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Abstract
The question on affine Riesz basis of Walsh affine systems is considered. An

affine Riesz basis is constructed, generated by a continuous periodic function f that

belongs to the space L® on the real line, which has a derivative almost everywhere;
in connection with the construction of this example, we note that the functions of the
classical Walsh system suffer a discontinuity and their derivatives almost vanish
everywhere. A method of regularization (improvement of differential properties) of
the generating function of Walsh affine system is proposed, and a criterion for an
affine Riesz basis for a regularized generating function that can be represented as a
sum of a series in the Rademacher system is obtained.

Keywords: Affine systems of Walsh type, affine Riesz basis, Rademacher system,
Steklov concept.
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1. Introduction
Let A:U:):O{O,l}k — be the set of all finite multi-indices & = (e,...., &, ), consisting of

zeros  and ones, i.e. av=0 or 1 ) OSVSk—l, for all 0!=(0£0,...,ak71) e A and
B=(B,,...,5,) € A, denote by:
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aff = (gt gs Bor-- B1)
The concatenation of multi-indices « and g. If a =(a,....,) €A, then |a|=k is the

length of the multi-index « .We will use the standard one-to-one correspondence between the

sets of natural numbers [J and the set of multi-indices A , defined by the binary
k-1

decomposition n = 2" +ZO{V 2" .This standard correspondence allows the replacement of the
v=0

index n by « .Using the multi-index « € A, it is convenient to write the product of
operators:

We=w, ..W,_ , a=(ay,....0 4),

The first is the operator W, ~and the last is W, (for k=0, the empty product is equal to the
identity operator). Let us consider the contraction-modulation operators W,;W,, acting in the
Hilbert space H =L2 =L3(0,1), which contains all 1-periodic functions f (t),t [ , such that

1
f(t) e ?(0,1) I f(t)dt =0. Thatis for f e L*(0,1), we choose:

0
Wof(®)="f(2t); W f{t)=r(t)f(2),
where r(t) is the periodic function: Haar —Rademacher -Walsh. Then, the family of all
possible products of these operators, applied to the function f , coincides with the Walsh
affine system:
f,="f,=W*f=W_..W,_f,
The operator structure {W,,W,} has an important property that lies in the fact that given two
operators form a multishift in the Hilbert space L from the viewpoint of the following
definition, which was introduced and studied earlier [1].
Definition(1.1): The family of functions {f_} ., is called an affine system of functions
of the type Walsh generated by function f eL}.

Rademacher system was first introduced by the German mathematician Hans Rademacher

in 1922. Rademacher system is an incomplete orthonormal system in L*[0,1] .
Definition (1.2)[2]: Let r be the function defined on [0,1) by :

1, O<t<l/2
rit)=<-1 1/2<t<1y,
0, t=01/21

which can be extended to the whole real numbers by periodicity of period 1. The
Rademacher system {r, };_, is defined by:

rk (t):r(Zkt),

where, t el ,k elJ.

The Walsh system was introduced by the American mathematician R.E. Paley in 1932,
as aproduct of Rademacher functions by the following definition.

Definition(1.3)[2]: The Walsh system {fw }.,, can be defined as:
w,(t)=1 Vvte[01],
and for each natural number [J , using binary expansion of natural number n as:

n=> 2, thenw =]]r™.
=0 k=0
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Remark(1.1): Note that the American mathematician J.L. Walsh (1895-1973), who
published a paper entitled "A closed set of normal orthogonal functions” [3] was the first
who defined a system of orthogonal functions that is complete over normalized interval
[0,1), currently called Walsh functions.

The Haar functions were initially defined by the Hungarian mathematician Alfred
Haar in 1910.
Definition(1.4)[4]: The first Haar function is defined by:

1, 0<t<1
Zo(t):{o’ t>1 }

1, 0<t<1/2
7t)=4-1 1/2<t<1

0, t>1
In general,

20 =@t -k /2'),

where n =2 +k,j>0,0<k <2/,

The Haar system y={y,}-, forms a complete orthonormal system in L?[0,1].
Definition(1.5)[5]: Let H be a separable complex Hilbert space with scalar product <f ,g)

and norm |[f |=/(f .f ) vf,g eH . Asystem of elements {e,};, = H is called orthonormal
if

(e;.6;)=3;.1,i=12..,

where ¢; is the Kronecker symbol.

