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Abstract 

     The proton, neutron and matter density distributions, the corresponding size radii 

and elastic electron scattering form factors of one-proton
8
B and two-proton 

17
Ne 

halo nuclei are calculated. The theoretical technique used to fulfill calculations is by 

assuming that both nuclei under study are composed of two main parts; the first is 

the compact core and the second is the unstable halo part. The single-particle radial 

wavefunctions of harmonic-oscillator (HO) and Woods-Saxon (WS) potentials are 

used to study core and halo parts, respectively. And other approach is studied by 

using HO potential for both core and halo parts, but using two HO size parameters 

for both supposed parts. The long tail behavior which is the main characteristic of 

halo nuclei are well produced for both 
8
B and 

17
Ne. The calculated size radii are in 

general in good agreement with the available experimental data. The electron 

scattering form factors of the C0+C2 and C0 components are also calculated for 
8
B 

and 
17

Ne, respectively and compared with corresponding stable 
10

B and 
20

Ne nuclei. 

For 
8
B calculations, the core-polarization (CP) effects are taken into account by 

using Tassie and Bohr-Mottelson models. The contribution from model-space (MS) 

part C2 component is taken through pwt interaction. The results of the calculated 

charge form factors are left for the planned electron-radioactive ion beam colliders 

where the study of skin or halo on the charge form factors are going to be studied. 
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 17Neو  8Bدراسة نظرية لتوزيعات الكثافة وانصاف الاقطار لنوى    
 

 زيد ملك عباس،  *اركان رفعه رضا
 العراق ،بغداد ،جامعة بغداد ،كلية العلوم ،قسم الفيزياء

 

 الخلاصة
تم حساب توزيعات الكثافة البروتونية والنيوترونية  والكتلية وانصاف الاقطار المقابلة لها  وعوامل التشكل      

.   17Neونواة الهالة ذات البروتونين  8Bللاستطارة الالكترونية المرنة  من نواة الهالة ذات البروتون الواحد 
ة الى جزأين رئيسيين؛ الاول هو جزء القلب المستقر حساباتنا النظرية استندت على تقسيم النواة تحت الدراس

والثاني يمثل جزء الهالة الغير مستقر. الدوال الموجية القطرية لجهد المتذبذب التوافقي البسيط تم استخدامه 
تم استخدام ساكسون للنواتين تحت الدراسة. وبطريقة -لدراسة جزء القلب بينما جزء الهالة تم استخدام جهد وودز

المتذبذب التوافقي لدراسة كلا من جزئي القلب والهالة بأستخدام معامل حجم مختلفين. صفة التذييل الممتد جهد 
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في توزيعات الكثافة الكتلية وهي خاصية مميزة لنوى الهالة تم توليدها بنجاح. انصاف الاقطار المحسوبة كانت 
التشكل للاستطارة الالكترونية المرنة لمركبتي على توافق جيد مع تلكم القيم العملية. اخيرا تم حساب عوامل 

(C0+C2 لنواة )8B ( وC0  لنواة )17Neالمركبة . C2    8في نواةB  تم حسابها من خلال تأثير استقطاب
 . pwtموتيلسون من خلال تفاعل -القلب باستخدام نموذج تاسي ونموذج بور

Introduction 

     The study of nuclear neutron and proton density distributions are essential quantities in 

understanding both nuclear structure and reactions [1]. The distribution of charge density and charge 

radii can be measured accurately from high energy electron elastic scattering, but such scattering is so 

far limited to stable or long-lived isotopes, besides, the measurements of muonic X-rays transitions are 

precise method for determining charge radii [2]. For unstable isotopes, the measuring of charge radii is 

available from isotope shift measurements [3]; such measurements have been reported for many 

elements [4]. Information about matter density distributions are obtained from experiments on elastic 

hadron scattering [1]. The production of radioactive ion beams which has been started in the mid-   

eighties enabled the studying both of matter density distributions and matter radii [5,6].  

