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Abstract
In this article, a new class gf (H, 2u, v) of analytic functions which is defined by
terms of a quasi-subordination is introduced. The coefficient estimates, including the

classical Fekete-Szego inequality of functions belonging to this class, are then
derived. Also, several special improving results for the associated classes involving
the subordination are presented.

Keywords: Univalent functions, subordination, Quasi-subordination, Fekete-Szego
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1.Introduction

Let F symbolizes the collection of normalized functions satisfying the condition
f(0) = f'(0) — 1 = 0 and given by Taylor expansion

f(2) =Z+Zanzn , (D
n=2
which are analytic in the unit disk
D ={z € C,such that |z| <1}, (2)

where C is a complex plane.

Furthermore , let A symbolizes the class of all functions in F which are univalent in unit
disk D . Let w(z) be an analytic function in unit disk D with all coefficients are real and
lw(z)| <1, such that

W(Z) =Wy +WyZ +Wp22 +........ : (3)
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Also, let ® be a univalent and analytic function with positive real part in unit disk D, with
®(0)=1, ®'(0) >0, which maps the unit disk onto a zone starlike with respect to 1 and

symmetric with respect to the real axis . The Taylor s expansion with all coefficients is real
and can be written in the form

®(Z):1+C12+C222+ ......... ' ()
suchthatC; >0.
Let 2 be the class of functions and written in the following form
P@=1+) P ©)
n=1

For any two analytic f(z) and_g(z) functions in unit disk D, we say that f(z) is
subordinate to g(z), written as

f2)<g9(2), (zeD), (6)
if there exists #(z) being a Schwarz function and analytic in unit disk D with
£(0) =0 and |£(z)| <1, (z€eD), (7)
such that
f@) = g(£@), (zeD) . (8)

Furthermore, if g(z) is univalent in I, then (see[1]):
f(2) < g(2) = f(0) = g(0)and f(D) c g(D).
Robertson introduced the concept of quasi-subordination , in 1970 [2]. Moreover, if f(z) and
g(2) are two analytic functions, we say that f(z) is quasi-subordination to g(z) in D, which
can be written in the form
f(2) <4 9(2) (zeD), €))
if there exist w(z) and #£(z) being analytic functions with |w(z)| <1, £(0) =0, and
|%(z)| < 1, such that
f(@) = w(2)g(£(2)) (zeD) . (10)
Note that , when w(z) = 1, then f(2) = g(£(2)) (see [3,4]), so that
f(z)<g(z) inD .
Furthermore, if (z) = z , then f(z) = w(z)g(z) and, in this case, f(z) is majorized by g(z),
written as
f(2) < g(2)in .
Inthis case, f(z) <4 9(2) = f(2) = w(2)g(z) = f(2) K g(2).z € D.
Therefore, quasi-subordination is a generalization of subordination and also of majorization .
[5, 6, 7].
Sakaguchi [8] introduced the class starlike §* functions with respect to symmetric points in
zf'(2)

(f(2)-f(=2))
[9] introduced the class convex functions Cs with respect to symmetric points in unit disk D,
zf "(2)
(f'(2)-f'(-2))

In mathematics, the Fekete-Szego is an inequality for the coefficients of univalent analytic
functions found by Fekete-Szego in 1933 [11], for 0 < A < 1, and then for the Fekete-Szego
functional |a® — 2a3| for normalized univalent functions given by (1) [12,13,14,15,16,17,18].
The aim of the present paper is to introduce a new class of univalent functions by applying the
generalized Salagean operator [19, 20] .

We define the following differential operator

unit disk D, for f € A satisfying Re( j >0, (z € D). Similarly, Wang et al. in

for f € A satifying Re( J> 0,(z € D), (see, for details, [10]).

C°f(2) = f(2)
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Glf2) =1 —-K)f(@2)+Kkzf'(z),k =0

G"f(2) = G (G f(2) . (11)
If £ is given by (1) , then from (11), we see that
G"'f(z)=z+ Z[l + (n—-Dk]™az" , (12)

n=2
where m € Ny = {0,1,2,3,4,.....}and k > 0.
2. Preliminary Results
We use a special sigmoid function, which is a differentiable, bounded, and real function that
is defined for all real input values and has a non-negative derivative at each point. We can
write this sigmoid function as

5(2) = (13)

1+e7?

