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Abstract

In  this paper, the structure of n— I —LieAlgebra and
3 — I' — Pre Lie Algebra have been introduced and studied. We also obtain that
al' — LiealgebraV is one A — dimentional extension of a I' — Lie algebra if
and only if there exists an involutive A — derivation D, on V such that dimV; =
1 or dimV_; = 1. In addition, we obtain that two — 1 — dimensional extension
of I' - Lie algebras if and only if there is an involutive — A — derivation D, on
U=U, ,U=U_; such that U, =2ordimU_, =2 , where U, andU_; are
subspaces of U with eigenvalues 1 and —1, respectively. We also find t that the
existence of involutive — A — derivation D, on 3 —T — Lie algebra implies
that there exists a compatible 3 — I' — Pre Lie algebra under appropriate
condition.
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Introduction

The notion of n — Lie algebra was introduced by Filippov [1]. Derivation have also a
relation with the extensions of n — Lie algebra.The concept of 3 — Lieclassical Yang
Baxter equations was introduce in [2], as well as Involutive Derivation is an important
concept in 3 — Lie algebra.In[3] authors investigated the existence of involutive
derivations and studied its properties on n — Lie algebra .They also investigated a class of

3 — Lie algebras with involutive derivations which are two - dimensional extension
of Lie algebra .A. H. Rezaei and B. Davvaz. in [4] introduced the notion of Construction
of I' —algebra and I' — lie admissible algebras . The concept of compatible with3 — pre
Liealgebra (A,{,,,}p) such that A isadjacent 3 — Lie algebra in particular is introduced
in [5]. For more results on Gamma — derivations can be found in [6,7] .

We study the structure of n-Gamma Lie Algebra and 3-Gamma Pre-Algebra, and the
algebra D, (V) is a Lie A — subalgebra of gl;(V) has been obtained . We also show that if
n =2r r > 1 then there is an involutive A — derivation D onV if and only if V is
abelian . Furthermore, if n = 2r + 1,r = 1 then there is an involutive A — derivation on
V if and only if V has the decomposition V = A+ B ,sothatA =V; and = V_, as well as
if V3 —1— Lie Algebras then V is one dimensional extension of a A — Lie Algebras
(V,[,]1)if and only if the exists an involutive A — derivation D, on V such that
dimV; = 1,or dimV_; = 1. Moreover if (U,[,,])is a3 —A — Lie Algebras then U has
atwo dimensional extension
3 —A—Lie Algebras of A — Lie Algebras if and onlyeif thereisan  involutive — 1 —
derivation D on U such that dimU; = 2 or dimU_; = 2, whereU,and U_; are subspaces
of U with eigenvalues 1 and —1, respectively. The existence of involutive A — derivation
D, on 3 —1TI — Lie algebra is obtained, it implies that there exists a compatible 3 — Pre —
' —Lie algebra (V,{, ,},p)where {uy,u,,us}p = [Duq, Duy,us]y,Vu, ,uyus €V.
This is done under appropriate condition .
1-Prelimainaries

In this section, we introduce the basic definitions and examples which are used throughout
this paper.
Definition 1.1 :- [4] Let I" be a groupoid and V' be a vector space over a field F. Then ,V is
called a I' — algebra over the field F if there exists a mapping V X I' X V. — V (the image is
denoted by uyA u,, for uy,u,, u3; € Vand A € I') such that the following conditions hold:
Dy + ux)dus = wgdug + udug  , wA(uy, + uz) = udu, +ugdug
@2)ui(4 + Puy =wduy + wypu,
(3) (cup)Auy, = c(uduy) = uA(cuy), for all ug,uy,u3; € V,c € Fand A, € T.
Moreover, I' — algebr is called associative if
(4) (wduz)Bus = uA(u,fus)
Example 1.2 :- Let V be the set of 2x3 matrices over the field of real numbers R and

a 0
{F = [O ,8] a,f ER}.ThenVis an associative I' — algebra.

0 0
Definition 1.3:- [4] Let V be an associative I' — algebra over a field F.Then, for every

A € T one can construct an A — Lie algebra L; (V) as a vector space, L, (V ), which is the
same as V. The Lie bracket of two elements of L, (V) is defined to be their commutator in
V, [w,v], = udv-oviu . Note that [u,v]; = —[v,u],for every u,v € Vand 4 € I.
Also, L,(V ) is abelian if either char (F) = 2or char (F) # 2 then [u,v],= 0 for every
,v E V.
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Example 1.4:- Let V be the set of all real 3 x 5 matrices of the form
0O a 0 0O
(0 b 0 O 0>
0 c 0 0O
and I" b is the set of all real 5x 3 matrices. Then, v A € I of the shape

B 6

0 O

p o

Y T/

0 O

Thus for every A,B € V, we have [A,B],=0, so that L,(V ) is abelian ,and the 1 —
dimension of V is zero.

