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Abstract  

     This paper is based on two main concepts: the matching and interdiction. 

Consider the graph G  that each edge has a positive weight. The purpose of the 

matching interdiction problem in the weighted graph G  with the weight )(Gv  is to 

delete a subset of vertices, denoted by 
*R , such that the weight of the maximum 

matching in the resulted graph is minimized. We first restrict this problem to the 

case of deleting two vertices of the in graph. Then, we compute the quantity 

]))\[()((]))\[()(( * RVGvGvRVGvGv −−  some special classes of graphs, 

where ])\[( *RVGv  and  ])\[( RVGv  are the weights of the maximum matching 

in the graphs ]\[ *RVG  and ]\[ RVG , respectively. We show that the limit of this 

proportion in some sequences of graphs tends to its maximum value. We prove that 

the limit of this proportion can be decreased in the sequence of the wheel graphs. 

Also, if the weight of all edges in the complete graph is equal, the approximate and 

optimal solutions will be the same. At end, we generalize the results related to the 

path graph when the purpose is to delete B even vertices. 

 

Keywords: Interdiction, matching, weighted graph. 

 
1. Introduction 

     The interdiction problem is a classical problem in networks such that the researchers have 

studied this problem since the 1960s [1, 2]. In the network interdiction problems, there are 

two inconsistent forces, the follower and interdictor. The follower tries to optimize the 

objective function by considering the constraints of problem. The interdictor attempts to 

restrict the action of follower by destroying the vertices or arcs of the network. The topic of 

interdiction has been entered in majority of the network problems that some of them are 

expressed [3-6].  

 

The maximum flow network interdiction problem is defined as follows. Consider the network 

),( EVG =  such that each arc ),( ji  has the capacity iju  and the deletion cost ijr . Suppose that 
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R  is positive integer. The purpose is to find the set EE   such that Rr
Eji ij  ),(

 and the 

maximum flow in EG −  is minimized. McMasters and Mustin [3] presented an algorithm 

for this problem on the planar undirected networks. They use the dual of network in this 

algorithm. Wood [7] showed that the maximum flow network interdiction problem is NP-

complete even when 1=ijr  for each Eji ),( . Then, he presented an integer linear 

programming model for solving this problem. The presented model by Wood is a basic model 

that has been used in some other papers [8, 9]. Kennedy et al. [9] expressed the maximum 

flow network interdiction problem as follows. Let ir  be the deletion cost of vertex i . The 

purpose is to find the set VV   such that Rr
Vi i  

 and the maximum flow in ]\[ VVG   

is minimized. They presented a model for this problem similar to the Wood's model. 

Zenklusen [10] considered the network flow interdiction problems on the planar networks 

with a single source and sink having no restrictions on the demand and supply. 

Shen et al. [11] presented another interdiction problem in graphs. The purpose is to remove 

the subset VV   in the graph ),( EVG =  such that the disconnectivity of graph is maximized. 

They introduced three metrics for measuring the connectivity of graph.  

 

In this paper, we consider the matching interdiction problem. This problem was started by 

Zenklusen in 2010 [6]. Consider the graph ),( EVG =  such that each arc ),( ji  has the weight 

ijw  and each vertex i  has the deletion cost ir . Suppose that B  is positive integer. The 

purpose is to find a set VR   such that Br
Ri i  

 and the weight of the maximum 

matching in ]\[ RVG  is minimized. Zenklusen proved that for some classes of graphs and 

under some conditions, this problem is NP−complete. He also considered the proportion 

between differences of the optimal and approximate solutions of the matching interdiction 

problem from the weight of the maximum matching in G ,which is denoted by BGe | . The 

quantity BGe |  can be bounded when 1=ir  for each Vi .  

 

       The rest of this paper is organized as follows. In Section 2, some needed definitions and 

basic facts are introduced. In Section 3, the values of 2|Ge  for some classes of graphs such as 

path, cycle, complete, wheel and complete bipartite are computed. The limit of this 

proportion in some sequences of graphs tends to its maximum value, i.e., two. We join the 

path graphs from a specific vertex and prove that 2|Ge  will be attained its maximum value. 

The value of this limit can be decreased in the sequence of wheel graphs. Also, we show 

which this proportion in the complete graph with equal weights on the edges is equal to one. 

The limits of this proportion in the mentioned classes of graphs are considered into account. 

At end, we generalize the results related to the sequence of the path graphs when B  is even.  

 

2. Basic facts 

Suppose that ),( EVG =  is an undirected graph with vertex and edge sets V  and E , 

respectively. Let nV =||  and mE =|| . Each edge Eji ),(  has a positive weight ijw [12]. A 

walk in G is a sequence of vertices ),,,( 21 rvvv   such that Evv ii + ),( 1   for each 11 − ri . 

