraphs depicted in Fig. 5.

The maximum matching in these subgraphs is denoted by the red edges. This motivates our
main proof.

Also, /{Li}zeGk =2 If w, =i forevery 1<i<n+k, then e, =

Figure. 5 The subgraphs of G,

Let & > 2. Consider the following matchings in the graph G, :
n/2

M, ={12),34),...(n=Ln)} > wM) =) w,,
i=1

n/2

M, ={23),(45),....(n=2,n=1),(n,))}] - wM,)= sz,.,

(n=4)/4 nk

My =123),(6,7),....(n=2,n=1),(1,4),(58),....,(n=3,m)} > WMy = D wu,+ > w.
i=0

i=n+l
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The following relation holds between these matchings:
WM ) >w(M,) >wM,).
If we consider an arbitrary matching in G, , then its weight will be less than w(M;).

Therefore, M5 is the maximum matching in G, and
(n—-4)/4 n+k

WG )= D Wi+ D Wi (26)
i=0

i=n+l

The approximate interdiction set in G; is R = {n - 3,71}. By Eq. (2), we have:
WG, IV \R) =9(G,) = w,.;. 1)

Similar to Claim 1 in Theorem 1, we can show that R" = {n —4,n}. Hence,

V(Gk [V \ R* ]) = V(Gk) - Wn+k—1 - Wn+k . (28)
We derive e by Egs. (26), (27) and (28):
Wkt + Wos

eGk —_n k-1 k

Whtk

_ Wseo + Wsi

Wspe
The theorem follows. ]
The complete graph K, =(V,E)is a connected graph such that V = {1,...,n} and
E={i.j)|i.jeV.i< j}, see Fig.6.
Note 1. If 7' ={i,j}cV , where i# j, then K,[V/\V'] is isomorphic to the complete graph
K, ,.

1 2
n 3
n—1

Figure 6: The complete graph K,

Theorem 5. Suppose that the weight of edge (i,i+1), where 1<i<n-1, in the graph K, is
w, e N and the weight of edge (n,1) is w, € N such that w, <w, <---<w, . Let the weight of
remaining edges in K, be w,. Then,
1 n=2,
ex, =TI W,0 T W, =W (29)

w,

and Limey =2 . In particular, if w, =i, for every 1<i<n, we have the following relation:
n—
1 n=2,
ek, = 2n-3

n

n=3.
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Proof. It is obvious that e, =1. From Fig. 6, one can see that the maximum number of
nonadjacent edges in K, is equal to the maximum number of nonadjacent edges in K,_, plus
one. Suppose n=>3 and M ,is the maximum matching in K, with given edge weights in the
theorem. Then, we have the following relations:
M| =|M,,|+1,
wM,)=w(M, ,)+w,.
Therefore, the weight of the maximum matching in K, is equal to:

v(K,) =v(C,). (30)

Hence, R ={l,n} and

V(K,[VAR]) =v(K, ) =v(C,_,). (€2Y)
By Note 1, we can conclude that R" = {n—2,n}. Then,
v(P,_3)+w if nis even,
v(P, ;) if nis odd.
First, we use Egs. (30), (31) and (32) for obtaining e, .Then, by substituting Egs. (12) and
(15) into it, the following relation is obtained:

_ V(b)) —v(F5)—w
o W(B,.) —v(B,)

— Wn—2 + Wn — Wl

2

(K, [V \R']) = { (32)

W}’l

proving the result. ]

The complete bipartite graph X, , =(V,E)is a connected graph such that the setV is

partitioned into two subsetsV ={v,...,v, } and U, = {u,.....u, } . Every edge has one end in¥,
and one end inU,. In other words, E:{(v,.,uj)‘lsl'ﬁm,lﬁjﬁn}. The weight of each edge

(v;»u;) is w; € N. This graph is depicted in Fig. 7.

i Uy u,

Figure 7: The complete bipartite graph K, ,

Theorem 6. Suppose m,ne N, m<n and w, <w, <---<w, . Then, we have:

Wm + Wm—l m> 2,
=l w (33)

eKm,n - m

1 m=1Ln>1.