Definition 1.5:- [4] Let V and U be two associative I' — algebras over a field F and
A €. A linear transformation ¢? : V — U is called an A-homomorphism if
ot ([v,uly) = [e? (), e? )], forall v,u € V, and if Ker(p?) =0, then ¢? is
called an A — monomorphism, while it is called A — epimorphism if Im(¢?) =U. ¢*
is called an A — isomorphism if both 1 —monomorphism and A — epimorphism are
satisfied. If ¢ * (v) = 0, then Ker(o?) is an A — ideal of L;(V ) certainly, and if u € V is
arbitrary, then  *([vul;) =[@? (v) ,@* (W)]x = 0. It is also apparent that Im(¢p %) is an
A — Lie subalgebra of L, (U).

Definition 1.6:- [1] An n — Lie algebra is a vector space V over a field F endowed with a
linear multiplication [ ,....., A"V -V satisfying for all v, ....,v Uy, ..., Uy EV
[V Vg uny]m Xy Vg, e [V Uy e e, U] v e, v ] This  equation s
usually called the generalized Jacobi identity, or Filippov identity .The Lie sub algebra
generated by the vectors[v 4, ....,v ;] forany v 4, ....,v ,€ V is called the derived algebra
of V, which is denoted by V? . If V1 =0, V is called an abelian algebra.

Definition 1.7:- [1] The derived algebra of an n — Lie algabra V is a subalgabra of V
generated by [v 4, ....,v ] forall v ,,...v, € V and is a linear transformation

D : V - V.Satisfying, D([ vy, ..., v, ]) = X[ V1 ... , D(W),...v,] forallv,,..,,v, EV
and the set of all derivation is denoted by Der(V)forallv,,..,v, €V. The
map ad(vy, ..., Vp—1): V. = V is given by ad(vy, ... Vp_1) (W) = [ V4, .. Vp_q,u] forall u €
V.

2-Involutive Gamma Derivation onn — Gamma Lie algebra

In this section, we study involutive 1 — derivations onn — A — Lie algebras

Definition 2.1:- Let VV be an associative I' — algebra over a field F, thenforall A € I''mn —

O DdDTORK

A — Lie algebra L;(V )can be defined with a linear multiplication [,....,][,:A"V -V
satisfies for all Vi) e Upy U, e, Uy E V.
[[vy, ) Ugs o Unn = Xieg V1 o Vi Uy, oo Uy, v 1, thenA is an n— A —
Lie subalgebra of ( V,[,....,]5) if it is closed under the bracket , that means if

[4,4,....,A,A ], € A,and subspace 7 of V is called an ideal if [7,V,V,.....,V,V] ;) €7,
and the center of ( V,[,.....,]5) is denoted by Z(V)={veV:[v,v4...,v,]n =0 for
allvq,....,v, €V} Z({V)isan abelian ideal of V .

Definition 2.2:- Let V be ann — A — Lie algabra over F, a transformation linear D:V -
|4 satisfies D([v 4,...,v o)) =211 [V 1., D(V ), oot V 5 |2 IS A — derivation
of V forallv,,...,v,, €V. The set of all A — derivation D is defined by Der;(V), and if
aA—derivation D satisfies D?=Il4, thenDis called aninvolutive A—
derivationonV,and if V is a finite dimensional vector space over F, and D is an A-
endomorphism of V with D? =1, , then V can be decomposed into the direct sum of
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subspaces V =V, + V_4 Q) where
Vi={veV|Dv=v}andV_; ={veV|IDv=—v}. And if D is an involutive A —
derivationonV.
Then D([ vy, ..., vu])) = 2ieq [V1 o, D), oo, U I = 0 V4, o, U, YV, o, v E V.
Example 2.3 :- Let V be a 3 — dimensional 3 — A — Lie algebra with the multiplication
of V in the basis {e;, e,, e} be as follows,[e;, e,,e3 |3 = e;. A linear mapping D : V — V
defined by D(e;) = ¢; for 1 < i < 2 ,and D(e3) = —e3 Is an involutive A — derivation
onV,and it satisfies e;,e, €V; and ez€ V_;.
Theorem 2.4:- For any n—A— Liealgabra V the algebra D,(V) is a A—Lie
subalgebra of gl; (V).
Proof : Since D([V 1,.. e, Vplp) = 2ieg [V 1 oo, DV ), e, V1 1o,
then forall D;,D, €e D;(V)andv,,..,v, €V we have
DiDy([v 1, s n])) = D1 Xz [V 1, D2(V ), s v I
= T14[0 1 e, D1D3 V), ¥l + Thesrisn [V 1 - D1(¥s) o, Da(¥), o v ]a
Similarly, we get D,Di([v 4.,V ]3) =D Qi [V oo, DIV ),y e v

= YV 1 0, DDy (V) o, ¥ i + BiesianlV 10 s D2 (¥5) o0, Dy (1), oo 0 I
Hence, it implies

(D1D; = DoDy)([v 4, v, v ) = Xialv 1 oo, (D1Dy = D2D) (W ), -, v
= Yic1 [V [D1 Dh(@ ) e, v I = D1 D2 a([v 1 s v n]0)

