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Abstract

This article deals with the influence of porous media on helical flows of
generalized Oldroyd-B between two infinite coaxial circular cylinders.The fractional
derivative is modeled for this problem and studied by using finite Hankel and
Laplace transforms .The velocity fields are found by using the fundamentals of the
series form in terms of Mittag-Leffler equation. The research focused on
permeability parameters,fractional parameters(8) , relaxation (A,), retardation (4,),
kinematic viscosity(u), magnetic parameter(M),and time (t), which affected the
velocity fields u and w.The influences of the various flow parameters of the problem
on these distributions are debated and proved graphically by figures .
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Introduction

The term“porous™is used for any material that has perforations on its outer side,with the possibility
of penetration. The concept of porous media has many applications in various fields, including applied
sciences, engineering, geological sciences, biology, etc. Therefore, it has been the focus of attention of
researchers and scientists because of its significant impact on human life. For example, Al kanhal et
al.[1] studiedthe thermal management of a nanofluid within a porous media with radiation heat and
magnetic force.They found that the Nusselt number increases when radiation effect and Raleigh
number increase, whereas temperature increases when the radiation and Raleigh parameters decrease.

The article contains a digital analysis of heat transfer within a T-shaped cavity, such that the lower
surface is hot and the upper surface is cold. The effects of extensive governing factors were examined
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to determine the evolution of nanofluid flow and heat transfer within the cavity.Sheikholeset al. [2]
concluded that, to increase energy consumption, the permeability must be increased.In addition, the
part of entropy depended on the active parameters (Hartmann number , Rayleigh number, and Darcy
number .Yanget al.[3] studied the algorithm ofMarkov prior-based block-matching for super
dimension of porous media.Ali et al.[4] noticed that both the Brownian motion and thermophoresis
influence the concentration gradients of nanoparticles in the porous and free fluid layers. Mhammad [
5] focused on the effect of the inclined magnetic field on the peristalsis flow.The long wavelength
approximation method was used to solve the problem , while some important physical concepts that
have a direct relationship werediscussed and analyzed. Sinhaet al.[6 ] found that a back flow
happened near the center line for the channel and it can be stopped by a strong external magnetic field.
Mubashiret al.[7] constructed a model to analyze the flow of compressed , non-conducting, Newtonian
fluids between two circular plates within a porous medium channel. They found a fourth-order
nonlinear differential equation using similarity transformation. Mhammad and Abdulhadi [8]studied
the effects of couple stress fluid on the peristaltic flow .Saleh and Abdulhadi [9] discussed the
impactsof couple stress and porous medium on transient magneto peristaltic flow under the action of
heat transfer.They established equations that described the model. The effects of several variables on
the equation were analyzed.Shafiget al.[10-11 ] discussed the Magneto hydrodynamic(MHD)
between two permeable discs with heat transfer to a third degree liquid. A homotopy analysis method
was used to simplify the equation.They tabulated both theskin friction coefficient and the Nusselt
number to analyze the effects of dimensionless parameters .Breugem [12]found the expression for
the effective viscosity through channel-type with porous medium .Tan et al[13] studiedthe influence
of viscosity on the unsteady flow in porous media. Dengke [14] investigated the unidirectional flows
of a visco-elastic fluid with the fractional Maxwell model of helical flows and a generalized Oldroyd-
B fluid, with fractional calculus between two infinite coaxial circular cylinders . By selecting the
probability-dependent image mass in the spectrum dynamics(SD) reconstruction method, the results
obtained through the proposed algorithm were confirmed as an accurate and successful application to
the fixed porous medium.

In this study, a special model was built to represent the problem and study the variables on which the
equation depends. Through a quick look at the changes that have been represented by graphs, we can
conclude that when increasing each of thevariables of the fractional parameters(B) , relaxation (4y),
retardation (4,),kinematic viscosity (), andto the magnetic parameter(M), therate of speed increases,

that is, the proportionality isdirect. As the variables of fractional parameters(a),time (t), and
permeability (z) decrease, the speed increases, i.e. the proportion is inverse .
Mathematical analysis
Consideran unsteady helical flow of generalized Oldroyd-B fluid with porous media between two
infinite coaxial cylinders, which are located at r =R, and r =R,(R; <R,)and have
thecoordinates (r, 8, z), where the helical velocity is

