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This article is devoted to presenting results on invariant approximations over a
non-star-shsped weakly compact subset of a complete modular space by introduced

a new notion called S-star-shaped with center f. if S:B—>Bpea mapping and

Ve € B ASe + (1 -AD(f —Sf)EB, f € B | Then the existence of

common invariant best approximation is proved for Banach operator pair of
mappings by combined the hypotheses with Opial’s condition or demi-closeness

condition

Keywords: Banach operator pair, best approximation, fixed point, modular space,

S-non-expansive mappings.
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Introduction and Preliminaries
Recent paper contains applications of fixed point of non-expansive mappings in a modular space
which is known as the following:

Definition 1.1 [1] Let B be real linear space over R, a function ¥:B = (0, ©)js called modular if for
e,h €EBand a, € R.

G) v (e) =0Oifandonlyife = 0,

iy  v(ae) =y(e) with lal =1,
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iy vlee + Bh) = y(e)+y(h) ifand only ifr @B =0,
If (iii) replaced by (iii) ¥{(ae + Bh) = ay(e)+By(h) fora, B =0a+ B =1 forall e h

€ B then ¥ is called convex modular.

B

Definition 12 [1] If ¥ is a convex modular on B . A corresponding set ¥

= {e € B:y(ae) — 0 whenever @ — 0} js called convex modular space.
The distance between two vectors € is dr(‘g-h) = y(e - h). The collection of all balls in a

modular space By generates a locally convex Hausdorff topological linear space [2]. Many works in
this space can be found in [3-6]. Recently, Abed and Abdul Jabbar [7-10] introduced the concept of
normalized duality mappings in the real convex modular spaces proved some of its properties which
related to uniformly smooth of these spaces. Also, they presented some results concerning the
convergence and equivalence iterative sequences for multivalued strongly pseudo-contractions

mappings. Now, we recall the concepts required for our results. Let B be a convex real modular space

with dual By (for details of dual By | see [8])
Definition 1.3 [8]

(1) A sequence {en} © By is said to be

Y
@) Y-convergent to € € By andwriteen — € ifY(en —€) =2 0g5n—
(b) Y- Cauchy whenever ¥(€n — €m) > Qas 11, 1M — @,

B B

(2) If any ¥- Cauchy sequence in =¥ is ¥~ convergent then =¥ is called ¥- complete.

(3) If for any sequence t€n} cB < By 18 ¥_ convergent to a point in B then B is called ¥~ closed.

And, if any sequence { ¢n } B By hasa  7- convergent subsequence then Bis called ¥-
compact.
Definition (1.4) [7] A sequence {en}in By |s said to be weakly convergent if there is an e < B such

El l P - P
that for every P e By lim y(Pe, — Pe) = O This denoted by €n _’"3.

Definition (1.5) [3] Let B be a subset of a convex real modular space B. For €- € B, BA(e.) denotes
the set of best B-approximation to Xo:

BA(e,) ={h € B:y(h —e,) = d(e,, B)}

where d(e,,B) =inf ,czy(z —e,)

Definition (1.6) [3] Let S, T:B — B | then F(T) denotes the set of all fixed points of T and F (S, T)
is the set of all common fixed points of S and T .

Definition (1.7) [9] A mapping S is called T- ¥ -contraction if for
alle.f € B,y(Se — §f) = ay(Te — Tf),

@ € (0,1)_ And it s called T- Y-non-expansive if for all €, f € B y(Se —Sf) = y(Te —Tf).
Definition (1.8) [7] A modular space B satisfies Opial’s condition if for every sequence {en} ©B
weakly convergentto€ € B | iii]c}omfﬂe“ —e< ili]cln infy (e, —h) holds, for all h # e,

Definition (1.9) [7] Let B € B,a mapping T7:B — B is called demi-closed on B- If for every
sequencefen} S B, {€n} converges weakly to € € B and {Ten} converges strongly to 7 € B, implies
h=Te

Definition (1.10) [2] Let B & B, B js called

i) Convex if de + (1-Af €EB, Ve, f €B,VAE[0,1]

ii) Star-shaped with center f € B jfde + (1 —A)f EB,Ve €EB

Main Results
In the following, a simple modification of star-shaped:
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Definition (2.1) Let ® # B € B and S: B — B pe a mapping, B is called S-star-shaped with center
if Ve € B ASe + (1 —A)(f —Sf) €B.