Therefore the result is obtained
[ |
Lemma 25 :- Let V be an n— A — Liealgabra over F. If De Dy;(V) is an

involutive A — derivation then forallv 4, ..., v, €V
n

2
[V, Vph = — [v 1o Ve, DW ),V i1, s DV ),V jigs e U ]A
i=1
And
[D@ 1), .0, D@ )]y
2
== 12 [D@ 1)1 e DOV 110, 6 D(V 441)s s DW 11,0, DV 1), D0 ) |,

Proof:-IfDl i; an involutive A — derivation onV then forall v ,,....v, € V we have
[Vi v pla =D?([(V g, v ) = DDV 4, o, v ]D))
=DQL [V s DW ), v ) = Xig [V, 0, DD 1)), s Vi I
+Z?<j [v e D), ., D(V ), ...,vn]x + Zj<n[v v DW),....DW ]-),...,vn]}\
= iy [vl,...,vl-,...,vn];\+ZnZ’fsiq [vl,...,D(vl-),...,D(vj),...,vn]x
Then (M —D[v4, ...,V p]x = —ZnZ’fsiq [vl,...,D(v l-),...,D(vj),...,vn]x

-2
[V, 0,V p]h = Ez?ﬂ [vl,....,vi_l,D(v i),---'Uj—pD(Uj)'---'Vnh
And

[?(v 1)y, D) =

E i=1 [D(U 1)' ...,D(V i—1)' vi'D(vi+1)""'D(vj—1) ,Uj,D(Uj+1),...,D(Un) ]7\
Because 2=Id . m
Theorem 2.6 :- Let V be a finite dimensional n — A — Lie algebra withn =2r,r > 1

Then there is an involutive A — derivation D on V if and only if V is abelian.
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Proof:- If V is abelian then [uy,.. .. S Ui, Vg en e ,Un—iln =0 , hence D is an
involutive A — derivation D on V . Conversely, let D be an involutive A — derivation
on V, then Vcan be decomposed into the direct sum of subspaces V =V1+ V..

Hence, foranyi € Z,1<i<n, uq, ... ,Up EVyand vy, ... ... , V€V

D([Uq, e Ui, V1, ey Un—iln) = tlUq, e Ui, Vg, vy Ui Ia-(M=0) [, o Ui, V1, oy Uil

= (2i — 2r)[uq, ... ... Ui, Ve, e e , Un—iln € Vai_or . Then

D([uy, .. ... JUn 1) = 2r{uy, . .. ,Up |, and D([vy, ... ... ,Unl) = —2r[vq, ... ... , Unla
Then £2r # land 2i — 2r # £1 ,V3i_5, V4o = 0. Therefore Vis . ]

Theorem 2.7 :- Let V be a finite dimensional n — A — Lie algebra with n=2r+1 ,r >1, and
D be an involutive — A — derivation on V , then V; and V_; are abelian subalgebras ,
and

Vl’""'"'1V1’V—1"""""V—1 = 0 ,V]. S] < ZT',j * T',T'+ 1
j 2T+1—j A
Viy oo Vi, Vg . ...,V_ll cV, [Vl, i Vi Vg, Vo, | €V,
r+1 r A r r+1 A
proof. Since D € D,;(V)
Vi eoeee s Vi Vo oo, Vog | € Vi gp g, 0<j < 2r 41
j 2r+1—j
IV, Vi, Vg, o, Vol #0then 2r+1—j =41 thatis r+ 1 = j.Therefore

[Vll ...... ) Vl ]}\ = [V—l' ...... ) V_1 ]}\ =0

Theorem 2.8 :- Let V be an m — dimensional n — A — Lie algebra with

n = 2r + 1,r > 1. Then there is an involutive A — derivation on V if and only if V has
the decomposition V. = A+ B such that

Ao, AB, ..., Bl =0V1L<iZ<2r,i#r,r+1

L i 2r+1-i Iy

(2) _

A....,AB,....,Bl €B , IAABB] cA

- r r+1 A r+1 r A

©)

Proof : If D is an involutive A — derivation on V , then by Theorem 2.7 we have
A=V, and B =V_; satisfy

[A,........,A,B,........,Bl =0vli<i<Z2rii#r,r+1
i 2r+1-i A

lA,........,A,B,........,Bl cB , lA,

r r+1 A r+1
Now, let D be an endomorphism of V defined by D(u) =u,D(v) = —v, forallu € A,v €
B. Then D? = Id , A=V, and B =V_; satisfy (2) and (3) . Therefore D is an
involutive A — derivation onV

,A,B,........,Bl cA
r A
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Corollary 2.9 : Let A be a (2r + 1)-dimensional , (2r + 1) —A — Lie algebra

with the multiplication [ey, ... ... €rr+1ln = €1, Where {ey, ... ... €741} 1S @ basis of V. Then
the linear mapping D: V-V .Nowhby D(e;) =¢;, 1< i< r+1 D(ej) = —e; ,
(r+1)<j<(2r+1isaninvolutive A — derivation onV .

Proof. Since an endomorphism D of V defined by D(e;) =¢;, 1< i< r+1,D(g) =
—ej, (r+1) j < (2r + 1), however by Theorem 2.7 we get D* = Id, so that there is an
involutive A — derivation onV .