V=rv(rt).e+w.(rt)e, , (1)
where egand e, are the unit vectors in the 8 and z- directions .
For our two dimensional problem, the governing equations of motion are

ow_ (o 1 — gR2w - *C
) p a%_ (ar+r)Srz ofiw W, 2
v 2 Q
pro; = (_ar + ;) Syg — GPETv- —”k . (3)

such that p represents the density of the fluid, o refersto electric conductivity,and B = [0, ,, 0]is the
total magnetic field ,where
S, (r,t) and S, (r, t)are defined by [15]:

v
(1 + 25005, = (14 2£DF) (r5) | )
ow
(1 + 2805, = u(1+20f) (5) (5)

1 ARG
Df[y(t)] = J ——dt,
t y() F(n—a) O(t—’[)a n+1
By the elimination ofS,,and S,gamong Egs.(2)and (4) and Egs. (3)and (5), respectively, then
multiplying the result by
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(1 + 2YDf),we have:
p(1+ 1D

ot
0’w 10w
_ B B apa
M(1+/12Dt)<6r2 +r8r> (30 )(1+/11Dt)w , 6)
ov
ana
PT(1+A1Dt)—at
d“v 3 0v Q
— Bnb 2 K ana
=u(1 +/12Dt)<r—ar +Tra> r(aﬁo+—k)(1 + DEDF) . 7)

By dividing Eq. (6 )by p and Eq. (7 )by pr, we get :

ow B B 19w\ _ (9B§ , uQ

(1+Aﬂ¥}§~4(1+ll))(mz 22 (p +pJ(1+Aﬂwﬁv, (8)
d 30 B3 |, uQ

(1+ 28D % = v (1+25Df) (arz 22 - 2+ ED (1 + 21Dy, 9)

wherev = % is the kinematic viscosity of the fluid.
The corresponding boundary conditions for the present problem are defined by:

w(R,t) =U;, w(Ryt)=U,, t>0 (10)
andv(Ry,t) =02,, v(R,t)=£0,, t>0. (1)
The initial conditions are expressed by:

v(r,0) =w(r,0)=0 , (12)
o;w(r,0) = d,v(r,0) =0 . (13)

where R; < r < R,.

To find the velocity field, we use the function

v(r,t) =22 (14)
We substltute Eq. (14) into Eq.(9), with both of the initial and boundary conditions. and multiply the
result by r, then we have:

1+ 2 = v (1+250F) (TE4+ 121y ("T"ﬂ%) (1+ 29D, (15)

ar2  ror r?

where
uU(Ry,t) = Ry, u(Ry,t) =Ry, t>0 (16)
u(r,0) =du(r,0) =0, Ry <r<R, a7

To find the analytical solution for the problems in Eq.(8) and Eq.(15), we use the initial conditions
(12),(13) and(17).At first, we find thefractional derivatives for the Laplace transform with respect to t,
as follows:

0°w | 10w B2 Q _
s(1+2¢ “)W = v(l +ABSB) (a > +;6—V:) - (070+#7) 1+ AfsYw, (18)
W(Rlls) = W(RZIS) = (19)
J*u 1du u oBé
a _ B.B -7 “Fo P aNi
s(1+ AfsHu = v(1+)ls)<ar2+rar r> ( + )(1+/1 )u (20)
A(Ry,s) =2, ARy, 5) = 2% (21)
The finite Hankel transform Wlth respect to r[15] is defined as:
R
w= f r.w(r,s)Y,(sy,r)dr (22)
Ry
R
u= f ru(r, s)Y,(sy,r)dr (23)
R
And tr11e inverse of Hankel transform becomes :
2.2, 2 g2 =
R )
W(r,s) = ﬂ_z 51n](2) (S1n 1)W(7‘25)1/J1(51n7’) (24)
2 J5(s51nR1) — J5 (s1nR2)
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— T Qoo 522n]f(sanl)ﬁ(T'S)wz(sznT)
u(r, S) - _Zn—l J2(s2nR1)—J3(S2nR2) (25)
where s;,and s,,, are the positive roots of ¥; (s;,R;) = 0 andy,(s,,R;) = 0, respectively.