     Exotic nuclei are located far from the β-stability line on the chart of nuclides, exhibiting very short 

life times, mainly due to an unbalanced ratio of proton (Z) and neutron (N) numbers. Exotic nuclei 

differ remarkably in some other aspects from their stable counterparts, providing us with new insights 

into understanding atomic nuclei and nuclear forces [7–9]. As experimental data on exotic nuclei are, 

in general, less abundant than data on stable nuclei, theoretical calculations, interpretations, and 

predictions play an ever increasing role [10]. 

     Halo nuclei have attracted much attention in the study of nuclear structure over the last three 

decades [11]. Halos are formed when the valence nucleons tunnel out of the potential barrier to long 

distances, giving rise to an extended low density tail. This quantum tunneling is possible due to the 

small binding energy of the valence nucleons for unstable nuclei and also small or no centrifugal 

barrier conditions. Thus, neutron halos have been prominently observed for neutron rich nuclei. It is 

however questionable whether proton halos and in particular a two-proton halo can exist due to the 

presence of the Coulomb barrier [12]. 

     Two main types of  halos; the first, two-body halos with one nucleon surrounding the core, like the 

one-proton halo 
8
B and the second, Borromean three-body halos with two valence nucleons around the 

core like 
17

Ne. The Borromean is defined as a three-body bound system in which any two-body 

subsystem does not bound. The pairing interaction between the valence neutrons plays an essential 

role in stabilizing these nuclei [13]. The so called Borromean structure has also been discussed 

extensively [13, 14]. 

     Knyaz’kov et al [15] extracted and analyzed the rms radii of the neutron, proton, and matter 

distributions for a large group of light exotic nuclei, besides, possible candidates of neutron and proton 

halo nuclei were discussed. Tel et al [16] the proton, charge and neutron densities, rms proton, charge, 

neutron and matter radii, and neutron skin thickness have been calculated by using Hartree-Fock 

method for Boron isotopes (
7-19

B). Fan et al [17] has been confirmed that 
8
B to have a halo structure 

according to the long tail in the density distribution. For 
17

Ne, Ozawa et al [18] deduced the effective 

rms radii of the matter distributions for 
17

N, 
17

F, and 
17

Ne using Glauber model calculation. They 

found an increase in the radii of the proton rich 
17

F and 
17

Ne nuclei. Geithner et al [19] have been 

performed high-precision mass and charge radius measurements on 
17-22

Ne, including the proton-halo 

candidate 
17

Ne. Tanaka et al [20] have been deduced the density distribution of 
17

Ne through a 

modified Glauber model calculation. They found a long tail in the density, consistent with a (2s1/2)
2
 

dominant configuration of the two valence protons. In [21] the two-frequency shell model approach is 

used to calculate the ground proton, neutron and matter density distributions and the corresponding 

rms radii for the 
17

Ne and 
27

P nuclei. 

In this work, the density distributions, elastic electron charge form factors and size radii for halo 
8
B 

and 
17

Ne nuclei are calculated. 

Theoretical formulations 

     The ground point density distributions of neutrons and protons can be written as [22]: 

                    ( )         
 ( )         

 ( )                                                                                    (1) 
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     where    is the projection of the isospin quantum number (   
 

 
   for protons and     

 

 
   

for neutrons).     
 ( ) is the density distribution of the core neutrons/protons calculated using the 

radial wavefunctions of harmonic-oscillator (HO) potential (   ( )) [23] as follows: 

                
 ( )  

 

  
∑     

       
  |   (      )|

 
                                                                                 (2)   

     In Eq. (2),      
       

 is the number of neutrons/protons in the    shell.   and   represent the principal 

and orbital quantum numbers, respectively.      is the HO size parameter of neutrons/protons. The 

summation in Eq. (2) spans all occupied orbits in the core for both nuclei under study. The matter 

density distribution for core can be written as a sum the densities of core neutrons and protons 

(  
 ( )    

 ( )    
 ( )). In Eq. (1),     

 ( ) represents the density distribution of halo 

neutrons/protons and it is calculated by using WS radial wave functions and can be written as: 

               
 ( )  

 

  
     