The graph G  is called connected if there is at least one walk between every pair of its 

vertices. We say that two vertices u  and v  are adjacent if Evu ),( . Also, the edge ),( vu  is 

incident to vertices u  and v . Let VV  . ]\[ VVG   is a subgraph of G  with the vertex set 
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VV \  and edge set  VVvuEvu  \,),( . EM   is called a matching in G  if no two edges 

in M are incident to the same vertices. The weight of matching M  is defined as follows: 

.)(
),(




=
Mji

ijwMw  

We refer to the matching  keeM ,,1 = as the maximum matching in G  if )()( MwMw  , 

for every matching M   in G . The weight of the maximum matching in the graph G  is 

denoted by )(Gv , i.e., )()( MwGv = . Let NB  be even. Consider the set: 

 ,||,])\[( BVVVVVGvW ==  

where ])\[( VVGv   is the weight of the maximum matching in the graph ]\[ VVG  . Let 

 WwwRVGv B =Min])\[( * . *
BR  is called the optimal interdiction set of G . Each element of 

the set  BVVV = ||  is called an interdiction set. Let ),( iii vue = , where ki 1 , and 

kkvuvu ww 
11

. The set 






=

22

,,,,, 11 BB vvuuRB   is called the approximate interdiction set 

of G . If kB 2 , the graph ]\[ BRVG  is a graph without edges. Therefore, we suppose that 

kB 2 . Now, consider the following proportion:  

)1(.
])\[()(

])\[()( *

|

B

B
BG

RVGvGv

RVGvGv
e

−

−
=  

Since 








2

,,\ 1 BeeM   is the maximum matching in the graph ]\[ BRVG . Therefore, 

)2(.)(])\[(
2

1


=

−=
B

i

vuB ii
wGvRVGv  

     It has been showed that 2| BGe [8]. If 1| =BGe , then we can conclude that BB RR =* . Hence, 

it is better that the value of BGe | to be near one. In this paper, we denote the sets *
2R , 2R  and 

quantity 2|Ge  by 
*R , R  and Ge , respectively. 

 

3. Main results  

     The aim of this section is to compute Ge , for some classes of graphs. We start by the path 

graph ),( EVPn = . This graph has the vertex set  nV ,,1=  and edge set

 11)1,( −+= niiiE . We also assume that each edge )1,( +ii  has the weight Nwi  .The 

graph nP  is depicted in Figure 1. 

 

 

 

 

Figure 1: The path graph nP
 

Theorem 1. Let 11 − nww  . Then,  

)3(
,4

,3,21

1

13










+

=

=

−

−− n
w

ww

n

e

n

nnPn
 

and 2=
→ nP

n
eLim . In particular, if iwi = , for every 11 − ni ,we obtain: 
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








−

−

=

=
.4

1

42

,3,21

n
n

n

n

e
nP  

Proof. Let 4n . There are two cases: 

1. n  is even. The maximum matching in nP  and its weight are as follows:  

 ,),1(,),4,3(),2,1( nnM −=   

)4(.)(
2

1

12
=

−=
n

i

in wPv  

Therefore,  nnR ,1−=  and  

)5(.)(])\[(
2)2(

1

122 
−

=

−− ==
n

i

inn wPvRVPv  

Claim 1.  1,3* −−= nnR .  

Proof of Claim 1. Let  1,31 −−= nnR . The maximum matching in ]\[ 1RVPn  and its weight 

are as follows: 

 ,)4,5(,),4,3(),2,1(1 −−= nnM   

)6(.)(

)(])\[(

13

2)4(

1

1241

−−

−

=

−−

−−=

== 

nnn

n

i

inn

wwPv

wPvRVPv

 

Let VkjR = },{2  such that nkj 1  and  22 or),( RbRaMbaM = . Therefore, 

)7(.13

),(

−−



+ nn

Mba

ab www  

By Eqs. (6) and (7), we have: 

]),\[()(

)(

)(])\[(

22

),(

131

RVPvMw

wPv

wwPvRVPv

n

Mba

abn

nnnn

=

−

−−=




−−

 

where MMM = \2  is a matching in ]\[ 2RVPn . Therefore, 1
* RR =  and the claim follows.   

By Eqs. (4), (5) and (6), 
nPe  is obtained as follows: 

.
)()(

)()(

1

13

2

4

−

−−

−

− +
=

−

−
=

n

nn

nn

nn
P

w

ww

PvPv

PvPv
e

n
 

2. n  is odd. The maximum matching in nP  and its weight are as follows: 

 ,),1(,),5,4(),3,2( nnM −=   

)8(.)(
2)1(

1

2
−

=

=
n

i

in wPv  

Therefore,  nnR ,1−=  and 

)9(.)(])\[(
2)3(

1

22 
−

=

− ==
n

i

inn wPvRVPv  

Similar to claim 1, we can show that  1,3* −−= nnR . Hence, we have: 