Furthermore, Lime, ~=2.1If w, =i for each 1<i<m, then:
m—o0 >

_2m-1

eKm,n m ’

Vm=1.
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Proof. Assume thatm <»n and m > 2. By the structure of graph K, , the maximum number

m,n >

of nonadjacent edges in K, , is equal to m. Hence, the maximum matching and its weight

n
are as follows:
M = {(Vm > un )’ (mel > unfl )’ AR (Vl b Mnferl )}’

m

V(K,.,) =D w,. (34)

Therefore, R ={v,,u,} and we have: "

WK, [V\R]) = mz_lwi. 35)

i=1

Now, we determine the optimal interdiction set. There are four cases:
1. R ={v, ,,v,}cV, . In this case, we have:

WK, [V\R]) = mfwi. (36)

i=1

2. R, = {vi,v_j}g v ,where i< j and R, # R, . Hence,

(K, VAR D =D Wi —w, —w,.

i=l1

Since w, +w; <w,,_; +w,,, the following relation holds:
WK, [V ARD <K, [V \R)).
3. R; = {ui,uj}g U, ,where i < j. There are two cases:

Lm<n-2.Inthis case, W(K,, [V \R;]) =D w,.
Il.m>n-2. This inequality holds when n=m or n=m+l1. If n=m, then
VK, [V\R D =" w;, If n=m+1, we have w(K,, [V \R;])=D"" w,.
By cases L and II, w(X,, [\ R}]) <w(K,, [V \R;]) .
4. RZ:{vi,uj},where 1<i<m and 1< j <n. Therefore,

v(K,, ,[V\R,]) = Zwk —w,.
k=1

It is now obvious that w(X,, [\ R']) < (K, [V \R;]) -
By the above cases, we can conclude that R* = R,. By substituting Eq. (34), (35) and (36)
into (1), e~ 1s obtained as follows:

_ Wt W

eKm,n

Wm

Let m=1 and n>1. In this case, R* = R={y,u, } and

WK, ,[V\R)=w(K,,[V\R])=0.

Therefore, e, =1 and the theorem is proved. [
The wheel graph W,=(V,E) is a connected graph such that ¥V ={,...,n} and
E={ii+D|1<i<n-2/U{n-1D}U{n,)|1<i<n-1}. The weights of edges in W, are

defined as follows:
1. The weight of edge (i,i +1), for every 1<i<n-2, is denoted by w;,.

2. The weight of edge (n,1) is w,_, .
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3. The weight of edge (n,i), for every 1<i<n-1, is denoted by w,, ;.
The graph w, is depicted in Figure 8.

Figure 8: The wheel graph W,

Theorem 7. Let n>3 and w;, <w, <w; <---<w,, ,. Then, we have:

. Wyg + W, —1
1. If nisevenand w, =1, then ¢, =—22—"1 —.
n

Won-2

. -2
2. Ifnisodd, w,=1and w, =2, then ¢, = W2 T Wa T2

w2n—2
In particular, letw, =i ,for every 1<i<2n-2. Then,

3n—4 if nis even,
o — 2n—-2
w, = _
3n=5 if nis odd,
2n—2

and Lime, =Lime =—,
n—o Wan n—0 Wan+1 2

Proof. Let nbe even. The maximum number of nonadjacent edges in W, is equal to g

Therefore, we have to select g edges with the greatest weight for the maximum matching in

w,. The maximum matching in C, ,, M, 1is as follows:

M ={34).65.6).....(n=3,n-2),(n-1D)}.

Since an edge adjacent to vertex ncan be in the maximum matching of graph W,, M is
containing M and the edge (2,n) . Therefore,

M = {(3,4),(5,6),. .o(n=3,n=2),(n-11), (Z,n)},

and
V(Wn) = V(Cn—l) + W2n—2
n/2
= z Wyig T Wy (37)
=2
Since R = {2,n}, we have:
v(W,[V\R]) =v(C,_). (33)
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Claim 1. R* = {n—1,n}.
Proof of Claim 1. Consider the interdiction set R, = {n —1,n}. As W,[V'\R,] is the path graph
P, ,. Hence,
(n=2)/2
VO,V AR D =v(B,5) = D wa. (39)

i=1
We consider the following two sets:
R2 = {{Jak} - V |1 < J <k< n, {]>k} & {{l,l’l}, {172}9 {Z,I’l _1}7 {I’l —l,l’l}}},

M’={(a,b)eM|aeR20rbeR2}.