The sigmoid function is salutary and has very important properties (see [21] ) of which, a
sigmoid function is monotonic and has a first derivative which is bell shaped. It outputs real
numbers between zero and one and since it is one-one, then it never loses information .
Lemma 1.[22] . Let £(z) be the Schwarz function given by

#(z) = kyz+ fopz>+-+ , zED (14)
then
il <1, [y — uhfl < 1+ (Jul — DHeg]? < max{1, |ul}, (15)
where u € C.
Lemma 2.[23]. We symbolize § to a sigmoid function and
[ee] (o] m
_ _ 2 =n™ ="
H(z) =285(2) = e 1+ o — z , (16)
m=1 n=1

then H(z) € P, |z| < 1,where H(z) isa modified sigmoid function .

Lemma3.[23]. Let
m(z>—1+z(_) (Z(nﬁ)) (7)

Then |H,m| < 2.
3. Main Result

Definition1. A function f € A given by (1) is said to be in class g;f(H, 2u,v) if the next
quasi-subordination holds :

O [T,
G"f(2uz) — G"*f (vz)

where u,v € C, with u#v, |[v|<1and f=0.

From the above Definition, we note that f € gf(H, 2u,v) if and only if there exists £(z)

being an analytic function with |£(z)| < 1, such that

l(c;" £ (@) (2u = v)2/6"f (2uz) — an(vz)))ﬂl —1

#(z)
If, as in condition (19), £(z) = 1, then the class gg (H, 2u, v) is symbolized as G# (H, 2u, v),
satisfying the condition

(G”f(z))'( (@uv)z )B <H(z), z€D . (20)

G"f(2uz)-G"f (vz)

~1<,HEZ -1 ,z€D (18)

< (H(z) - 1). (19)

Note that
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(Qu-v)z B M B+1 2.2 _ 2
(an(Zuz)_an(vz)) =[1-BQRu+v)az+p [ . Qu +v)“a; — (4u® + 2uv +

vz)ag] z% +... (21)
Theoreml. Let f € A of the form (1) be a function in the class gf (H,2u,v). Then

1
<
a2l < S = szt v
and for some y € C,

_ 2| <
lag — naz| < 0

(22)

1
14+2k]™|3— B (4+2v+v2)|
1 2y[142k]™3-B(4u? +2uv+v?)) _ B(1+(2-2u+v))/(2-BRu+v)))Qu+v)
-max {1' |4 ( [14Kk]2Mm(2-B(2u+v))? 2-B(2u+v) )|}

(23)
Proof
Let f(z) =z + Y-, a, z" be afunction in class gf (H,2u,v) , then we get
f(2) =z+ ayz* +azz® + -
fQQuz) = 2uz + 4a,u’z? + 8azu3z3 + -
f(z) = vz + a,v?z? + azv3z3 + -

Let f € gf (H, 2u, v). From Definition1 we can write

' 2u-v)z B
(1) ()| - 1< v - 1), (24)

A modified sigmoid function H(z) is given as below
1 1 1
— L, 34— 5 ...
B H(Z)—1+2Z 24:2 +240Z (25)
By combining (3), (14), and (25), we obtain

1
(W(z)(H(/&(z)) — 1) =3 (Wotz + (Wotey + wity)z?) + -+ (26)

Now, using the series expansion (G” f (z)), from (1) and the expansion given by (21), we get

[(G”f(z))’ (an(z(i;‘)"_’gflf(vz))ﬁ] —1= [[14&]™[2—-BQu+v)]ayz+ [[1 + 2k]™[3 —

B4 + 2uv + v¥)]ag — B[1 + k]2™(2u + v) (2 - L) 2] 22
(27)

From the expansions (24) and (27) , on equating the coefficients of z and z2 in (24), we get

[1+K]™[2 - B2 + v)]az = woky , (28)
[1+ 2k]™[3 — B(4u? + 2uv + v)]ay — B[1+ K] (2u + v) (2 - L) g2 =
= (Woy + Wi ) (29)

Now, from (28), we get

Wofy
2[1+xk]™m[2 - BQRu+v)]
From (29), it follows that

4—1+pB)u+v)|Ru+ 1
[1+ 2k]™[3 — B(4u? + 2uv + v?)]as = Al 8[22(;”:)]](211 2 weh? + S (Woky + wifey)

az = (30)