3- Involutive Gamma Derivations with 3 — 4 — Lie Algebras

In this section, we study involutive A1 — derivations on 3 — A — Lie Algebras

Definition 3.1:- Let (V,[,], ) be an associative A — Lie algebra over F,suchthat A € I
and k is an element which is not contained inV then U =V + F, isa 3—1-—
Lie Algebras in the multiplication.

[wr,h]; =0 (4)
[k,u,r] 2 = [w,r]y, forall u,r,h € V.Andthe3 — 1 — Lie Algebras

(U,[,,1) is called one-dimensional extension of V . For example let V be an
abelian A — Lie algebra with the basis{e;,e,,e3}, and let U=V +F, , F, € Z(U), then
[e;, e, €3], =0, and for all k € Fy, [k, e;, ej])\ = [ei,ej])\, 1<i,j<3,i<j. Therefore

(U,[, ,]1) is one-dimensional extension of V.
Theorem 3.2 :- Let V be 3 — A — Lie Algebras then U is one dimensional extension of a
A — Lie Algebras (V,[,];) if and only if the exists an involutive A — derivation D, on
IV such that either dimV; =1 ,ordimV_; =1.
Proof:- If Uis one-dimensional extension of a A —Lie algebra V then U, = V, + F,.
Since Dy:U - U is endomorphism which is defined by
D(k) =k, (or(—k)) with Dy(r) =r(or(-r)r€V). Dik)= D;\(D;\(k)) =D, (k) =
k ,and Df(—k) = —k then D} =1Id

Dy ([u,r, h]y) = [Da(w), 7, hx +[u, Da(7), h] 2 + [u,7, Dy (h)] 3= 0
Dy ([k,u, r])=[DaCk), w, rat[k, Dy(w), ]2t [ku,Da(M]a= [k,u,r] 2= [u,r]; for all
u,r €V .Therefore D, is an involutive A — derivation on V such that dimV; =1, or
dimV_, = 1. Conversely, let D, be aninvolutive — A — derivation on V such that
dimV; =1 ,ordimV_y=1.LetU_;=Fy,and U=V (or U_; =V, and U, = Fg)
\where k € U—-V . Then by Theorem 2.6 , V is an A — Liealgebra with the
multiplication [u,r] , = [k,u, 7], forallu,r € V,and U is one - dimensional extension
of V.

Let (V,[,]12) and (V,[,]52) be A — Lie algebras, and{v, , .....,v, }is abasisof V. Itis
easy to define A - Lie algebras (V,[,];) beV,,, m = 1,2, and let k, ,k, are two distinct
elements which are not contained in V, and 3 — A — Lie Algebras

(U1, 112) and (U, [,]22) are one - dimentional extension of A1 — Lie algebrasV;,
and V,,respectively such that U; = V; + Fgq,,U, = V, + Fg, , then Dy (V;) andD; (V) are
sub algebras of gl; (V).

Definition 3.3 : Let U; = (V,[,114), and U, = (V, [,],2) be two A — Lie algebras, and
k,,k, are two special elements that are not present inV suchthat U =V + Fg; + Fgs.
Then 3 —A — Lie Algebras (U,[, ,];) is called a two — dimensional extension of
A — Lie Algebras V,, ,m = 1,2suchthat[, , ], : UAU AU — U defined by

[wrkiya=[wrlia , [wrka=[wrlm , [wrh]y =0 (%)
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[k, ko u]y =ayky + Buk, Yu,r,heV,and o, ,B, €EF

If Uisan 3 —A — Lie Algebras then U is called a two-dimensional extension3 —1 —
Lie Algebras of A — Lie Algebras V,, ,m = 1,2

Let U=V,,+ R be a two — dimensional extension of A — Lie Algebras V,, ,m = 1,2

And R = Fg, + Fk,. Define linear mappings 3 — A — Lie Algebras as follows
Dl/l(u):ad(kbu) ’ DZ)L(u) = ad(kz,u) )

(6)
D,(u) = ad(kq, ky)(u) Vu €V thatis, forallvr eV
D)) =[urky = [wrln (7)

Dy (@) = [u,1,k,), = [wrlan,and, Dy(u) = [ky, kz,u] 1
Theorem 3.4 :- Let 3 — 1 — Algebras U be a two-dimensional extension of A — Lie
AlgebrasV,, ,m = 1,2 then U is a 3 — A — Lie Algebras if and only if linear mappings
Dy;,Dy;,and Dy where Dy, :V; = Dery(Vy), Dy3:V, = Dery(V,) are A — Lie
homomorphisms , and
ggl)l(uﬁ[upuz]zx = [Dya(us) (ug), uzlon + [(we), D1a(usz)uzlon
—Qy, [ug, uzlin — ,3u3 [us, uzlon

gz)z(us)[upuz]m = [Dya(uz) (W), uz]aa + [(w1), D2a(uz)uz]aa

ay, [un, Uzl + Buy[ug, uzlon
D/‘l([ulruz]ll) = (Bulauz - aulﬁuz)kl

(10)

Dy ([ug, uzlzn) = (Bulauz - aulﬁuz) k;,
(11)

Dy (u1), (uz) = —Djy (uy), (uq)