Therefore,
(n=2)/2
VIV, IVARD —w = D wy
i=2
=v(W,) = W,1 =Wy,
<vW,)= 2 Wa
(a,b)eM’

=w(M,)

<v(W,[V\R, D, (40)
where M, =M \M' is a matching in W,[V' \R,]. Since w, =1, Rel. (40) yields:
vIW,IVAR D <v(W,[V\R,]). (41)
Now, we consider the following three interdictions set:
1. R, = {l,n}. Therefore,

(n-2)/2
vIW,[V\R, ) =w(P, ;)= ZWZi
i=1
(n-2)/2
> Y way =v(W, [V \RD.
i=1
2. R, ={1,2}. We have:
(n2)/2
VI,V AR D)= 3wy + w4
i=2
(n2)/2
2 szm =v(W,[V\RD.
i=1

3. R, = {2,n—1}. In this case, the value of v(W,[V'\R,]) is equal to ZEZ;Z)/ v, +w, or

ZZ;Z)/ ? W, +W,, ;. In each case, the following relation holds:

vIW, VAR, D) 2v(W,[V\R].
According to (41) and the above three cases, for each set R, = {j,k}cV , where 1< j <k <n,

we have:
vIW, VAR D 2v(W, [V \ R ]).
Then, it is concluded that R, is the optimal interdiction set and Claim 1 is proved.

We proceed by substituting Egs. (37), (38), and (39) into (1):
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n/2 (n-2)/2
_ Zi:Z Wy ¥ Wap — Zi:, Wai-i
ey, =

Wan-2
W W =W

Wan-2
Wyt W, —1

Wan-2
. . . . -1
Let n be odd. The maximum number of nonadjacent edges in W, is equal to nT Therefore,

the maximum matching in #, and v(W,) are as follows:
M = {(4’5)’ (6>7)’ LR (n - 151)) (29 n)}>
V(Wn) = V(Cnfl) Wy T Wy,

(n=1)/2
= Z Wy + Wy, s (42)
i=2

Also, R ={2,n} and
vIW,IVAR]) =v(C, ) —w,. (43)
Similar to claim 1, we can show that R* = {n—1,n}. Hence,

. (n=3)/2
VOV IVAR D = 2wy (44)

From Egs. (42), (43) and (44), we can drive the following equality:

(n=1)/2 (n-3)/2
B Z,-=2 Wy T Wopp — Z,-=1 Wy,

€W)Z =
Won-2
Won2 T Wy =W
Won-2
Woypy T Wy — 2'
Won-2
The proof of the theorem is complete. ]

Theorem8. Let the weight of each edge in the complete graph K, be w>0. Then, e, =1, for

every n>2.

Proof. By Note 1 and since the weight of all edges is equal to w, we have:

V(K,[V\R])=v(K,_,),

VK,V AR D=uK, ).

By substituting the above relations into Eq. (1), we obtain ey ~as follows:

_W(K,) K, ) 1

K V(Kn) - V(KIFZ) ‘

Let m>2. Consider the graph S, = (V,E), depicted in Fig. 9. This graph is obtained by

joining the vertices 1 in m path graph P,.
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n n—1
W,
n—1
2
2 Wi w
wy Wil
1 2 n—1 n

Figure 9: The graph S,

Theorem 9. Let w, <w, <---<w,_,. Then, we have:
1 n=2,
R {2 n>3. )
Proof. Obviously, e; =1. Let n>3. According to the maximum matching of the graph P, in

Theorem 1, v(S,) is obtained as follows:

mv(P,) if nis odd,
(S, ) = . (46)
mv(P,)—(m—1w, if nis even.
Therefore, R ={n—1,n} such that (n—1,1) € E. We immediately derive:
—1v(P,)+v(P if nis od
WS, [V \R)) = (m—=1v(F,) +w(F,,) if mis o d, @)
(m—-1)v(P,)+v(P,_,)—(m—-1)w if nis even.