Definition(1.6)[6]: A sequence {¢,}._,is called a Riesz basis if there exists an orthonormal
basis {e, }._, of the space H and a bounded linear operator T :H — H, having a bounded

inverse operator T *:H — H (that is, the operator T realizes an isomorphism of the space
H), such that
o, =Te,,n=12,....

Rademacher functions and Walsh functions are fundamental objects of binary
harmonic analysis. A considerable amount of studies have been devoted to an overall
study of the Rademacher and Walsh systems. In this paper, we will mention the
classical monographs of Golubov, Efimov, and Skvortsov [7], as well as those of Shipp,
Wade and Simon [8]. The study of the properties of the Rademacher and the Walsh
systems greatly influenced both the development of the theory of the function and
functional analysis, probability theory, and computational mathematics. These systems
found their applications in applied problems of signal processing, coding, and
transmission of information.

Apparently, the affine system of Walsh type (in short, the Walsh affine system)
generated by the function f was first introduced by Grandos [9] under the term of
"Walsh wavelets” and under the additional assumption of the anti-periodicity of the
generating function f . For generic functions f of the general form, the term "the
affine system of Walsh type" was proposed elsewhere [10]. Terekhin was the first in
studying affine systems of Walsh type and proving their orthogonality and completion. Also,
he gave the structure of this kind. In another work [11], three sections were given such that
an affine system of Walsh type can be classified into three sections; firstly, , the definition of
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an affine system of functions of the Walsh type was given on the basis of the functional
analytic structure of a multishift in a Hilbert space, which is a generalized analogue of the
operator(simple, one-side)shift and closely related to the representations of the Cuntz algebra.
Secondly, various criteria and signs of the completeness of affine systems of functions were
given. Finally, the minimality of the affine system was established and an explicit form of the
biorthogonally conjugate system of functions was indicated and its completeness was
established. Terekhin [6] provided conditions and, in some particular cases, criteria for the
generating function, for the affine system to be Besselian, to form a Riesz basis, or to be an
orthonormal system, and separately, to be complete. For this purpose, the concept of the dual
function of the generating function of a system was introduced and studied. Mironov,
Sarsenbi, and Terekhin [12] studied an affine Bessel sequences in connection with the spectral
theory and the multishift structure in Hilbert space. They constructed a non-Besselian affine
system generated by a continuous periodic function . Their results were based on Nikishin’s
example concerning convergence in measure. Also, they showed that affine systems
generated by any Lipchitz function are Besselian. A new method for characterization of
Bessel system was given later [13]. This method was based on given necessary and
sufficiently conditions on the function, which is an affine system of functions of the Walsh
type, to be Bessel system in the space. Some examples were also given to explain the
representation method. In recently papers [14-15], the basis properties of affine Walsh —
type systems were studied in symmetric space. Also, it was shown that such a system can

only be an unconditional basis in L*[0,1] .

2. Main results
We consider the simplest method of regularization (i.e., improvement of the differential

properties) of the function f (t), namely, Steklov concept:
t+h

1

f.(t)=— | f(s)ds, h>0

O=5 J (s)
It is well known that, for all f € L?, the following relation holds:
im |7, ~ ] =0.
A direct check shows that the Steklov concept f, (t) has zero mean value:

1
j f (t)dt=0

0
together with the function f(t)and, obviously, inherits the properties of periodicity. In

particular, we note that f,(t)=0 for h:% for the 1 -periodic function f(t). Hence,

f.(t)=0 for all O<h<%. The Walsh system {w} , -consists of discontinuous

functions. In this connection, a natural question arises: will the affine Walsh systems
generated by the functions r. be the Steklov concept of the function r ?

Denote r,,h >0 as the Steklov average of the function r.

Theorem (2.1): For each h:2i n=12,..., the affine Walsh system, generated by the

n+l !

function f =r, , is a Riesz basis.

Proof. Let us start with the most difficult case of n=1. The function r, is linear on each
3
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interval [l,%],i ell and takes the values:

4

0, 1=0 mod4,

) 1, i=1 mod4,

n (i) =<0, i=2 mod4,
4 -1, i=3 mod4.

It is not difficult to see that if I(t)=1-2t,0<t <1, then
1(r —W/A1).

