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Abstract                                                                                                                                                                                  

     In this article, a new class   
 (      ) of analytic functions which is defined by 

terms of a quasi-subordination is introduced. The coefficient estimates, including the 

classical       -     ̈ inequality of functions belonging to this class, are then 

derived. Also, several special improving results for the associated classes involving 

the subordination are presented. 

 

Keywords: Univalent functions, subordination, Quasi-subordination,       -     ̈ 

coefficient.  

 

بدوال نوع ساكاغوتشي المعممة ةتطبيق شبه التابعية المرتبط  
 

 عبدالرحمن سممان جمعه,  *نهاد حميد شهاب
, كمية التربية لمعمهم الصرفة , جامعة الانبار, الانبار , العراق قدم الرياضيات  

 

 الخلاصة
من الدوال التحميمية التي يتم تعريفيا من خلال شروط شبو    في ىذه الطقالة , يتم تقديم فئة جديدة      

تظتطي الى ىذه الفئة . تي سزيجه  لمدوال التي يفيكعدم الطداواة   لطعاملات ثم يتم اشتقاق تقديرات التابعية . 
  لمفئات الطرتبطة التي تتضطن التابعية  الطحدظةيتم عرض العديد من الظتائج الخاصة ، كذلك

1.Introduction 

Let    symbolizes the collection of normalized functions satisfying the condition                             

 ( )    ( )      and given by Taylor expansion 

 ( )    ∑     

 

   

                                                                                     ( ) 

which are analytic in the unit disk  

  *               | |     +                                                                           ( ) 

where   is a complex plane. 

Furthermore , let    symbolizes the class of all functions in   which are univalent in unit 

disk   . Let w(z) be an analytic function in unit disk   with all coefficients are real and 
| ( )|    , such that 

........)( 2
210  zwzwwzw   .                                                               (3) 
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Also, let   be a univalent and analytic function with positive real part in unit disk  , with 

1)0(   , 0)0(  , which maps the unit disk onto  a zone starlike with respect to 1 and 

symmetric with respect to the real axis . The Taylor
’
s expansion with all coefficients is real 

and can be written in the form 

.........,1)( 2
21  zCzCz  ,                                                                  (4) 

such that C1 > 0 .  

Let      the class of functions and written in the following form  

 ( )    ∑     

 

   

                                                                                         ( ) 

For any two analytic    ( ) and  ( )  functions  in unit disk   , we say that  ( ) is 

subordinate to  ( )  written as  

 ( )   ( )       (    )                                                                                                ( ) 

if there exists  ( ) being a Schwarz function  and analytic in unit disk   with 

  ( )          | ( )|        (   )                                                               ( )  
such that  

 ( )   ( ( ))                  (   )                                                                    ( ) 

Furthermore, if  ( ) is univalent in  , then (see[1]): 

 ( )   ( )   ( )   ( )     ( )   ( ). 

Robertson introduced the concept of quasi-subordination , in 1970 [2]. Moreover, if  ( ) and 

 ( ) are two analytic functions, we say that  ( ) is quasi-subordination to  ( ) in    which  

can be written in the form 

 ( )    ( )                    (   )                                                                       ( )  

if there exist  ( ) and  ( ) being  analytic functions with  | ( )|    ,  ( )         
| ( )|     such that 

                                               ( )   ( ) ( ( ))           (   )                                           (  ) 

Note that , when  ( )   , then  ( )   ( ( ))  (see [3,4]), so that  

                                               ( )   ( )   in    .  

Furthermore, if ( )    , then  ( )   ( ) ( ) and, in this case,  ( ) is majorized by  ( ), 

written as 

                                              ( )   ( ) in  . 

In this case,  ( )    ( )   ( )   ( ) ( )   ( )   ( )       
Therefore, quasi-subordination is a generalization of subordination and also of majorization . 

[5, 6, 7]. 

Sakaguchi [8] introduced the class starlike    functions with respect to symmetric points in 

unit disk  , for     satisfying ,0
))()((

)(
Re 













zfzf

zfz
(   ). Similarly,  Wang et al. in 

[9]  introduced the class convex functions    with respect to symmetric points in unit disk  , 

for     satifying ,0
))()((

)(
Re 













zfzf

zfz
(   ) , (see, for details, [10]). 