(12)

forall uy,u, €V,i=1,2
Where uy,uy,us€V, Dy (W;) = ayiky + Buik, i =1,2,3
Proof : If Uis two — dimensional extension 3 — A — Lie Algebras then, by definition
3.3 linear mappings D;; satisfy D;; (V;) € Der,(V;), and D;; are A — Lie homomorphisms
i = 1,2 by (5) we have
D1a(us) [ug, uzlon = [ky, us, [wg, uzloaln = [ky, uslkz, uy, uzloala
= [k, ko, us, ugln uzla + [kz s ug, [y, ug, ualala + [y, us, kaly,  ug, uza
= [kg, D1a(uz) (uy), uzla + [ ko, uy, Dia(us) (ua)]n — [ [ky, k2, usly, s g, uzla
= [D1a(us)(we), uzlon + [ ug, Dia(us) (u2)lon — @u, [us, uzlin — Bug [us, uzlaa
Then for all uy,u,,u; €V the equation (8) holds , The same way can be found (9)
Now if D ([ur, uzli) = ad(ky, ko) [wg, uzlia = ke, ko, [ug, uzliada
:[klr k2! [klrulruZ]k]k =
[k, [k, oy wq Lo upln + Theq, g, [k, ko upInda+ Ik, ko, g Iy wg, un]n
= _[[li kZJ ul]?u li uZ]?x + [[kli kZ' u2]7u kli ul])\
= (_aul [k1,uzly by — ﬁul ki, uzy ko) + (a Uy [k, ugly kg — Buz [k1, uila k2)
= —ay, Dyy (uz)(ky) — ﬁulD/u(uz)( k) +a uzD/11(u1) ky ﬁuzDM(ul) (k2)
=y, [klr Uy, kl]l - ﬁul [kli Uy, kZ]?\ +a Uy [klf Uy, kl]h + ﬁuz [k1; Uy, k2]7\
= ,Bul [klr kz,uz])\ - ﬁuz [klf kz»u1]x = ﬁul (a u1k1 + ﬁuzkz) - ﬁuz (a u1k1 + ﬁulkz)

= ﬁula ulkl + Bulﬁuzkz - ﬁuza u1k1 - ﬁuz ﬁulkz = ﬁuza u1k1 - ﬁuza u1k1

D; ([uy, uzlin) = (ﬁulauz—ﬁuzaul)kl
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Then for all uy,u, € V,and ay;,By € F,i = 1,2 equation (10) holds .The same way can
be found (11)
Diy (uy)(up) = ab(ki, (u1)(u2)) = [k ug, uplin = —[kiuz , uqlin
D;; (u)(uy) = —Djy (uy), (uq),Vu,u, €V ,i=1,2 .Then forall uy,u, €V,i=1,2
equation (12) hold

Conversely, by equation (5), forall u,,u,,uz , u €V
[up, uz,uzlp =0, [ky,uy, up]y = Dip (ug) (uz) = [ug, uzlin
E]]%)' uy, Uzl = Daa (ug) (uz) = [ug, uzlan » [ky ko ula= Dy (W) = ayky + Buk,
Since D;; (V;) € D,(V;), and D;; are A — Lie homomorphisms , i =12 ,U; = V; + Fgq ,
U, =V, + Fg, are 3— 1 — Lie Algebras which are one — dimensional extension 3 —
A — Lie Algebras of A — Lie Algebras V; i =1,2,respectively.
Next it suffices to prove that the multiplication on U defined by equation (5) satisfies fulfills
of the definition 1.6 forall u; € V such that 1 <i <5, and the products
[u1»u2» [U,3, Uy, uS]A]A:[[u1'u2'u3]7\' Uy, uS]A + [u3' [ul' Uy, u4]7u u5]7\
+ [us, usfug, uz, uslila (14)
and the products [[ kj,uz,u3])\, Uy, us]k, [y, ug, usli, wg, kj])\and [[ul,uz,kj]h, Uy, kj]}\

with definition 1.6 ,j = 1,2. Therefore U; =V, + Fx,,and U, =V, + Fx, are one —
dimensional extension 3 — A1 — Lie Algebras of V; i = 1,2 and equation (5) is directly
obtained  from equation (8), and equation (9). It follows that the products
[[ ki us,uala kjous], 1<i#j<2 fulfill definition 1.6. It follows from equation (10) —

(12) that the products [kl:kz,[ki,ulfuz];\]}\' [uy, up[k;, ko, uslyly ,and [kiul, [k1, ko, uz]}\]}\,

i = 1,2 fulfill the conditions of definition 1.6.
Theorem3.5:- Let (U, [,,]) bea 3 —A1 — Lie Algebras. Then U is a two dimensional
extension 3 — A — Lie Algebras of A — Lie Algebras if and only if there is an
involutive — A — derivation D on U such that dimU; = 2 or dimU_, = 2.
Proof . If U is a two — dimensional extension3 — A — Lie Algebras of 1 —
Lie Algebras then by Theorem 3.2 there are 1 — Lie Algebras

Vi=W,Llhwand Vo =V, [ ]22)
such that U = V + R, and the multiplication of U is defined by equation (5) where R = Fy, +
Fyo.