)10(.)(]\[(
2)5(

1

24
* 

−

=

− ==
n

i

inn wPvRVPv  
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By Eqs. (8), (9) and (10), 
nPe  is obtained as follows: 

.
)()(

)()(

1

13

2

4

−

−−

−

− +
=

−

−
=

n

nn

nn

nn
P

w

ww

PvPv

PvPv
e

n
 

Therefore, for every 4n , 
1

13

−

−− +
=

n

nn
P

w

ww
e

n
. It is obvious that 1

32
== PP ee .                           ■ 

The cycle graph ),( EVCn =  is a connected undirected graph such that  nV ,,1= and

   )1,(11)1,( nniiiE −+= . Each edge )1,( +ii  has the weight Nwi   and the weight of 

edge )1,(n  is Nwn  . The graph nC is depicted in Figure 2. 

 

 

 

 

 

 

 

 

 

Figure 2: The cycle graph nC  

 

 

Theorem 2. Let nwwww  321 . Then, 

)11(

,1 and odd is 3n if
1

even, is 4 if

,21

1
2

2
















=
−+


+

=

=

−

−

w
w

ww

n
w

ww

n

e

n

nn

n

nn
Cn

 

and 2
122
==

+→→ nn C
n

C
n

eLimeLim . If iwi = , for every ni 1 , then for every 2n , we have: 










−

−

=

odd. isn  if
32

even, is if
22

n

n

n
n

n

e
nC  

Proof. It is obvious that 1
2
=Ce . Let 4n  be even. The maximum matching in nC  and )( nCv  

are as follows: 

 ,)1,(),1,2(,),5,4(),3,2( nnnM −−=   

)12(.)()(
2

1

21 
=

+ ==
n

i

inn wPvCv  

Therefore,  nR ,1=  and  

)13(.)(])\[(
2)2(

1

21 
−

=

− ==
n

i

inn wPvRVCv  

Similar to claim 1 in Theorem 1, we can show that  nnR ,2* −= . Hence, 
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)14(.)(])\[(
2)4(

1

23
* 

−

=

− ==
n

i

inn wPvRVCv  

nCe is obtained by Eqs. (12), (13) and (14): 

.
)()(

)()( 2

11

31

n

nn

nn

nn
C

w

ww

PvPv

PvPv
e

n

+
=

−

−
= −

−+

−+  

Now, let 3n  be odd and 11 =w . The maximum matching in nC  and )( nCv  are as follows: 

 ,)1,(),1,2(,),6,5(),4,3( nnnM −−=   

)15(.)()(
2)1(

2

1211 
+

=

−+ =−=
n

i

inn wwPvCv  

Therefore,  nR ,1=  and we have: 

)16(.)(])\[(
2)1(

2

1211 
−

=

−− =−=
n

i

inn wwPvRVCv  

Claim 1.  nnR ,2* −= . 

Proof of Claim 1. Let  nnR ,21 −= . The maximum matching in ]\[ 1RVCn  and its weight are 

as follows: 

 ,)3,4(,),4,3(),2,1(1 −−= nnM   

)17(.)(])\[(
2)3(

1

1231 
−

=

−− ==
n

i

inn wPvRVCv

 
Suppose that   },2{},,1{},2,1{},1,1{},{,1},{2 nnnnnnkjnkjkjR −−−−=  and 

 22 or),( RbRaMbaM = . Since 11 =w , we have: 

.21

),(

nn

Mba

ab wwww ++ −



  

Therefore, 

)18(]),\[(

)(

)(

)(

])\[(

2

2

),(

12

2)3(

1

121

RVCv

Mw

wCv

wwwCv

wRVCv

n

Mba

abn

nnn

n

i

in



=

−

+−−=

=







−

−

=

−

 

where MMM = \2  is a matching in ]\[ 2RVCn . Now, we consider the following three 

interdiction sets: 

1.  1,12 −= nR . Then, we have: 

]).\[(

])\[(

1

2)3(

1

12

2)3(

1

22

RVCv

w

wRVCv

n

n

i

i

n

i

in

=



=





−

=

−

−

=

 

2.  2,12 −= nR . Then, we drive: 
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]).\[(

])\[(

1

2)3(

1

12

1

2)3(

2

122

RVCv

w

wwRVCv

n

n

i

i

n

n

i

in

=



+=





−

=

−

−

−

=

−

 

3.  nnR ,12 −= . Therefore, 

]).\[(

])\[(

1

2)3(

1

12

2)3(

1

22

RVCv

w

wRVCv

n

n

i

i

n

i

in

=



=





−

=

−

−

=

 

According to Rel. (18) and the above three cases, we can conclude the following inequality 

holds for every set   VkjR = ,2 , where nkj 1 :  

)19(]).\[(])\[( 21 RVCvRVCv nn   

 By (19), 1R  is the optimal interdiction set and the claim follows.  

The value of 
nCe  can be obtained by Eqs. (15), (16) and (17) as follows: 

.