2
Since
S
I = Z 2k+l’
then the Fourier Walsh series of the function f =2r, absolutely converges in blocks:
1

=2 <o,

1+>

k=0
We compute the dual function
g=Tr=(-T,)r=>T0.r

' d=0
By induction on d, we obtain the equality
WANE L WAW e r
d
Tw12|r = Z . 20k1+...+kdid —.
Ky . kg =0

In the last sum, the multi-indices & € A, for which W* =W,"W,% ...W,W,. The number of such
multi indices of fixed length k =|a|=k, +...+k, +2d equals the number of combinations

C. ,. We denote the set of such multi-indices by A(k,d). Thus, we have

1
TV‘V’12Ir=20'Z—k > o,

k=2d & acA(k,d)

Hence we find that
[k/2]

+k§;122d S

d=0 aecA(k,d)
Noting that 2 < 2"/*, we will have
© 1 (k2 q 1 K4 12 o a2
1+22—k Y2 > o <1+Z(—ZC %) :1+Z(—2kk+l) <o,
k=2 d=0  aeA(kd) k=2 k=2
where

F=0F=LF=F_,+F , k=23,...,
are Fibonacci numbers, for which F, = g*with the constant of the golden ratio q =

1+\/§
—2 )

Therefore, the convergence of the last numerical series follows from the fact that g < 2 | We
see that the dual function g also has a Fourier-Walsh series which is absolutely convergent in

4879



Hadi and Nagy Iraqi Journal of Science, 2021, Vol. 62, No. 12, pp: 4875-4884

blocks. Consequently, the function r, generates an affine Riesz basis.
1

Now, consider the case n>2 . The function r, is linear on the intervals
[O,h],[%—h,%+h],[1—h,1] , and 1, (t)=1 for te[h,%—h],rh(t)=—1 for te[%+h,1—h].

Consider the auxiliary function

2"t o<t<1/2"Y,
f(t)=
1, 1/2"t<t<].

As is known, the partial sums S, f of the Fourier-Walsh series of the function f have the
form

j j+1
Szkf(t):f|l tEIZ(Z—k,z—k),

where
(j+1)/2¢
f, =2¢ j f (t)dt.
jr2
It is clear that
1
1
S, f(t)=| f(t)dt=1-—.
() j (®) >
If 1<k <n-1,then when j=0,we have
1 1 1
fl :2k(?—? :l— 2n—k .
and it is obvious that f, =1 for j=1,...,2“ 1. If k>n Then, for j=0,...,2"" -1, we have
4 J+1/2 j+1/2
2k = 2k—n+1 !
where c, is the middle of the interval |, by the linearity of f(t) on I, and it is obvious that
f,=1for j=2""..2"-1.
We denote by 1(0)and 1(2), respectively, the left and right halves of the interval | , which
is separated by point c,. If 0<k <n-2,then, when j=0

f=f(c)=2"

1

fio :1_W' fi =1
so that
A-ho e _ 1

| n—k !

2 2
Also, it is obvious that A, =0for j=1,...,2“ -1.If k>n-1,then j=0,...,2" "% -1
fCo)-fC) 1,j+3/4 j+1/4, 1

A' - 2 :E( 2k—n+2 - 2k—n+2 ): 2k—n+4
and it is obvious that A, =0for j=2“"? .. 2" -1. Because
f o fio * T

| 2 )
then
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1S, F ) =S, F ) =|F, = i =| i = Fiw| = A
j j+1

12
1 1
= l ) ™ = o5

and for k >n—-1, we have
ok-n+2_g (j+1)/12¥ 122 1

‘_( Z j ( k n+4) d )1/2 = 2k n+4( _[ dt)l/z 2k n/2+3 '

=0 oK
From this, we see that the value of

Hszk f

- Szk+l

Hszk f—

2k+1

=1 > 1 1< K2
C =C (f) Z| 2k z“f |:Z ke T Z k—n/2+3 2n 22 2n/2+1 A1 + B
k=0 2 k=n-1 2 k=0
monotonically decreases as n> 2, since the inequality C, >C, is verified directly by
1 1 1
C,= 1+\/—

For n23, the value of A1 decreases, which shows the following chain of equivalent
inequalities