        

|       ( )|
 
                                                                                            (3)   

where 

     
        

     
    ∑                                                                                                                          (4) 

     In Eq. (3) and (4),     
     and      

        
 are the occupation numbers and fractional occupation 

numbers of neutrons/protons, respectively in the sub-shell    , where   represents the total angular 

quantum number. Besides,      represents the probability number for the existence of halo nucleons in 

the higher sub-shells. The radial wave functions of WS potential        ( ) are found from the solution 

to the second rank differential equation of the radial part of Schrödinger equation [24]: 

         (
  

  

  

   
  ( )  

 (   )  

    
        )       ( )                                                                         (5)   

     (   )   is the reduced mass of the core (   ) and single nucleon,     is the mass of 

nucleon,   is the atomic mass and         is the binding energy of single halo nucleon.  

In Eq. (5), the local potential  ( ) can be written in the following compact form [25, 26]: 

                ( )       ( )       ( )    ( )                                                                                        (6) 

     In Eq. (6),      ( ) represents the central part and can be written as: 

     ( )  
   

(   
(
   
 
)
)

                                                                                                                            (7)    

     where    is the depth of central part,   is the diffuseness and     (   )
    is the radius 

parameter.      ( ) in Eq. (6), represents the spin-orbit part and is defined as:  

     ( )  (
 

   
)
      

 

 

  

 

(   
(
       
     

)
)

〈 ̂  ̂〉   (
 

   
)
      

 

 
(
       
     

)

(   
(
       
     

)
)

 〈 ̂  ̂〉                                 (8)  

     where    is the pion mass (   
            ),                 , (

  

   
 )
 
       , 

      is the strength or depth of spin-orbit potential,       is the diffuseness of spin-orbit part,       

     (   )
    is the radius parameter of spin-orbit.  ̂ and  ̂ are the angular momentum operator and 

the Pauli Matrices respectively and the matrix element of their product can be written as: 

                 〈 ̂  ̂〉  {
 
 

 
(   )              

 

 
 

 
                    

 

 
   

 

      The last term in Eq. (6)   ( ) indicates the Coulomb potential generated by a homogeneous 

charged sphere and can be written for protons as [27]: 

                     ( )  {
(   )

  

 
                           

(   )  

  
[  

  

  
]          

,                                                                        (9)  

  ( )    for neutrons, with               .   

Finally, Eq. (6) can be written as: 



Ridha and Abbas                                    Iraqi Journal of Science, 2018, Vol. 59, No.2C, pp: 1046-1056 
 

1049 

 ( )  
   

(   
(
   
 
)
)

 (
 

  
)
  

 

     

     

 
(
       
     

)

(   
(
       
     

)
)

 〈 ̂  ̂〉    ( )                                                          (10)                     

     The charge density distribution (   ( )) (CDD) is obtained by folding the charge density of the 

single proton (   ( )) into the density distribution of point protons calculated in Eq. (1) as follows 

[25]:   

                   ( )  ∫  ( )   (    )                                                                                           (11) 

  ( ⃗) can be written as [25]: 

                   ( )  
 

(√    )
  

(
   

   
 )

                                                                                                      (12)   

     where             [23].  The value of      reproduces the experimental     charge radius of 

the proton, 〈  〉  
   

 (
 

 
)
   
           [23]. 

     The ground density distributions of point neutrons and protons for stable nuclei can be found from: 

               ( )  
 

  
∑     

  
  |   ( )|

                                                                                              (13)   

     The     radii of neutron, proton, charge and matter can be directly calculated from [25]: 

      〈  〉 
   

 √
  

 
∫   ( ) 

   
 

 
                                                                                                       (14) 

     In Eq. (14),   denotes to   (number of neutrons),   (atomic number which is the same for proton 

and charge) and ( ), respectively. 