)()(

)()(

12

1111

311

n

nn

nn

nn
C

w

www

wPvwPv

PvwPv
e

n

−+
=

+−−

−−
=

−

−+

−+

 

This completes the proof.                                                                                                           ■ 

Consider the graph ),( EVAn = , depicted in Fig. 3. In this graph,  nV ,,1=  and 

   ),2(21)1,( nniiiE −+= . Each edge )1,( +ii  has the weight Nwi   and the weight of 

edge ),2( n  is Nwn −1 . 

 

 

 

 

 

 

Figure 3: The graph nA  

 

Theorem 3. Let 121 − nwww  . Then, the value of 
nAe  is given by: 

)20(
.5

,41
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


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


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=

=

−

−− n
w
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n

e
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nnAn

 

Furthermore, 2=
→

nA
n

eLim . In particular, if iwi = , for every 11 − ni , we have: 










−

−

=

=
.5

1

32

,41

n
n

n

n

e
nA

 

Proof. Since 0]\[(])\[( *
44 == RVAvRVAv , we have 1

4
=Ae .Let 5n . There are two cases: 
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1. n  is even. The maximum matching in nA  and its weight are as follows:  

 ,),2(),1,2(,),7,6(),5,4( nnnM −−=   

)21(.

)()(

1

2)2(

2

2

121

−

−

=

−−

+=

+−=

 n

n

i

i

nnn

ww

wwPvAv

 

2. n  is odd. The maximum matching in nA  and its weight are as follows:  

 ,),2(),1,2(,),6,5(),4,3( nnnM −−= 
 

)22(.

)()(

1

2)1(

2

12

111

−

−

=

−

−−
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+−=

 n

n

i

i

nnn

ww

wwPvAv

 

In each two cases,  nR ,2= . Therefore, 

)23(

odd. isif)(

even, isif)(

])\[(
2)1(

2

1211

2)2(

2

221













=−

=−

=





−

=

−−

−

=

−

nwwPv

nwwPv

RVAv
n

i

in

n

i

in

n

 

Similar to Claim 1 in Theorem 1, we can show that in the above two cases,  2,2* −= nR . 

Hence,   

)24(

odd. isif)(

even, isif)(

])\[(
2)3(

2

1213

2)4(

2

223

*





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


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
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−
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−
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RVAv
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n

i
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n  

We can derive 
nAe , for every 5n , by Eqs. (21), (22), (23) and (24) as follows:  

,

)()(

1

12

1

131

−

−−

−

−−−

+
=

+−
=

n

nn

n

nnn
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w

ww

w

wPvPv
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whence the theorem.                                                                                                                  ■                                                                                                                            

 

       Consider the graph ),( EVGk = , depicted in Fig. 4. In this graph,  nV ,,1=  and

     3,,9,5,1)3,()1,(11)1,( −=+−+= niiinniiiE   such that kn 4=  and km 5= . 

Each edge )1,( +ii  has the weight Nwi   and the weight of edge )1,(n  is Nwn  . Also, we 

put the weight of edges  3,,9,5,1)3,( −=+ niii  from 1+nw  to knw + , respectively 
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Figure 4: The graph kG  

 

 

Theorem 4. Let knwww + 21 . Then, for each 2k , we have: 

)25(.
5

515

k

kk
G

w

ww
e

k

+
= −  

Also, 2=
→ kG

k
eLim . If iwi =  for every kni +1 , then .

5

110

k

k
e

kG

−
=  

Proof. Notice that the graph kG  is obtained by repeating the subgraphs depicted in Fig. 5. 

The maximum matching in these subgraphs is denoted by the red edges. This motivates our 

main proof.  

 

 

 

 

 

 

 

 

 

 

 

 

Figure. 5 The subgraphs of kG  

 

Let 2k . Consider the following matchings in the graph kG : 

 

 

  .)(),3(,),8,5(),4,1(),1,2(,),7,6(),3,2(
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The following relation holds between these matchings: 

.)()()( 123 MwMwMw   

If we consider an arbitrary matching in kG , then its weight will be less than )( 3Mw . 

Therefore, 3M  is the maximum matching in kG  and  

)26(.)(
1

4)4(

0

24 
+

+=

−

=

+ +=
kn

ni

i

n

i

ik wwGv  

 

     The approximate interdiction set in kG  is  nnR ,3−= . By Eq. (2), we have: 

)27(.)(])\[( knkk wGvRVGv +−=  

 

Similar to Claim 1 in Theorem 1, we can show that  nnR ,4* −= . Hence, 

)28(.)(])\[( 1
*

knknkk wwGvRVGv +−+ −−=  

We derive 
kGe by Eqs. (26), (27) and (28):  

.
5

515

1

k

kk

kn

knkn
G

w

ww

w

ww
e

k

+
=

+
=

−

+

+−+

 
The theorem follows.                                                                                                                 ■ 

The complete graph ),( EVKn = is a connected graph such that  nV ,,1=  and 

 jiVjijiE = ,,),( , see Fig.6. 