Y1 (s107) = Yo(51nR2)Jo(S1n7) — Jo (510 R2) Yo (S107) ,

Yo (52n7) = Y1(S2nR2)J1(S2nT) — J1(52nR2) Y1 (S2nT)

whereY; and J; are the Bessel functions of the first and second orders zero and one , where (i=0,1),
respectively.

We substitute the finite Hankel transform to Eqgs.( 24)and ( 25), then wehave:

2v (1 + /’tgsﬂ) [U2)o(s1nR1) — Uy Jo(S1nR2)]

W= Y B (26)
7S Jo(S1nR1) [5(1 + As%) + (TO + 7)(1 + A§s%) + 52, v (1 + 4, 53)]
_ 20 (1 + 2557 ) [Ro031 (s2nR) — Rif21)1 (S20Ry)] -
I =
s J1(SynRy) [s(l + A§s%) + (JTBS + %)(1 + A¥s®) + 52, v (1 + Afsﬁ)]
By substituting Eqs.(26) and (27) into Egs. (24) and (25),respectively, we have
_ _ Jo($1nR1)W1 (5177 [U2)0(51nR1) — Uy Jo(S1nR2)]
w(r,s)=m Z > >
J5 (s1nR1) — J5 (51nR2)
X A1(S1n,8) (28)

_ s2, v(1+lgsﬁ)

whereA; (515, 5) = > (29)
s s(l+A‘fs“)+(07%+%)(1+li‘s“)+sfn v(1+/1§sﬁ)]
and
_ _ J1(52n R Y2 (5207 [R202]1 (S2nR1) — R1024]1(52nR3)]
u(r,s)=m > >
Ji(s2nR1) — J1(S2nR2)
X A1(S2n,S) (30)

_ sZ, v(1+lfsﬁ)

WhereAl(SZn, S) = (31)

2
s s(l+A§‘s“)+(%€°+%)(1+l‘fs“)+s§n v(l+l§sﬁ)]

We rewrite Egs.( 29) and (31) in a series form :

o a,b,c,d=0

_ 1

Ay (s1n,8) = < = <s(1 +A7s%) + (ﬂ + —)(1 +Af's “>> PG D NV
m=0

a+b+c+d=m

c+d
. (aﬁ°++“Q) (s2,v) (Af) s% L
- X
T @

where6 =m—-1+(a—-1b+(f—-1)d—-—c—a,

and

o a,b,c,d=0
_ 1
A (syp,8) =—— (s(l + A%s%) + (ﬁ + —)(1 + A¢s “)) Z =™ Z -=D°
s m=0 a+b+c+d=m
2
(B ) (53,0 (38) 50 ] .
X
1hl el d) aym-b+1 m+1
alb!c!d! 19 (Sa+1+/1;a+((;733+%)/1;a)

By applying the inverse of Laplace transform to Eqgs.( 32) and (33) and using the property of Mittag-
Leffler function [15]
, we have:
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_1{ nl's

(s* F c)n+1
Hence, the results become :

= ome g B o) | (Re(s) > [e]4)

> 2 b a
L o () o ()
Al(sl"'t)zl_z(_l) Z alb!cld! (Ap)m-b+1
m=0

a+b+c+d=m

(O-_Bg+£)t(a+1)m+(a—8)E(m) ( 1 (1 + (O-_ﬁg_'_&)) ta+1>
p k p

a+1,((a+1)-6) /1(175 k

0[3§ uQ 3 1 062 uQ
“Po | Y (a+1)m 65(7") = | “Po | M +1
( p k ) A a+1,(1-9) ( /1(11 (1 ( p k ) |t

1 ofB§  uQ
+ tlarmt(@-s-npm (__(1 + (—+ ) et
a+1,(a=96) /1;{ p k

2
+ 2g tlarnm-5-150n) < ! <1 + (U%

a+1,-6|\ " 7@

KO\ o+
+7>)t ) (34)

and
o a,b,c,d=0 oB2 | u\? , 5 ctd (18)%
N e (BE+E) Gt (%)
Ar(szn ) =1 Z (-1 Z alblcld! (Ag)ym-b+1
m=0

a+b+c+d=m

(ﬁ+£)t(a+1)m+(a—5)ﬁv(m) ( 1 (1 + <U_ﬁ)g+£>> ta+1)
p k p k

a+1,((a+1)-6) Alf

O-.Bg ,UQ a t(a+1)m—-56 (m) 1 O-.[))g /'{Q
— E ——1(1 _ryY < a+1
+(p +k)/11t ar1a-0) | 772 +(p +k) t