Theorem (2.2) Let B be a complete space & € Band S:B = B3 S(dB) & B
If B is w-compact and S-star-shaped such that

i) Sis 7-non-expansive on BA(e.).

iy v((Se—Se,) =ye—e.) Ve € BA(e,).

iy I —Sis ¥ -demiclosed on BA(e.).

Then S has a fixed point closed set to €. .

Proof; Firstly, we prove S is self-mapping on BA (e.) Lete € BA (ec), then
y(Se —e,) < y(Se —Se,) < y(e —e.).

This implies that Sé is also closed to €- so, ¢ € BA(e.).

Let / be star center of BA(e.).

Define Sm:€ = muSe + (1L —mi)(f +Sf)

Where {1} real sequence, 0 < mi < 1 gng :anala m; =1,e € BA(e. )

To prove Sn is ¥ -contraction, follow:
let€ g € BA(e.),y(S,e — S,g9) = y(m;S,e —m;S,g)
=m;y(S,e — S,g)
= m;y(le — g)

since m; <1 then Sn is ¥-contraction.
By argument in [11] V7 Sn has a fixed point €r is BA(e.) L.e, Spe, = e, Vn
Since B is w-compact, then the sequence of fixed point {en} has a convergent subsequence {¥ni} w-
convergent to €, say. Now,
'y(en!. —Sen!.) = }f(Sneni_ - Sen!.)

=y (my,Sep, + (1 —my, )(f + Sf) — Sey,

= (mni_ - l)Sen!. +(1- mn!.)(f + 51)

=0 a5 i
Since I — S is demi-closed, then, 0 = (I —S)€ and € = S€ thus S has a fixed point € closest to €.

Now, we recall the definition of Banach operator pairs, for a mapping

T:B — B, F(T):={e € B:Te = ¢}
Definition (2.3) [4] The ordered pair (5: T) of two self-mappings S and T of B is called a Banach
operator if S(F(T) € F(T)je. the set F(S) is T-invariant.
Remark (2.4) If S and T are commute on B then (S T) must be a Banach operator. But the converse
is not true. For example:
Example (2.5) Consider B = R and
Sle,fl)=(*>+f?>+e—1,e2+f2+t—-1)
Tle,)=e—fP+2e—f,(e—f)P+e)
For any (¢ f) € B, Then
F(S)={(e,f) EB:e?+ f2—1= 10}
F(T)=={(e,f)EB:s—t=00rs—t+1=0}
So, (i) S(F(T)) € F(T) — (S, T) is Banach operator pair on B.
(i) (T S) is not Banach operator pair, since for (1,0) € F(S), T(1,0) = (3,2) € F(S),

Remark (2. 6) [4] In general metric spaces the pair (5.T) is Banach operator <= S and T commute

on F(T) . In the above Example (2.5-i) .S are commute on the set F(T), s0, (5, T) is Banach
operator by Remark (2.4).
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To prove a common fixed point theorem, we need the following Lemma in general metric spaces.
Lemma (2. 7) [12] Let B be a closed subset of a metric space (B:@) and S, T:B = B 1f (5, T isa
Banach operator pair and S is T- ¥ -contraction on B, T is continuous, F(I)#=® S(B) js
complete. Then F (S, T) =singleton.