Note 1. If   VjiV = , , where ji  , then ]\[ VVKn
  is isomorphic to the complete graph 

2−nK . 

 

 

 

 

 

 

 

 

Figure 6: The complete graph nK  

 

Theorem 5. Suppose that the weight of edge )1,( +ii , where 11 − ni , in the graph nK  is

Nwi   and the weight of edge )1,(n  is Nwn   such that nwww  21 . Let the weight of 

remaining edges in nK  be 1w . Then,  

)29(
,3

,21

12










−+

=

=
− n

w

www

n

e

n

nnKn
 

and 2=
→ nK

n
eLim . In particular, if iwi = , for every ni 1 , we have the following relation: 










−

=

=
.3

32

,21

n
n

n

n

e
nK  
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Proof. It is obvious that 1
2
=Ke . From Fig. 6, one can see that the maximum number of 

nonadjacent edges in nK  is equal to the maximum number of nonadjacent edges in 2−nK  plus 

one. Suppose 3n  and nM is the maximum matching in nK  with given edge weights in the 

theorem. Then, we have the following relations: 

.)()(

,1

2

2

nnn

nn

wMwMw

MM

+=

+=

−

−

 
Therefore, the weight of the maximum matching in nK  is equal to: 

)30().()( nn CvKv =  

Hence,  nR ,1=  and  

)31().()(])\[( 22 −− == nnn CvKvRVKv  

By Note 1, we can conclude that  nnR ,2* −= . Then,  

)32(
odd. isif)(

even, isif)(
])\[(

3

13*



 +

=
−

−

nPv

nwPv
RVKv

n

n

n

 
 First, we use Eqs. (30), (31) and (32) for obtaining 

nKe .Then, by substituting Eqs. (12) and 

(15) into it, the following relation is obtained: 

,

)()(

)()(

12

11

131

n

nn

nn

nn
K

w

www

PvPv

wPvPv
e

n

−+
=

−

−−
=

−

−+

−+

 

proving the result.                                                                                                                      ■ 

 

     The complete bipartite graph ),(, EVK nm = is a connected graph such that the setV  is 

partitioned into two subsets  mvvV
m

,,1 =  and  nn uuU ,,1 = . Every edge has one end in mV

and one end in nU . In other words,  njmiuvE ji = 1,1),( . The weight of each edge 

),( ji uv  is Nwi  . This graph is depicted in Fig. 7. 

 
 

 

 

 

 

 

 

 

Figure 7: The complete bipartite graph nmK ,

  

Theorem 6. Suppose Nnm , , nm   and mwww  21 . Then, we have: 

)33(

.1,11

,21

,









=


+

=

−

nm

m
w

ww

e m

mm

K nm
 

Furthermore, 2
,
=

→ nmK
m

eLim . If iwi =  for each mi 1 , then:  

.1,
12

,


−
= m

m

m
e

nmK  
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Proof. Assume that nm   and 2m . By the structure of graph nmK , , the maximum number 

of nonadjacent edges in nmK ,  is equal to m . Hence, the maximum matching and its weight 

are as follows: 
 ,),(,),,(),,( 1111 +−−−= mnnmnm uvuvuvM 

 )34(.)(
1

, 
=

=
m

i

inm wKv  

Therefore,  nm uvR ,=  and we have: 

)35(.])\[(
1

1

, 
−

=

=
m

i

inm wRVKv  

Now, we determine the optimal interdiction set. There are four cases: 

1.   mmm VvvR = − ,1
*
1 . In this case, we have: 

)36(.])\[(
2

1

*
1, 

−

=

=
m

i

inm wRVKv  

2.   mji VvvR = ,*
2 , where ji   and 

*
1

*
2 RR  . Hence, 

.])\[(
1

*
2, ji

m

i

inm wwwRVKv −−=
=

 

Since mmji wwww ++ −1 , the following relation holds: 

]).\[(])\[( *
2,

*
1, RVKvRVKv nmnm   

3.   nji UuuR = ,*
3 , where ji  . There are two cases: 

I. 2− nm . In this case,  =
=

m

i inm wRVKv
1

*
3, ])\[( . 

II. 2− nm . This inequality holds when mn =  or 1+= mn . If mn = , then 

 =
=

m

i inm wRVKv
3

*
3, ])\[( . If 1+= mn , we have  =

=
m

i inm wRVKv
2

*
3, ])\[( .  

By cases I and II, ])\[(])\[( *
3,

*
2, RVKvRVKv nmnm  . 

4.  ji uvR ,*
4 = , where mi 1  and nj 1 . Therefore,  

.])\[(
1

*
4, i

m

k

knm wwRVKv −=
=  

It is now obvious that ])\[(])\[( *
4,

*
1, RVKvRVKv nmnm  . 