In the first Born approximation, the longitudinal electron scattering form factors can be found from 

[28, 29]: 

                |  
 ( )|

 
 

  

  (     )
|⟨  ‖  

 ( )‖  ⟩|
 
                                                                                (15) 

     where   is the momentum transfer from electron to nucleus during scattering. Eq. (15) can be 

simplified to the following [30]: 

                |  
 ( )|

 
 

  

  (     )
|∫    (  )
 

 
     ( ) 

   |
 
                                                                (16)      

     where   (  ) and      ( ) are spherical Bessel function and charge transition density distribution, 

respectively. 

     The total longitudinal form factors are given by: 

                    | ( )|  ∑ |  
 ( )|

 
                                                                                                      (17) 

     For small   leading to photon point (    
  

  
),    is the excitation energy, the spherical Bessel 

function can be written as: 

                      (  )  
(  ) 

(    ) 
(  

(  ) 

 (    )
  )  

(  ) 

(    ) 
                                                                (18) 

     The Coulomb form factor in Eq. (16) can be reduced to: 

|  
 (   )|

 
 

   

  (     )
(

  

(    ) 
) |∫      ( )  

     
 

 

|

 

 

     which can be written in terms of the matrix element of the electric multipole operator as follows: 

                     |  
 (   )|

 
 

  

  (     )
(

  

(    ) 
)
 

|⟨  ‖  ( ⃗)‖  ⟩|
 
                                                (19) 

     From Eq. (19), the multiparticle reduced matrix element of electric multipole operator can be 

written as: 

                     ⟨  ‖  ( ⃗)‖  ⟩   
(    ) 

  
√
(     )

  
  
 (   )                                                            (20) 

     The quadrupole moment is related to the multiparticle reduced matrix element of electric multipole 

operator by the relation [27]: 

                       √
   

 
(
   
    

) ⟨  ‖  ( ⃗)‖  ⟩                                                                           (21) 

     The quadrupole moment can be reduced to the following final formula: 
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                       √
   

 
(
   
    

)
(    )  

  
√
(     )

  
    
 (   )                                                 (22) 

     In Eq. (16), the transition density distribution is coming from the contribution of core-polarization 

(CP) and model-space (MS) as follows [31]: 

     ( )       
  ( )       

  ( ) 

     In the present work,      
  ( ) is calculated using Tassie [32- 34] and Bohr-Mottelson [35] models, 

respectively as: 

     ( )    
    

  
   ( )                                                                                                                  (23) 

and 

     ( )   
 

  
   ( )                                                                                                                         (24) 

     where,   in the above two equations are chosen so as to reproduce the experimental quadrupole 

moments. 

     
  ( ) can be written as [36]: 

     
  ( )  

 

√  

 

√     
∑        

          ⟨  ||  ||  ⟩             ( )          ( )                                          (25) 

     where        
          

  is the proton or neutron one body density matrix element and    and   stand for the 

single-particle states. 

     The incoherent sum of the longitudinal form factor for ground C0 and C2 parts can be written as: 

| ( )|  |  
 ( )|

 
 |  

 ( )|
 
                                                                                                          (26) 

     The CDD (   ( )) coming from the contributions of one proton in the model-space is obtained by 

using the technique mentioned in Eq. (11). The CDD coming from the contributions of neutrons in the 

model-space is obtained by folding the charge density of single neutron (    ( )) into the density 

distribution of the point neutrons (    
  ( )) calculated in Eq. (25) as follows [37]:   

                   ( )  ∫    
  ( )    (    )                                                                                       (27) 

     where     ( ⃗) is chosen to take the following form [34]: 

                    ( )  ∑
   

(   
 )
 
 ⁄
   

   
 ⁄ 

                                                                                               (28)  

     The parameters     and    are given in Table-1. 