Theorem (2.8) Let B be a w-compact subset of convex real modular space B, B is S-star-shaped
respect to / € B, Let (5, T) be a Banach operator on B f € F(T). If T is hoth weakly continuous
and strongly continuous on B, F(T) s star-shaped with f,5(B) s complete and if either

(i) B satisfies Opial’s condition.
or

(i) T — S5 is demiclosed on B.
Then F(S,T) # 0
Proof: Let 73 be real sequence 2 0 < m; <1 m; = 1551 — © Define
Si(e) =m;Se+ (1 —m;)(f +Sf),VeEB
Since B is S-star-shaped respect to f € B.€ € B then
- Vi,5::B = B since B is S-star-shaped with £
- Since S is T-non-expasine on B then V71, Ve, f € B
y(Sie—S;f) = y(miS(e) - ‘mis(f))
=m;y(T(e) —T(f))
— each Si is g- ¥ -contraction on B.
- For each & (55,7 is a Banach operator pair on B. since (S,T) is a Banach operator pair onB,
since (5, T) is a Banach operator, for € € F(T') — S(e) € F(T).
=S, (e)=m;Se+ (1 —m)(f+Sf)EF(T)
By the fact F(T') is S-star-shaped with f € F(T)
_ The completeness of S (B) = completeness of 51 (B). And w-compactness of B = B is closed.
Next, by Lemma (2. 7), ¥i,3e; € B 3 &; € F(S;,T)

Since w-compactness of B and w-continuity of T implies w-compactness of ©- (T) < B, 3{ey.}

subsequence converges weakly to € € F(T).
Now, we must prove € € F(S,T).

As known w-compactness weak bounded and thus bounded {Sep} S B is bounded.
Since

y((s —Mey) =y (Omy — DSey, + (1 —m)(f +50)
= 7 (A -m)¢ +5f — Sex))
y((T - S)en!.) < (m; — 1) (’y(f + 51) +}’(Seni_))

=0 asi— @

Now, if the hypothesis (i) holds and T €. # Se..
Form (**) and T-contraction and T-non-expansive, we get

;!i_lfcloinfy (Tﬂ':‘k — Tec) < ;!i_lfcloinfy (Tﬂ':‘k —Sec)
< ;!i_lfcloinfy ((T — S)el-k) + ,!El}jinf(semk — Sec)

= ,lﬂinf(?"erk — Tec)

(%)

which is a contraction- 5o » T€ = S€, and then €: € F(S,T),

If the hypothesis (ii) holds, i.e, if T — S is demiclosed on B. Then by (**) and w-convergence of L€iic}
to€ — (T —S)e, =0
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ie.Te,=Se, - e, EF(S,T)

As application of theorem (2.8) to best approximation, we present the following:

Theorem (2.9) Assume that B atisfies Opial’s condition, $:T:B =B and B EB with
S(0B NB) S B and S(B) complete. Let & € F(S,T) 3 @ = BA(e.) js w-compact and S-star-
shaped w.rt. f € F(T) 1 (5.T) is Banach operator pair on BA (&), S is T -non-expansive
on BA(e.) U{e.} and if T is both weakly and strongly continuous on BA(e.) F(T) js S —star-
shaped w.r.t.f and T(BA(e.)) € BA(e.) then BA(e.) N F(S,T) # @,

Proof:

If €& € B then € € BA(e,) N F(S,T) and the result holds.
NOW, |f €, E B — BA(EG) c 58 NEB —5: BA(BC) - C Slnce S(BG) = T(ec) = &, and S |S T-

non-expasive. On BA(e.) U {e.} — Vh € BA(e,),
‘}I(Sh' - Bc) = ‘}!(Sh' _Sec) = T’(Th - Tec) = d(eclB).

since T(BA(e,)) © BA(e,) implies Sh € BA(e.) Hence, S: BA(e,) — BA(e.).

The completeness of S (B) = completeness of S(BA(e.)) ang BA(e.) N F(T) js S-star-shaped
w.r.t.S- By applying Theorem (2.8) to S and T on BA(e.) we get BA(e.) N F(S,T) = @
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