 By the above cases, we can conclude that 
*
1

* RR = . By substituting Eq. (34), (35) and (36) 

into (1), 
nmKe

,
 is obtained as follows: 

.1

,

m

mm
K

w

ww
e

nm

−+
=  

Let 1=m  and 1n . In this case,  nuvRR ,1
* ==  and  

.0])\[(])\[( *
,1,1 == RVKvRVKv nn

 

Therefore, 1
,1
=

nKe  and the theorem is proved.                                                                         ■ 

The wheel graph ),( EVWn =  is a connected graph such that  nV ,,1=  and 

     11),()1,1(21)1,( −−−+= niinnniiiE  . The weights of edges in nW  are 

defined as follows: 

1. The weight of edge )1,( +ii , for every 21 − ni , is denoted by iw . 

2. The weight of edge )1,(n  is 1−nw .  
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3. The weight of edge ),( in , for every 11 − ni , is denoted by inw −2 .  

The graph nW  is depicted in Figure 8. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8: The wheel graph nW  

 

Theorem 7. Let 3n  and 22321 − nwwww  . Then, we have: 

1. If n  is even and 11 =w , then 
22

122 1

−

−− −+
=

n

nn
W

w

ww
e

n
. 

2. If n  is odd, 11 =w  and 22 =w , then 
22

122 2

−

−− −+
=

n

nn
W

w

ww
e

n
. 

In particular, let iwi = ,for every 221 − ni . Then, 










−

−

−

−

=

odd, is if
22

53

even, is  if
22

43

n
n

n

n
n

n

e
nW  

and 
2

3
122
==

+→→ nn W
n

W
n

eLimeLim . 

Proof. Let n be even. The maximum number of nonadjacent edges in nW  is equal to 
2

n
. 

Therefore, we have to select 
2

n
 edges with the greatest weight for the maximum matching in 

nW . The maximum matching in 1−nC , 
1−nCM , is as follows: 

 .)1,1(),2,3(,),6,5(),4,3(
1

−−−=
−

nnnM
nC   

Since an edge adjacent to vertex n can be in the maximum matching of graph nW , M  is 

containing 
1−nCM  and the edge ),2( n . Therefore, 

 ,),2(),1,1(),2,3(,),6,5(),4,3( nnnnM −−−=   

and 

)37(.

)()(

22

2

2

12

221

−

=

−

−−

+=

+=

 n

n

i

i

nnn

ww

wCvWv

 

Since  nR ,2= , we have:  

)38().(])\[( 1−= nn CvRVWv  
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Claim 1.  nnR ,1* −= . 

Proof of Claim 1. Consider the interdiction set  nnR ,11 −= . As ]\[ 1RVWn  is the path graph 

2−nP .  Hence,  

)39(.)(])\[(
2)2(

1

1221 
−

=

−− ==
n

i

inn wPvRVWv  

We consider the following two sets: 
 
  ,},1{},1,2{},2,1{},,1{},{,1},{2 nnnnkjnkjVkjR −−=  

 .or),( 22 RbRaMbaM =  

Therefore, 

)40(]),\[(

)(

)(

)(

])\[(

2

2

),(

221

2)2(

2

1211

RVWv

Mw

wWv

wwWv

wwRVWv

n

Mba

abn

nnn

n

i

in



=

−

−−=

=−







−−

−

=

−

 

where MMM = \2  is a matching in ]\[ 2RVWn . Since 11 =w , Rel. (40) yields: 

)41(]).\[(])\[( 21 RVWvRVWv nn   

Now, we consider the following three interdictions set: 

1.  nR ,12 = . Therefore, 

]).\[(

)(])\[(

1

2)2(

1

12

2)2(

1

212

RVWvw

wPvRVWv

n

n

i

i

n

i

inn

=

==





−

=

−

−

=

−

 

2.  2,12 =R . We have: 

]).\[(

])\[(

1

2)2(

1

12

32

2)2(

2

22

RVWvw

wwRVWv

n

n

i

i

n

n

i

in

=

+=





−

=

−

−

−

=  

3.  1,22 −= nR . In this case, the value of ])\[( 2RVWv n  is equal to n

n

i i ww +
−

= −

2)2(

2 12  or 

32

2)2(

3 12 −

−

= − + n

n

i i ww . In each case, the following relation holds: 

]).\[(])\[( 12 RVWvRVWv nn   

According to (41) and the above three cases, for each set   VkjR = ,2 , where nkj 1 , 

we have: 
]).\[(])\[( 12 RVWvRVWv nn   

Then, it is concluded that 1R  is the optimal interdiction set and Claim 1 is proved. 