Table 1-Parameter of the neutron CDD 

   1 

   -1 

  
  (fm

2
) 0.469 

  
  (fm

2
) 0.546 

     The binding energies of the single proton/neutron in HO potential can be written as [23, 27]: 

            (  
 

 
)      ⟨        |   ( )|        ⟩                                                           (29) 

     where          (is the number of quanta in the oscillator) and       
(  ) 

    
    
 . In Eq. (29), 

the matrix element to the spin-orbit interaction can be written as: 

⟨        |   ( )|        ⟩   〈 ( )〉  {

 (    )

 
                 

 

 

 
             

 

                                                           (30) 

     The matrix element to the radial part of the spin-orbit interaction can takes the following form [23, 

27]: 

〈 ( )〉   ⟨  | ( )|  ⟩       
  
  MeV                                                                                          (31) 

Results and discussions 

     In the present work, the MDDs,     proton, charge, neutron, and matter radii, besides elastic 

electron scattering charge form factor, are computed using the radial wave functions of HO potential 

for core part for all nuclei under study, the halo part are computed using the radial wave function of 

WS potential. Regarding the core part, two HO size parameters are used, one for protons (  ) and the 

second for neutrons (  ) in order to regenerate the available experimental     radii. 
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     The depth of central part of WS potential(  ) in this work is chosen so as to reproduce the 

experimental single-nucleon separation energies for  
8
B (  ) and 

17
Ne (        ) (see Table 2), 

while other parameters in Eq. (8) are fixed to be             ,                  ,           
         .  

     For halo 
8
B and 

17
Ne nuclei, the chosen size parameters of HO potential of protons and neutrons in 

the core and the parameters of WS potential of halo nucleon(s) are presented in Table-2. The fractional 

occupation numbers (     
        

) are related to the probability of occupation (    ) and calculated by 

using Eq. (4). The configuration mixing is chosen to be between the subshells,       and      
 
for 

8
B 

and among      ,       and       for 
17

Ne as shown in Table-2.  

     The computed     proton, charge, neutron, and matter radii are presented in Table 3, for the nuclei 

under study. The computed results of the     charge and matter radii are well predicted for the nuclei 

under study. 

Table 2-HO and WS parameters for core and halo for nuclei 

 

nucleus 

HO size 

parameters for 

core (  ) 

 

    

Occupation 

percentage 

(    ) 

 

  (   ) 
Separation energies of 

halo nucleons (   ) [38] 

 

 

   
  

 

 

       

         

      84% 44.11588                  

      16% 63.13901                  

 

     
   

 

 

        

        
 

      10 % 54.13079 
                   

         

      80 % 59.97527 
         

 

      10 % 74.78185 
         

 

 

Table 3-The calculated 〈  〉   
   

, 〈  〉 
   

, 〈  〉 
   

, and 〈  〉 
   

 

 

nucleus 
Model 

〈  〉   
   

 

(  ) 

Exp. 

〈  〉   
   

 

(  ) 

〈  〉 
   

 

(  ) 

Exp. 

〈  〉 
   

 

(  ) 

〈  〉 
   

 

(  ) 

〈  〉 
   

 

(  ) 

Exp. 

〈  〉  
   

 

(  ) 

   
  

 

HO+W

S 
2.819 

     0.06 

[39] 

2.708 
2.76

       
[40] 

2.166 2.519 
    
      

[40] HO+H

O 
2.771 2.655 2.328 2.537 

     
   

 

HO+W

S 
3.049 

3.0413 

[41] 

2.955 

- 

2.44 2.75 

2.75(7) 

[42] 
HO+H

O 
3.049 2.944 2.42 2.742 
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     The calculated MDDs are shown in Figure-1 and compared with experimental data. The solid and 

dashed curves represent the calculated MDDs for nuclei under study using HO+WS and HO+HO, 

respectively. In Figure- 1(a) for 
8
B, it is clear from such figure that there is a very good agreement 

with experimental data. The result of HO+HO is completely failed to predict the data. The difference 

between the neutron and proton     radii is  |   –   |    |      –       |             (0.6± 0.08 

[40]). In Figure- 1(b), a very good agreement is obtained between calculated and experimental MDDs 

for 
17

Ne on contrary to the results of HO+HO which again failed to predict the data. The difference 

between neutron and proton     radii is  |   –   |    |     –       |           ; this provides an 

additional evidence for the halo structure in such nucleus. 

 

 
Figure1-Calculated matter density distributions for (a) 

8
B nucleus compared experimental data 

represented by hatched and shaded area [43] (b) 
17

Ne nucleus compared experimental data represented 

by shaded area [44]. 