Now define the endomorphism D of U by D(u) = u,D(K; ) = —=K; ,D(K;) = —K,
,orD(u)=—-u,D(K)) =K, ,D(K,) =K, ,YVu€V thenD?=1Id,and U, =V ,U_; =
R,or U_; =V ,U; =R .Thus by equation (4), and equations (8) - (12) , involutive — 1 —
derivation D of U.

Conversely, if there is an involutive — A —derivationD on the 3—-1-
Lie Algebras U such  that dimU_; =2 (ordimU; =2) then by  Theorem
2.8 we have [U,U,,U;] =0,[U, Uy, U_1] € U; ,[U,U_1,U_1] S U_;.LetV =

Uand Uy = Fgq, + Fgy .

Therefore [V,V, K1 < V,[V,V,K,]<V and (V,[,]1).and(V,[,].2) are A1 —
Lie Algebras ,where [u,r]13= [u, 1, k1] w722 = [ur ks] 2,YVu,r €V . Hence by
Theorem 3.4

the 3 —A — Lie Algebras U is atwo — dimensional extension 3 — A — Lie Algebras
of A — Lie AlgebrasV;,V,
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4 - Involutive A — derivations and compatible 3 — A — pre Lie algebras

In this section, we study involutive A —derivations on  compatible
3 — A —pre lLie algebras

Definition 4. 1:- A A1 —representation of ¥V (oran V —A —module) is a pair (U, p),
where V is a vector space, p* : V A V — End(U) is a linear map such that

[PA(UL V2) 1 pl(vg,, 174)/1])L = PA(UL V2)2 Pl(v& V) — Pl(v3' V42 PA(UL v2)2

= Pl([vp V2, V32, Va)n — PA([VL Uy, Vsl V3)2
Pl([vp Uy, V3|2, Va)a = p*(v1,12)20 (V3,v4)2 + PA(VZ' V3)APA(V1, V)2
+ p* (w1, v3) 201 (V2 v4)2
forallv; e V, 1 < i <4.
A linear mapping T*: U —» V is called an 2 — g — operator which is associated to an
V — A —module (U, p) if T satisfies
[T’lu, T, T’lw]/1 = T’l(p’l(T"lu, Tlv)w + p’l(T’Lv, T’lw)u + pA(TAW, T’%L)U)/,l (15)
forall u,v,w € U,and (V,ad) is called the adjoint — 1 — representation of V.
Theorem 4.2 : Let (V,[-,,-],) be a 3— A-Liealgebra with an involutive — A —
derivation
D;. Then D; IS ani — § — operator of |4 associated to
the adjoint — A — representation (V,ad), and D satisfies,V uq,u,,u; €V
[Duy, Duy, Dusly, = D([Duy, Duy, usly + [Dug, Dus,ug]y + [Dus, Duy, uz]y
Proof . By defined the a A — derivation D, , and for all u,,u,,u; €V,
D(ad(Du4,Duy)u; + ad(Duy, Duz)u; + ad(Dusz, Duq)us);,
= D([Duy, Duy, uz]y + [Duy, Dus,us]y + [Dusz, Duy, uz]z)
= D([Duy, Duy, D*u3]y + [D?uy, Duy, Dug] 5 + [Duy, D?uy, Dusly)
= [Duy, Du,, Dug]y, . The proof is completed
Definition 4.3 : Let V be an associative I' — algebra over a field with a A-linear
multiplication [, ,]: V" = V, Y uy,uy, us, Uy, us € V.The pair (V,{,,};) is called a
3 — A —prelie algebra if the next identities are correct

{u, ug, us} 2 = —{up, wy,us} 2 (16)
{ulr Uy, {u’3’ Uy, uS})l})l = {[ulf Uy, u3])LC' Uy, u5}l+{u3' [ulﬂ Uy, u4—]l c’ uS}/l
+{U3, Uy, {ull Uy, uS}l}l (17)