We proceed by substituting Eqs. (37), (38), and (39) into (1):  
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.
1

22

122
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1122

22

2

2

2)2(

1 122212

−

−−

−

−−

−

=

−

= −−−

−+
=

−+
=

−+
=
 

n
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n

nn

n

n

i

n

i ini

W

w

ww

w

www

w

www
e

n

 

Let n  be odd. The maximum number of nonadjacent edges in nW  is equal to 
2

1−n
. Therefore, 

the maximum matching in nW  and )( nWv  are as follows: 

 ,),2(),1,1(,),7,6(),5,4( nnM −=   

)42(.

)()(

22

2)1(

2

2

2221

−

−

=

−−

+=

+−=

 n

n

i

i

nnn

ww

wwCvWv

 

Also,  nR ,2=  and  

)43(.)(])\[( 21 wCvRVWv nn −= −  

Similar to claim 1, we can show that  nnR ,1* −= . Hence,  

)44(.])\[(
2)3(

1

2
* 

−

=

=
n

i

in wRVWv  

From Eqs. (42), (43) and (44), we can drive the following equality: 

.
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w
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e
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The proof of the theorem is complete.                                                                                       ■  

Theorem8. Let the weight of each edge in the complete graph nK  be 0w . Then, 1=
nKe , for 

every 2n .  

Proof. By Note 1 and since the weight of all edges is equal to w , we have:  

).(])\[(

),(])\[(

2
*

2

−

−

=

=

nn

nn

KvRVKv

KvRVKv
 

By substituting the above relations into Eq. (1), we obtain 
nKe  as follows: 

.1
)()(

)()(

2

2 =
−

−
=

−

−

nn

nn
K

KvKv

KvKv
e

n
                                                   ■ 

Let 2m . Consider the graph ),( EVSn = , depicted in Fig. 9. This graph is obtained by 

joining the vertices 1  in m  path graph nP . 
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Figure 9: The graph nS  

 

Theorem 9. Let 121 − nwww  . Then, we have: 

)45(
.32

,21







=
=

n

n
e

nS  

Proof. Obviously, 1
2
=Se . Let 3n . According to the maximum matching of the graph nP  in 

Theorem 1, )( nSv  is obtained as follows:  

)46(
even. is if)1()(

odd, is if)(
)(

1



−−
=

nwmPmv

nPmv
Sv

n

n

n  

Therefore,  nnR ,1−=  such that Enn − ),1( . We immediately derive:  

)47(
even. is if)1()()()1(

odd, is if)()()1(
])\[(

12

2





−−+−

+−
=

−

−

nwmPvPvm

nPvPvm
RVSv

nn

nn

n  

Similar to Claim 1 in Theorem 1, we can show that the set *R  in the graph nS  is containing 

two vertices 1−n  on two path graphs nP . Hence, 

)48(
even. is if)1()(2)()2(

odd, is if)()2()(2
])\[(

12

2*





−−+−

−+
=

−

−

nwmPvPvm

nPvmPv
RVSv

nn

nn

n  

Using Eqs. (46), (47) and (48), 
nSe  is obtained as follows: 

,2
)()(

)(2)(2

2

2 =
−

−
=

−

−

nn

nn
S

PvPv

PvPv
e

n
 

as desired.                                                                                                                                   ■ 

Now, we want to generalize the result of Theorem 1. In other words, we remove B  even 

vertices of the graph nP  and obtain BPn
e | .     

Theorem 10. Let 11 − nww  . Then,  

 

  )49(

,1if1

,12 if
)()(

)(

,2 if
)()(

)()( 2

|















−
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
−

−

=
−

−

−

nB

nBn
PvPv

Pv
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PvPv

PvPv

e
Bnn

n

Bnn

Bnn

BPn
 

where ][ x  is the greatest integer less than or equal to x . 
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Proof. By a similar argument as Theorem 1, we have: 

)50(

even. is  if

odd, is  if

)(
2

1
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



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
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−
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=
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nw

Pv
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i

i

n

i

i

n  

Notice that the following recurrence relation holds for )( nPv : 





+=

==

−− .2,)()(

,0)(,0)(

12

10

nwPvPv

PvPv

nnn

 

Now, there are two cases: 

1. n  is odd. Since 
2

1
||

−
=

n
M , then 0])\[( =Bn RVPv  for 1− nB . Let  

 .2,4,,3,11 −−= nnV  

The first B  vertices of the set 1V  are in 
*
BR . Since 

2

1
|| 1

−
=

n
V , 0])\[( * =Bn RVPv  for 

2

1−


n
B . 

There are three subcases as follows: 

I.
2

1−


n
B . In this case, 

.)(])\[(
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2)12(
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
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−−
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−
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i
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i
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wPvRVPv
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Therefore, BPn
e |  is obtained as follows: 
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2)12( 2
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II. 1
2

1
−

−
nB

n
. Therefore, 

.0])\[(
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*
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1

2

=

== 
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i

iBnBn
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By substituting the above relations into Eq. (1), we have: 

.
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2)1( 2
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1 2
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III. 1− nB . Obviously, 0])\[( * =Bn RVPv  and 0])\[( =Bn RVPv . Hence, 1| =BPn
e .  