In mathematics, the Fekete-Szego is an inequality for the coefficients of univalent analytic 

functions found by Fekete-Szego in 1933 [11], for      , and then for the Fekete-Szego 

functional |      
 | for normalized univalent functions given by (1) [12,13,14,15,16,17,18]. 

The aim of the present paper is to introduce a new class of univalent functions by applying the 

generalized Salagean operator  [19, 20] . 

 We define the following differential operator  

 

   ( )     ( )                                                                                                         
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   ( )  (   ) ( )    )(zf                                                                   

   ( )    ( 
    ( )                                                                                   (  ) 

If   is given by (1) , then from (11), we see that 

   ( )    ∑,  (   ) - 
 

   

                                                        (  ) 

where        *             + and    .                                                  

2. Preliminary Results 

 We use  a special sigmoid function, which is a differentiable, bounded,  and real function that 

is defined for all real input values and has a non-negative derivative at each point. We can 

write this sigmoid function as  

ze
z




1

1
)(                                                                                  (13) 

The sigmoid function is salutary and has very  important properties (see [21] ) of which, a 

sigmoid function is monotonic and has a first derivative which is bell shaped. It outputs real 

numbers between zero and one and since it is one-one, then it never loses information . 

Lemma 1.[22] . Let  ( ) be the Schwarz function given by  

 ( )         
                                                                   (  )                                         

then 

|  |        |      
 |    (| |   )|  |

     *  | |+                                (15) 

where      . 

Lemma 2.[23]. We symbolize   to a sigmoid function and  

 ( )    ( )  ze1

2
   ∑

(  ) 

  

 

   

(∑
(  ) 

  

 

   

  )

 

                                           (  ) 

 then  ( )    | |           ( ) is a modified sigmoid function . 

Lemma3.[23]. Let  

    ( )    ∑
(  ) 

  

 

   

(∑
(  ) 

  

 

   

)

 

                                                (  ) 

.Then |    |    . 

3. Main Result  

Definition1. A function     given by (1) is said to be in class   
 
(      ) if the next 

quasi-subordination holds : 

[  )(zfG n 4
(    ) 

   (   )     (  )
5

 

]      ( )                            (  ) 

where                      | |                 

From the above Definition, we note that     
 
(      ) if and only if there exists  ( ) 

being an analytic function with | ( )|   , such that  

6  )(zfG n ((    )    (   )     (  )⁄ )) 7   

 ( )
 ( ( )   )                          (  ) 

 If, as in condition (19),  ( )   , then the class   
 
(      ) is symbolized as   (      )  

satisfying the condition 

 )(zfnG .
(    ) 

   (   )    (  )
/
 

  ( )                                                                 (  ) 

Note that 
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 .
(    ) 

   (   )    (  )
/
 

 ,   (    )     0
   

 
(    )   

  (        

  )  1  
  …                                                                                                                        (21)  

Theorem1. Let      of the form (1) be a function in the class   
 
(      ). Then  

|  |  
 

 ,   - ,   (    )
                                                                              (  ) 

and for some    , 

|      
 |  

 

 ,    - |   (       )|
                                                

    2  |
 

 
.
  ,    - (   (          ))

,   -  (   (    )) 
 

 (  (  (    )) (   (    )))(    )⁄

   (    )
  /|3       (23) 

Proof  

Let   ( )    ∑   
 
      be a function in class    

 
(      ) , then we get  

 ( )       
     

    

 (   )          
        

      

 (  )        
       

      
 

Let     
 
(      ). From Definition1 we can write  

6  )(zfG n .
(    ) 

   (   )    (  )
/
 

7     ( ( )( ( ( )     )                                     (  )   

A modified sigmoid function H(z) is  given as below 

 ( )    
 

 
  

 

  
   

 

   
                                                       (  ) 

By combining  (3), (14), and (25), we obtain  

( ( )( ( ( ))   )  
 

 
(     (         ) 

 )                             (  ) 

Now, using the series expansion  )(zfGn from (1) and the expansion given by (21), we get 

[  )(zfGn .
(    ) 

   (   )    (  )
/
 

]       ,,   - ,   (    )-    0,    - ,  

 (          )-    ,   -  (    ) .  
(   )(    )

 
/   

 1                                    

(27) 

 

From the expansions  (24) and (27) , on equating the coefficients of z and z
2
 in (24), we get 

,   - ,   (    )-   
 

 
     ,                                                                              (28) 

 ,    - ,   (          )-    ,   -  (    ) .  
(   )(    )

 
/   

  
 

 
(         )                                                                                                                                 (  )  

Now, from (28), we get 

   
    

 ,   - ,   (    )-
                                                                      (  ) 

From (29), it follows that 

,    - ,   (          )-   
 ,  (   )(    )-(    )

 ,   (    )- 
  

   
  

 

 
(         )    

. 