<A, & — L 22“2 21 22“’2<:>1+\/—<2“’2

An+ n+
' 2" i3 =
where the decrease of B, is obvious. Thus, for all n>2, we have Cn(f)s%. Further, note

that all the arguments carried out remain valid for the function f(1-t),0<t <1. Consider the
function

?(t)— f(2t), te[0,1/2],
ClfEe-2t), te[i/21).)
It is clear, as shown before, that

S f(t)= j?(t)dt =1—2—1n

And, in view of the symmetry of the graph f with respect to t = % that

S, f=5,f.
In addition, for all k>1, we have SZKT(t):SZHf(t) or S, f(-t) for te[0,1/2] or
t e[1/2,1], respectively. Therefore

C.(f)= kﬁ;”szk T-s,.T|=c,(f).

Finally, rh_:Wl?— is the anti-periodization of the function f . Therefore
S,r,=S,r, = (1—2—1n)r

and for all k>2, we have S, (t) =+S ., ?(t) . Consequently, we again find that

C,(r)= kﬁ;HSZk r — SZMrh

|=C,(f)=C,(f).
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Then, for the Fourier-Walsh coefficient ¢, of the function r, , we will have
< 1 1
> (X[ =Cr) << <@-0)=[,|.
k=L ok 2 2
for n>2. Then, we have the Riesz basis property of the affine Walsh system generated by the
function r, .

t
Let Jf (t)=j f(s)ds- be an integration operator. It is obvious that, for the 1-periodic
0

function f(t), having a zero mean value on the period, the function Jf (t) is 1-periodic;
however, its integral mean, in general, is nonzero. Consider the modified operator

J, =4W,J,

i.e. J,f(t) isan ant periodization of Jf and therefore the space L; is invariant under J,.
For each function f €L, the function J,f is continuous on the whole axis (—oo,00)and

almost everywhere has the derivative L
DJ,f =8W,f, Dzi.
dt
Theorem (2.2): Suppose that the function f e L2 is representable as a sum of a series in the

Rademacher system

f :ickrk.
k=0

Then, for an affine Walsh system, generated by the function J,f , to be a Riesz basis, it is
necessary and sufficient that the analytic function

f(z)=> cz"
k=0

satisfies the condition
2

2z 2
i f(le“) dt<3 f(l) )
2r 5| 2 2
Proof

First, we note that:
DJor(t):8VV1r(t):8r(t+%)=4(r(t+%)—r(t—%))=2Dr£(t),

4
From this being taken into account, we have
Jr=2r =r-W/l,= 4Jr =1-W,[.

1
In addition, the relations

W,J =2JW,, W, J =2JW,,

are easily verified by differentiation. Thus, we have

3of =S e W =W, Sewadr = (3 Sr -3 Sawiwg.
k=0 k=0 2 k=0 2 k=0 2

Put
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k +k, +1
ki, k2>0

P= 3 W] = 3 W
k=0
Then, J, = Ar —¢ and, for the corresponding operators,
Ty =A1-T,
The Walsh affine system generated by the function ¢ is orthogonal, since for all multi-
indices  a=a', the equality «(10,,10, )=0c'(10,,10,) entails k, =k;,k =k/ and

a =a', from which

C
(@0 00)= Y, =g O AW W WS ) = O

ky+ko+1 ki+k;+1
ki ky 20 2 ki ky>0 2"

Therefore
2

l [}
HT H_”(D” ( Z 4kl+1k2+1 1/2 — §Z=;|4_ V2.

The resolvent condition [T <A obviously ensures the invertibility of the operator

T, =41 =T,. Moreover, as argued previously [11], it can be shown that if [T >4, then the
image of the operator 21 —T, is not dense in the space L2 (that is, the corresponding affine
system is not complete). Consequently, in view of the closedness of the spectrum of the
operator, the condition [T ||< 4 is equivalent to the invertibility of the operator A1 —T,. It
remains to note that this resolvent condition can be written in the following form

= Z|Ck| vz Z;_i

k=0
the Ieft-hand side of which is the mean value of the square of the modulus of the analytic

function f(z)on the disk (|z|==

1

1 1ff( ")

3 2x

and its right-hand side coincides with ‘ f (%)‘.

dt)l/Z

Conclusions

It was demonstrated that when the Walsh system is regularized by means of Steklov functions,
the obtained affine system of Walsh type has the Riesz basis property for certain values of the
regularization parameter.
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