Similar to Claim 1 in Theorem 1, we can show that the set R" in the graph S, is containing
two vertices n—1 on two path graphs P,. Hence,
. 29(P, )+ (m—=2)v(P if nis od
oS\ RY B = D) i nis odd, s
(m=2)W(P,))+2v(P,_,)—(m—Dw, if nis even.
Using Egs. (46), (47) and (48), e, is obtained as follows:
_2(B)-2(By) _,
v(F,) —v(F,)

as desired. u
Now, we want to generalize the result of Theorem 1. In other words, we remove B even
vertices of the graph P, and obtain ep ;.

S}’l

2

Theorem 10. Let w;, <---<w,_,. Then,

V(B) = v(F, 2p) if B <[n/2]
WB,) —v(P,y) ’
By i -
i = {2 if [n/2]< B<n-1, (49)
1 ifB>n—-1,

where[ x] is the greatest integer less than or equal to x.
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Proof. By a similar argument as Theorem 1, we have:

(n=1)/2
Wy, if nis odd,
wB)=1 (50)
z Wy, if nis even.
i=1

Notice that the following recurrence relation holds for v(P,):
{V(R)) =0,»(R) =0,

v(P)=v(P_,)+wW,,, Vn>2.
Now, there are two cases:
. . -1
1. n is odd. Since | M |= nT’ then w(P,[V'\R,])=0 for B>n—1. Let

Vi={n—-1n-3,..,42}.
. . X o -1 * -1
The first B vertices of the set ¥V, are in R, . Since | V] |=nT’ WP [V\R,]) =0 for B>"1""

There are three subcases as follows:

-1 .
1.B< nT In this case,

(n-B-1)/2

VBV \R D =V(B, 5)= D wy,

(n-2B-1)/2

VBIVAR D =w(P,5) = D wy.
i=1

Therefore, e, 5 is obtained as follows:

Z(n—l)/z "
_V(B) — V(B 5p) _ Li=(n-2B41)/2 "2

e =
TWEB) B Y

i=(n—B+1)/2 21

n—1

1L < B<n-1. Therefore,

(n-B-1)/2

VRV \R ) =v(P,_5)= > wy,
i=1

W(B,[V\Ry]) =0.
By substituting the above relations into Eq. (1), we have:

(n-1)/2
o MB) 2
P,B — - 9
‘ V(P,)=v(P,_z) Z,(-:(;:)—/;l)/z 2

1. B>=n—1. Obviously, v(P,,[V\R;]) =0 and v(B,[V'\R,;])=0. Hence, e,z =1.
2. niseven. Since | M |:§, then v(P[V\R,;])=0 forB>n. Let
V,={n—1,n-3,... 31}
The first B vertices of the set V, are in RZ. Since |V, |=§ , v(Pn[V\R;]) =0 for B> g There

are three cases:

I.B< g Now, we have:
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(n—B)/2

WBIV R ) =v(Pp) = D Wi

. (n=2B)/2
VP[V\RR]) =v(P, ,5) = Z Woi-1-

i=1
Therefore, e, 5 is obtained as follows:

n/2
o — (b)) —v(B, 55) _ zt=(n—28+2>/2 Wai-1
Rl = =2 :
P)—v(P
WE) =) Zi:(n—B+2)/2 Waii

H.gsgm.Then,

(n=B)/2

VB, [V\Rp]) =w(P, ) = Z Wai-1>
i=1

VB[V \Ry]) =0.
By substituting the above relations into Eq. (1), we drive e, as follows:

n/2
v(£,) i1 V2i-1

ePn|B = = n/2
WP By Y

W,.
i=(n-B+2)/2  2i-1

III. B>n. Obviously, v(P,[V\R;]) =0 and v(P,[V \ R,]) = 0. Therefore, epp=1.

This completes the proof. u

Corollary 1. Consider the path graph P, such thatw, =i for every 1<i<n-1. Then, e, , can

be computed by the following formula:
4n—4B

if B<|n/2|,
o [7/2]
2
ol if nis odd and L < B<n—1,
epg =12Bn—B 2
2
n—2 ifnisevenandESB<n,
2Bn—-B 2
1 if B2n-1.
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