Therefore, 
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 ,    - ,   (          )-
0     

  .  
 (  (  (    )) (   (    )))(    )⁄

 ,   (    )-
/  

 1                                                                         (  )   

For some    , from (30) and (31), we obtain  

       
  

 

  ,    - ,   (          )-
0          

 

 
.
  ,    - (   (          )

,   -  ,   (    )- 
/  

.
 (  (  (    )) (   (    )))(    )⁄

 ,   (    )-
/  

   
 1                       .                                                 (  )                                                                                       

We have that  ( ) given by (3) is bounded and analytic in unit disk  , therefore, on using 

[15] (page 172) , we have for some     (| |   )  
|  |                (    

 )  .                                                         (33) 

By putting the value of    from (32) into (33) , we get 

      
  

 

  ,    - ,   (          )-
[         [

 

 
(
  ,    - (   (          )

,   -  (   (    ))
 )  

.
 (  (  (    )) (   (    )))(    )⁄

 ,   (    )-
/  

     ]   
 ]                                                      (34) 

Now , if      in (34) , we get 

|      
 |  

 

  ,    - |   (          )|
                                                (  ) 

Otherwise , if       in (34),  we define a function 

 (  )  

         6[
 

 
(
  ,    - (   (          )

,   -  (   (    ))
 )  .

 (  (  (    )) (   (    )))(    )⁄

,   (    )-
/  

  

   ]  
 7               .                                                  (36) 

The equation (36) is polynomial in    and  hence analytic in |  |   . The maximum 

| (  )| occurs at        , (      ). Thus  

   
      

| (   )|   | ( )|  

|      
 |  

 

  ,    - |   (          )|
|   

 

 
(
  (,    - )(   (          )

,   -  (   (    ))
 )  

.
 (  (  (    )) (   (    )))(    )⁄

   (    )
/  

 |     

Therefore , by using Lemma1 , we get 

|      
 |  

 

 ,    - |   (       )|
                                                

    2  |
 

 
.
  ,    - (   (          ))

,   -  (   (    )) 
 

 (  (  (    )) (   (    )))(    )⁄

   (    )
  /|3 . 

 

In case    , we have the following: 

Corollary1. Let     of the form (1)  be a function in the class   
 
(     ). Then  

|  |  
 

 ,   - ,   (   )
                                                                                  

and for any complex number     , 

 

|      
 |  

 

 ,    - |   (       )|
                                                         

    2  |
 

 
.
  ,    - (   (       ))

,   -  (   (   )) 
 

 (  (  (   )) (   (   )))(   )⁄

   (   )
  /|3  .                                         

The result is sharp . 
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In Corollary1, in case     , we obtain the next Corollary. 

Corollary2. Let     of the form (1) be a function in the class   
 
(      ). Then  

|  |  
 

 ,   - 
                                                             

and for any complex number     , 

|      
 |  

 

,    - |    |
      2  |

 

 
.
  ,    - (    )

 (,   -    /|3   .   

The result is sharp . 

In case     in Corollary2, we get the following: 

 

Corollary3. Let     of the form (1) be a function in the class   (      ). Then  

|  |  
 

 ,   - 
                                               

and for any complex number     , 

 

|      
 |  

 

,    - 
      2  |.

  ,    - 

 ,   - 
  /|3   

The result is sharp . 

In case     in Corollary2, we deduce the following:  

Corollary4: Let     of the form (1) be a function in the class   (      ). Then  

|  |  
 

 ,   - 
                                                    

|      
 |  

 

 ,    - 
      2  |.

  ,    - 

 (,   - 
  /|3  . 

The result is sharp. 
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