{[uli Uz, u’3]/1€' Uy, uS})L = {ulf Uz, {u3' Uy, uS}/l}l + {uZ' us, {ulﬂ Uy, uS})l})l
+{U3, Uy, {uZ; Uy, uS}l}l
(18)
?ilgd) [, ]ac is defined by [uy, u, uslic = {wy, uz ushs + {ug us, wi ha + {ug, ug, uxhy
Proposition 4.4 : Let (V,{, ,},)bea3 — A —pre Lie algebra .Then the
{uq, uy, u3} 3 definesa 3 — A — Lie algebra
Proof . By previous definition {u,, u,, us};c is skew-symmetric for all u; € V ,1<i<5
[uli Uy, [U,3, Uy, uS]AC]AC - [[uli Uz, u3]/1(:i Uy, uS]/lc_[uS' [uli Uz, u4-]/1(: ’ u5]/1(:
_[ Uz, Uy, [{uli Uy, uS}]/IC]AC
= {ulr Uy, {u3! Uy, uS}l}/l + {uli Uz, {u4' Us, uS}/I}A + {ulﬂ Uz, {uS' Uz, Uy })I}A
+{u2' [u?n Uy, uS]/lc' ul}l +{[LL3, Uy, uS]/IC' Uy, uZ}/I
—{u4‘u5, {us, uy,us }A}A — {ug, us, {up, us, ug J232 — (s, us, {uz, ug , ux i
_{uS' [uli Uz, U3 ]/1(:' u4-}/1 - {[uli Uz, U3 ]/1(:' Uy, uS}A
—{U3, Us, { Uy, Uy, u4-}/1}/1_{u3’ Us, { Uz, Uy, ul}l}l_{uS’ Us, { Uy, Uy, uZ}Z.}A
—{U3, [ Uy, Uy, u4]/101 uS}/l - {[ Uy, Uy, u'4]/1€' Us, u3}/1
_{u3! Uy, { Uy, Uy, uS}/l}l - {u3' Uy, { Uz, Us, ul}l}/l - {u3' Uy, {uS' Uy, uZ}A}A
_{U4, [ Uy, Uy, uS]ACi u3}/1 - {[ Uy, Uy, uS]AC' Uus, u4}/1 =0
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This holds because
{ulr Uy, {U3, Uy, uS})l})l = {[ul; Uy, uS]ACI Uy, uS}l + {u3' [ulﬂuZ'uél-]/lC'uS}/l
+{U3, Uy, [ Uq, Uy, uS]AC}/I
{ulr Uy, {U4, Us, uS})l})l = {[ Uq, Uy, u4]lw Us, u3}l + {u4' [ull uZ'uS]/lC' u3}/1
+{u41 Us, [ul; Uy, U3 ]lc}l
{uliuZ' { u5iu3'u4}/1}/1 = { [u1; Uy, uS]ACi us, u4}/1 + {uSI [uli Uy, u3],1¢. u4}/'l
+{u5'u31 [u1'u21u4-]l}l
{u2' [’U,3, Uy, uS]ACJ ul}l = {u4'u5' {uz,u3,u1 }A}/'L + {u5!u3! { u2!u4lu1}/1}/1
+ {u31 Uy, { Uy, Us, ul}/l}l
{[ U3, Uy, uS]/'lCi Uq, uZ}/l = {u3' Uy, { Us, Uy, u2}1}1+{u4' Us, {u3' Uq, Uy }l}/l
+ {u5; Uz, { Uy, Uy, uZ}l}/l'
Therefore the proof is completed.
Theorem 45 : Let (V,[,,];) be a 3 —A —preLiealgebra, D; € Dy(V) be an
involutive — A — derivation. Then (V,{, ,},p)isa3 — A —prelie algebra where
{u1, Uz, uslap = [Duy, Duy, usl;. (20)
Moreover
(0 ,uy, Uy Uz € V107 Uy, Up, U3 EV
| [, up,us]y Uy, up €0y ,u3 €y
{ug, up, ustap = 4 —[upuzus]n g Evy,upuz €voy (21)
l [ Uy, U, Uz]y UL U, EV_g U3 EVy
—[uuz,uzly wy €Evy,upuz €V
And (V,{, ,},p) is called the 3 —A —preLie algebra which is associated with the
—A — derivation D;.
Proof . By Theorem 4.2 , D, is an A — % — operator associate to the adjoint — 1 —
representation (V,ad) ,andforallv;, € V,1 < i <5,
[[Duy, Duy, uszly + [ug, Duy, Duzly + [Dug, up, Dugly, Duy, us]y
= _[uliuZ'uS]/'lr Du4ru5])t
[D[ Duy, Duy, Dus]y, Dug, usly = —[D[uy, uz, usls, Dus, usly
since {uy, up, ustip = [Duy, Duy,uz]y = —[Duy, Dug, uz]s = —{uz, ug, ustap
we get equation (16) . Since
[Dus, Duy[Duy, Duy, us]als = [Duy, Duy, [Dus, Duy, us]zla
_[[Duli DuZ' Du3] A Du4'u5] A [Du3' [ Duli DuZ' Du4]/1' uS]/l'
Therefore we have
{[w1, uz, uslapes Ua, ushap +H{us, [wg, Uz, Uslape, Usap + {Us, s, {Uq, Uz, Usanan
= [D[uy, uz, uzlape, Dug, usly + [Dus, D[ uq, uz, uslape, uslat [Dus, Dusfuy, uy, ustipl 2
= [D([Duli DuZ'u3]l + [ulﬂDuZ'DuG]l + [DulﬂuZ'Du3]l)' Du4'u5]/1
+[Duz, D([ Duq, up, ugly + [ wy, Duy, Duyly + [ Duy, up, Dugly), usla
+ [Dug, Duy[Duy, Duy, us] ]
= [[Duli DuZ! Du3] A Du4, uS]l
+ [Du3' [ Duli DuZ' Duél-]l' u5]2+ [DU3, Du4—[Du1' DquuS]A]A
= [[Dull DquDu3] A Du4,u5] + [DU3, [DulfDuZ’Du4])u uS]/l
+[Du11 DuZ' [Du3' Du4, u5],1],1—[[Du1, DuZ' Du3] A Du4—' uS] A
- [DU3, [DulfDuZ’Du4])u u5]/1
= [DuliDuZ' [Du3' Du4'u5]/1]/1 = {ulﬂuZ' {u3iu4'u5}/1D}/1D
Then we get equation
(17).By applying the same previous discussion we get equation (18).
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Therefore, V is a 3 — A1 —pre Lie algebra in the multiplication (20). The equation (21)
follows from equation (1), and equation (23) a direct computation.
Theorem 4.6 : Let (V,[, ,]1)be a 3 —A — Liealgebra,D, be an involutive — A —
derivation on V. Then D; isan A — algebra isomorphism from the sub — adjacent 3 —
A —Lie algebra, (V,{, ,}ipc) of the 3 —A —preliealgebra(V,{, ,},p) to the
3 — A1 —Liealgebra (V,[, ,],), and
{wy, uz usdhape = {up, ug, uship + {ug, us, ushap + {us, uy, uzhip (22)
= D[Duy, Du,, Dus] 3, uq, Uy, uz €V
0,uq, Uy, U3 € V10T Uq, Uy, U3 EV _4
Furthermore {uq,uy, us}ipe = 1—[ U1, Uz, U3y U, Uz €y, U3 EV_y (23)
—[unuzuz]n wy,u; €Evog,uz €1y
Proof . By equation (20), the sub — adjacent 3 — A — Lie algebra, (V,{, ,}1pc) With the
multiplication