2. n  is even. Since 
2

||
n

M = , then 0])\[( =Bn RVPv  for nB  . Let  

 .1,3,,3,12 −−= nnV  

The first B  vertices of the set 2V  are in 
*
BR . Since 

2
|| 2

n
V = , 0])\[( * =Bn RVPv  for 

2

n
B  . There 

are three cases: 

I.
2

n
B  . Now, we have:  
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.)(])\[(

,)(])\[(

2)2(

1

122
*

2)(

1

12
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
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−−

−

=

−−

==

==

Bn

i

iBnBn

Bn

i

iBnBn

wPvRVPv

wPvRVPv

 

Therefore, BPn
e |  is obtained as follows: 

.
)()(

)()(
2

2)2( 12

2

2)22( 12
2

|





+−= −

+−= −

−

− =
−

−
=

n

Bni i

n

Bni i

Bnn

Bnn
BP

w

w

PvPv

PvPv
e

n
 

II. nB
n


2

. Then, 

.0])\[(

,)(])\[(

*

2)(

1

12

=

== 
−

=

−−

Bn

Bn

i

iBnBn

RVPv

wPvRVPv
 

By substituting the above relations into Eq. (1), we drive BPn
e |  as follows: 

.
)()(

)(
2

2)2( 12

2

1 12

|





+−= −

= −

−

=
−

=
n

Bni i

n

i i

Bnn

n
BP

w

w

PvPv

Pv
e

n
 

III. nB  . Obviously, 0])\[( * =Bn RVPv  and 0])\[( =Bn RVPv . Therefore, 1| =BPn
e .  

This completes the proof.                                                                                                           ■ 

 

Corollary 1. Consider the path graph nP such that iwi = ,for every 11 − ni . Then, BPn
e |  can 

be computed by the following formula: 

 

















−


−

−
−

−


−

−

=

.1if1

,
2

n
 andeven  is  if

2

,1
2

1-n
 and odd is  if

2

1

,2 if
2

44

2

2

2

2

|

nB

nBn
BBn

n

nBn
BBn

n

nB
Bn

Bn

e BPn
 

 
References 

[1] E. Durbin, "An Interdiction Model of Highway Transportation," RAND Research 

Memorandum, RM-4945-PR, 1966. 

[2] R. Wollmer, "Removing Arcs from a Network," Operations Research, vol. 12, no. 6,  pp. 

934-940, 1964. 

[3] A. W. McMasters and T. M. Mustin, "Optimal Interdiction of a Supply Network," Naval 

Research Logistics Quarterly, vol. 17, no. 3, pp. 261-268, 1970.  

[4] G. H. Shirdel and N. Kahkeshani, "A Note on the Integrality Gap in the Nodal Interdiction 

Problem," Journal of Sciences, Islamic Republic of Iran, vol. 24, no. 3, pp. 269-273, 2013. 

[5] G. H. Shirdel and N. Kahkeshani, "On the Independent Set interdiction Problem," Electronic 

Journal of Graph Theory and Applications, vol. 3, no. 2, pp. 127–132, 2015. 

[6] R. Zenklusen, "Matching Interdiction," Discrete Applied Mathematics , vol. 158, no. 15, pp. 

1676-1690, 2010. 

[7] R. K. Wood, "Deterministic Network Interdiction," Mathematical and Computer Modelling , 

vol. 17, no. 2, pp. 1-18, 1993. 



Shirdel et al.                                         Iraqi Journal of Science, 2025, Vol. 66, No. 12, pp: 5544- 5562 

 

5562 

[8] D. S. Altner, O. Ergun and N. A. Uhan, "The Maximum Flow Network Interdiction Problem: 

Valid Inequalities, Integrality Gaps, and Approximability," Operations Research Letters, vol. 

38, no. 1, pp. 33-38, 2010.  

[9] K. T. Kennedy, R. F. Deckro, J. T. Moore and K. M. Hopkinson, "Nodal Interdiction," 

Mathematical and Computer Modelling, vol. 54, no. 11-12, pp. 3116-3125, 2011. 

[10] R. Zenklusen, "Network Flow Interdiction on Planar Graphs," Discrete Applied Mathematics , 

vol. 158, no. 13, pp. 1441–1455, 2010. 

[11] S. Shen, J. C. Smith and R. Goli, "Exact Interdiction Models and Algorithms for 

Disconnecting Networks via Node Deletions," Discrete Optimization, vol. 9, no. 3, 

pp. 172-188, 2012.   

[12] J. A. Bondy and U. S. R. Murty, Graph Theory, Springer, 2008. 

 

 

 

 

 

 

 

http://www.ams.org.sa.skku.edu:8080/mathscinet/search/publications.html?pg1=ISSI&s1=283528