Therefore,
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a3 =
1
2[1+2k]™[3-B (4u2+2uv+v2)] [Wlkl +
B(1+(2-(u+v))/(2-Bu+v)))(2u+v)\ ,-
Wo (kz 4[2-B(2u+v)] )kl] C2Y)
For some y € C, from (30) and (31), we obtain
2 1 _ 1 2y[1+2k]m B AU +2uv+v?)
az — Haz = 2[14+2K]™m[3- B (4uZ+2uv+v2)] [Wokz +wik, 4( [1+K]2M[2-B(2u+v)]? )
B(1+(2—-(2u+v))/(2-Bu+v)))(2u+v) 259
( 42— B (2u+v)] ) Wo /&2] (32)
We have that w(z) given by (3) is bounded and analytic in unit disk D, therefore, on using
[15] (page 172) , we have for some Y (|Y| < 1):

lwol <1 and w; =1 -wd)Y. (33)
By putting the value of w; from (32) into (33) , we get
2 1 |1 (2r[i+2k]mE-Bu r2uv+v?))
%3 7 B2 = M 3—pau + zuvv2)] [Wokz Yk [4( [1+1]2m (2—p 2ut ) )
B(1+(2—-(2u+v))/(2-Bu+v))) (2u+v) 2 2
( 42-BZusv)] )kl + ykl] Wo (34)

Now , if wy, = 0in (34) , we get

1
[1+ 2k]™|3 — B(4u? + 2uv + v2)|
Otherwise , if wy # 0in (34), we define a function

las — paz| < - (35)

I'(wy) =
[l (2y[1+2x]m(3—ﬁ(4u2+2uv+v2)) _ (B(1+(2—(2u+v))/(2—ﬁ(2u+v)))(2u+v)) Y
4\ [+k]2m(2-B2u+n)) [2-p(2u+v)] 1

Wok, + Yk —

A wgl . (36)
The equation (36) is polynomial in w, and hence analytic in |wy| < 1. The maximum
IT(wo)| occurs at wy = e, (0 < 6 < 2m). Thus
i0y| —
,max [T(e)| = [F(D)],
1 <2y([1+2;c]m)(3—,8(4u2+2uv+v2)) _
4 [1+1c]2m(2—ﬁ(2u+v))2

1
1+2k]™|3—-B(4u2+2uv+v2)|
(ﬁ(1+(2—(2u+v))/(2—ﬂ(2u+v)))(2u+v)) P2

2—-BQu+v) 1
Therefore , by using Lemmal , we get
1

)
las — paz| < 2[142k]™|3— B(4+2v+v2)|

1 2y[142k]™(3-B(4u? +2uv+v?)) _ B(1+(2-(2u+v))/(2-B2u+v)))(2u+v)
-max {1' |4 ( [1+K]2™M(2- B (2u+v))? 2-B(2u+v) )|} '

2

— 2| <
las ,ua2|_2[

In case u = 1, we have the following:

Corollaryl. Let f € A of the form (1) be a function in the class gg (H,2,v). Then
1

2[1+ k™2 -B(2 +v)

and for any complex number y € C,

la,| <

— a2 1
las — paz| < 2[1+2k]™|3- B (4+2v+v2)|
1 2y[1+2K]™(3-B(4+2v+v?2)) _ B(+(2-(2+v))/(2—-B2+v))) (2+V)
-max {1’ |4( [1+x]2m(2-B(24v))? 2-B(2+v) )|} '
The result is sharp .
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In Corollaryl, in case v = —2, we obtain the next Corollary.
Corollary2. Let f € A of the form (1) be a function in the class gf (H,2,—2). Then

< _
a2l < T

and for any complex number y € C,
_ 2 1 1 (2y[1+2k]™(3-4p)
las = pazl < g ag M {1’|4( 4([1+x]2m )|} '
The result is sharp .
In case B = 1 in Corollary2, we get the following:

Corollary3. Let f € A of the form (1) be a function in the class G, (H, 2, —2). Then

< —_
a2l < T m

and for any complex number y € C,

lag — na3| < m .max{l,|(M )|}

8[1+k]™
The result is sharp .
In case B = 0 in Corollary2, we deduce the following:
Corollary4: Let f € A of the form (1) be a function in the class G, (H, 2, —2). Then

<
a2l < I gm

las — pua?| Sm .max{l,l(M )|} .

8([1+x]™
The result is sharp.
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