{uy, uz, usipe = {ug, up usbap + {uz uz, ustap + {us, ug, uzdip

= [Duy, Duy,us]y + [ Duy, Duz,us]ay + [Dus, Duy,u; |3 = D[Duy, Duy, Dus]y

It follows Equation (22). Since

D({uy, up, us}apc) = D(D[Duy, Duy, Dus] ) = D?[Duy, Duy, Dus]; = [Duy, Duy, Dus],
for all u;,u,,u; €V ,the D,is an A — algebra isomorphism . Hence equations(22), and
equation (23) hold.

Theorem 4.7 : Let (V,[, ,]3) bea3 —A — Lie algebra,and D, is an involutive — A —
derivation on V. Then there exists a compatible 3 —A — pre Lie algebra (V,{, ,} i)

Where {ul, uz, u3}AV = D [ul, uZ, Du3] 2
(24)

Proof. By equation (24), we have
{uy, uz,us},, = D[uy,up, Duz]y = —Dluz ,uy , Dug] g = — {uz, uy,uzdyy for all v; €

V,1 <i <5, and {ull uZl{uSI U3,U4},1},1 = D[ull Uz, DZ[U3,U4, DuS]ﬂ]ﬂ =
D [ulr Uy, [u3'u4iDu5]/'l]l
we get equation (16) ,and D[us, us[ uq, Uy, Duslly = D([ wq, Uy, [us, us, Dus];la
_[[ Uq, Uy, u3] A Uy, DuS] A [ Uz, [ Uq, Uy, u4]l! DuS]ﬂ)
Therefore
{{us, uz, ushave wa, us} va+us, {ug, ug, waave  ustva + {us, us, {Us, Uz, us} v} va
=D [{ Uy, Uy, u3}/1Vcr Uy, DuS] 2t D[u3' { Uy, Uy, u4-}lVC' DuS]/l-I_ D[u3' u4{u1' Uy, DuS}/l] A
= D[D([uli Uy, Du3])t + [uZ' Us, Dul]/l + [u3' Uy, Duz ]l)' Uy, DuS])l
+D [u’3’ D([ Uq, Uz, Du4]l + [ Uz, Uy, Dul]/l + [ Uy, Uy, Duz]/l)' DuS])l
+ D[u3' Uy, [ulﬂuZ' DuS] l] A
D([D (D [ull Uz, u3] l)l Uy, DuS]/l +
[ Us, D(D [ Uy, Uy, u4]l)r Du5]1+ [u3' Uy, [ul' Uy, DuS]A]/I)
= D([Dz [ull Uz, u3] l)l Uy, DuS]/l + [ Us, D2 [ Uy, Uy, u4-]/1)' Du5]11+ ['Ll3, Uy, [ull Uz, DuS]l]l)
= D([ [uy, uz usl ), ua, Dusly + [us, [uy, uz, usln), Duslp+ [us, usluy, us, Dus]als )
= D([ [ulf Uz, u3] A Ug, DuS]l + [ us, [ Uy, Uy, u4-]/1' Du5]11+[ Uy, Uy, [u3’ Uy, DuS]Z.]A
_[[ Uy, Uy, u3] A Ug, DuS] A [ us, [ Uy, Uy, u4])u DuS]l)
=D [u1: Uy, [u31 Uy, DuS]A]){ = {ulluZ' {u3'u4'u5}lV}V/1
we get equation (17). By the same previous discussion we get equation (18). Hence
{ur, ug, ushave = D([ug, up, Dusly + [uz, uz, Dusl; + [us, uy, Du,]a). Hence (V, { ,, }ay )
is the compatiblea3 — A — pre Lie algebra of (V,[, ,]1) .
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