1 afs  1Q
+ tlarmt(@-s-npm (__(1 + (2 55 et
a+1,(a=06) /12! p k

1 2
1

By substituting Eqgs.( 34) and (35) into Egs. (28) and (30), respectively, the inverse finite Hankel
transform on W(r) and U(r) becomes:

wrt) = W(r) - i/o(slan)Ebl (51n7)[U2Jo(51nR1) — Uy Jo(S1nR2)]
n=1

]g (Slan) - ]g (SlnRZ)
X Gy (S1p, t) (36)
whereW (r) = [Uz + <:Eg§> * (U, — Ul)]

R1

and
C J1(S20 R Y2 (52n1) [R202:]1 (520 R1) — R1024]1(S2nR2)]

) = U@) -
w0 =0 ’;Zl JE(5nR0) — T2 5ns)

X G1(Syp, t) (37)
R{(r*—R%)

where U(r) = [mz + (W) «(Qy — 91)].
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In this section, the results are discussed throught the graphical iillustrations for different physical

guantities.

Figs.[1-10 ]Jshow thevelocity field w for different values,whereas Figs.[11-20 Jshow the velocity field
u for different values.By looking at the graphs, we notice that both the velocity field values of u and w

change directly with the change of each of the tested parameters(f , 4, , 4, (U), and M, i.e. the
increases in these variables will increase the values of velocity fields of u and w, and the opposite is
true . Also, the values of velocity fileds of u and w are inversely changing with the change of each of
the parameters of a, t, and z, i.e. the increase in these variables will decrease the values of the

velocity fileds of u and w, and the oppositeistrue.
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Figure3- the velocity w for different value of),
at A,=8,v=0.165M=0.1,0=0.4, 1=2 3=0.6,
K1=3.31114,0=.2,2=2,p=2

Figure 5- the velocity w for different value ofV
M=15,1,=8,M=0.1,0=0.4, 1=2 =0.6,
K=3.31114,0=.2,7=2,u=.2

Figure 2-The velocity w for different values

off at A;=15, A,=8, v=0.165, M=0.1, 1=2, a=0.4, K,=3.311
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Figure 4- the velocity w for different value of A,
M=15,v=0.165M=0.1,0=0.4, =2 =0.6,
K=3.31114,0=.2,7=2,u=.2
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Figure 6- the velocity w for different value of M
M=15,,=8,V=0.165, 0=0.4, 1=2 $=0.6,
K=3.31114,0=.2,7Z=2,u=.2
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Figure 9- the velocity w for different value of Z

M=15,0,=8,v=0.165M=0.1,a=0.4 f=0.6,
K1=3.31114,0=.2, pu=.2,1=2

Figure 8- the velocity w for different value of Q
M=15,1=8,v=0.165M=0.1,0=0.4 f=0.6,
K1=331114.7=2.u=.2. 1=2
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Figure 10- the velocity w for different value ofp
A=1522=8,v=0.165M=0.1,0=0.4 =0.6,
K1=3.31114,0=.2,7=2,1=2
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Figure 11- the velocity u for different value ofa
M=15,1,=8,v=0.165M=0.1, 1=2 =0.6,
K=3.31114,0=.2, u=.2,72=2

Figure 12-the velocity u for different value off3
M=15,1,=8,v=0.165M=0.1,0=0.4 ,
K,=3.31114,0=.2, u=2, 1=2, Z=2
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Figure 17- the velocity u for different value oft
M=15,=8,M=0.1,v =0.17, a=0.4, 1=2
B=0.6,K;=3.31114,0=.2, u=2, Z=2
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Figure 19- the velocity u for different value of z
M=15,,=8M=0.1,v =0.17, a=0.4,
1=2 =0.6,K,=3.31114,0=.2, p=2,

Figure 18- the velocity u for different value of Q
A=15,,=8,M=0.1,v =0.17, 0a=0.4, $=0.6,
K,=3.31114,u=.2, Z=2, 1=2
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Figure 20- the velocity u for different value ofp
M=151=8,M=0.1,v =0.17, 0=0.4, 1=2
B=0.6,K,=3.31114,0=.2 ,7Z=2
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