 

     In Figure-2, the proton and neutron density distributions for both nuclei (Figure- 1(a) for 
8
B and 

Figure- 1(b) for 
17

Ne) are presented by solid and dashed curves, respectively (only for HO+WS 

results). The long tail is remarkably observed in the proton distributions in both nuclei indicating the 

existence of 1p-halo for 
8
B and 2p-halo for 

17
Ne.  

 

 
Figure 2-Neutron and proton density distributions for 

8
B and 

17
Ne. 

 

     The logarithm of the ratio of proton over neutron density distributions are depicted in in Figure- 

3(a) for 
8
B and 3(b) for 

17
Ne. The deviation between protons and neutrons distributions is clearly 

observed especially in 
8
B. 
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Figure 3-Logarithm of the ratio of proton over neutron density distributions. 

 

     The calculated elastic electron scattering charge form factors are illustrated in Figure- 4(a) for 
8
B 

and 4(b) for 
17

Ne, respectively, and compared with experimental data of the corresponding stable 
10

B 

and 
20

Ne nuclei, respectively. For 
8
B, the solid and dashed curves represent the calculated charge form 

factor of C0+C2 components using Tassie and Bohr-Mottelson models, respectively. The pwt 

interaction [45] is used to obtain the one-body density matrix elements (OBDM) needed to accomplish 

the calculations, where the core of such interaction is (1s1/2)
4
 and the model-space is the full 1p-shell.  

For neutrons   =0.6 fm,          ,    = 10 MeV, the central depths are chosen to be, 

   ( ) (   
 

)            and   ( ) (   
 

)           ,   ( ) in order to regenerate the 

corresponding single neutron binding energies,   (   
 

)             and   (   
 

)  

           . For protons   =0.8 fm ,          fm,    = 10 MeV, the central depths are chosen 

to be,    ( ) (   
 

)            and   ( ) (   
 

)            in order to regenerate the 

corresponding single proton binding energies,   (   
 

)             and   (   
 

)             

for higher subshells. Such single proton/neutron binding energies are predicted by using Eq. (29) with 

  ( )               and             for protons and   ( )               and           

for neutrons.  

The normalization constant in Eq. (26) and (27) are computed using the CDD of HO+WS so as to 

reproduce the experimental quadrupole moments of 
8
B (              ) [46]. In Figure- 4(b), the 

solid and dashed curves represent the calculated charge form factor of the C0 component in HO+WS 

and HO+HO, respectively. It is clear from aforementioned both figures that the results of HO+WS 

shift the results to approach experimental data, on contrary to the results of HO+HO which 

underestimate the calculated charge form factors. 
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Figure 4-Calculated charge form factors for (a) halo 

8
B compared with stable 

10
B nucleus are 

represented by empty circles [47] and triangles [48] (b) halo 
17

Ne nucleus compared with stable  
20

Ne 

nucleus are by empty and filled circles are taken from [49]. 

 

Conclusion  

     The density distributions of protons, neutron and nucleons, the corresponding rms radii and elastic 

electron scattering form factors of one-proton halo in 
8
B, and two-proton halo in 

17
Ne are calculated.  

The core and halo parts of both nuclei are studied by using the radial wavefunctions of harmonic-

oscillator (HO) and Woods-Saxon potential (WS) potentials, respectively. The long tail in the 

calculated matter density distributions is well generated. The calculated rms radii are in good 

agreements with available experimental data. The C0 and C0+C2 components of the elastic Coulomb 

electron scattering form factors for 
17

Ne and 
8
B, respectively are also calculated. The C2 component in 

8
B is studied by taking into account the core-polarization effect by using Tassie and Bohr-Mottelson 

models. The contribution from model-space (MS) is calculated by using pwt interaction. The results of 

the calculated elastic charge form factors are controversial till future experiments on the electron-

radioactive beam colliders are conducted. It is concluded that the  HO+WS is capable of 

reproducing information about the nuclear structures of the halo nuclei as do those of the experimental 

data. 
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