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Abstract

In this study, we introduce and study the concepts of generalized (u,p)-reverse
derivation, Jordan generalized (u,p)-reverse derivation, and Jordan generalized triple
(u,p)-reverse derivation from I'-semiring S into I'S-module X. The most important
findings of this paper are as follows:
If S is I'-semiring and X is I'S-module, then every Jordan generalized (u,p)- reverse
derivations from S into X associated with Jordan (u,p)-reverse derivation d from S
into X is (u,p)-reverse derivation from S into X.

Keywords: generalized (u,p)-reverse derivation, Jordan generalized (u,p)-reverse
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1. Introduction

The concept of generalized (u,p)- reverse derivation from I'-semiring S into I'S-module X is one
of most important topics in non-commutative algebra. The definition of I'-ring was presented by
Nobusawa in 1964 [1] and generalized by Barnes in 1966 [2]. Sen and Saha in 1986 [3] and Saha [4]
in 1989 presented the concept of I'-semiring as a generalization of I'-ring. The definition of I'-semiring
was introduced in [3].

The definition of prime I'-semiring and semi-prime I'-semiring was introduced in [5]. The
definition of 2-torsion free I'-semiring was introduced in [6]. These definitions and identity properties
of multiplication of inverse elements, were introduced in [6].The definitions of additive , identity,
inverse abelian elements were introduce in [5]

*Email: mahdisaleh773@uomustansiriyah.edu.iq
2702



Nayef et al. Iragi Journal of Science, 2021, Vol. 62, No. 8, pp: 2702-2707

Let S be a I'-semiring and X be an additive abelian group, X is called a left I'S- module if there
exists a mapping SXI'xX —X (sending (a,0,x) into aox where a€S, a €I', and xeX) satisfying the
following:
for all a,a;,a,€S, a,peland x,x;,X, EX:

i) (artay )ox= ajox+aox
ii) a(a+P )x=aox+aP x

1ii) ao( X +X; J=aox;+aox;
Iv) (a10a2)B x= aj0(azp x)

X is called a right I'S- module if there exists a mapping XxI'xS —X. Also, X is called I'S-module if
its both left and right I'S-module. The definitions of left (respectively right) prime, semipeime, and 2-
torsion free I'S- modules were introduce in [7].

Paul and Halder [7] defined the left derivation and Jordan left derivation of I'-ring M onto I'M-
module X and studied the relations between them. Salih [8] defined the derivation and Jordan
derivation from I'-ring M into I'M-module, along with their generalization [9]. Mahmood, Nayef, and
Salih [10] presented the concepts of generalized higher derivations and Jordan generalized higher
derivations on 'M-modules and studied the relations between them. For more information see [11,12].

In this paper we present the concepts of (u, p)-reverse derivation, Jordan (u,p)-reverse derivation,
and Jordan triple (u,p)-reverse derivation from I'-semiring S into I'S-module X. We prove that every
Jordan (u,p)- reverse derivation from I'-semiring S, with additive inverse identity into I'S-module X
where o,t are automorphisms on S, is (u,p)-reverse derivation from S into X. In addition, we introduce
the concepts of generalized (u,p)-reverse derivation, Jordan generalized (u,p)-reverse derivation, and
Jordan generalized triple (u,p)-reverse derivation from I'-semiring S into I'S-module X and we study
the relations among them. In this paper, yu and p are automorphisms on S.

2. (u,p)-Reverse Derivations from I'-Semirings into I'S-Modules

Definitions 2.1: Let S be I'-semiring and X be I'S-module. An additive map 6 from S into X is called
(u,p)- reverse derivation if an only if, for all a,b€S, a€l’

d(aab) = d(b)au(a)+p(b)ad(a).

d is called Jordan (u,p)-reverse derivation from S into X if, for all a,b €S, a€T:

d(ana) = d(a)ou(a) + p(a)ad(a).

d is called Jordan triple (u,p)-reverse derivation from S into X if, for all a,b€S, a,peT™

3(acbBa) = 5(a)Bu(b)ap(a) + p(a)pd(b)ap(a) + p(a)Bp(b)ad(a).

Example 2.2 : Let Sz{(g 2) ‘a € Z}, F={(8 2) ‘n € Z} , S is I'-semiring, and

X:{(g 2) 1x € Z}, then X is I'S-module.

We define p,p:S—S by

u(g 2)=(g 8) , p(g 2) = (8 2), then p and p are automorphisms.

. N a 0y_fa 0
Now, we define an addltlve. ma.ppmg 3 .S—>X by 8( 0 a) —( 0 0)_
Then, & is (u,p)-reverse derivation on S into X.

Example 2.3: LetR be aring, Az{(g 2) ra,b € R} , Fz{(g 7?1) m,me€ Z}, and

Yz{(g IC’) ta,b,c € R}, then A is I'- semiring, Y is I'S-module, and d is (u,p)-reverse derivation of

Ainto Y. LetS = A x A I''=I'xI" and X=YxY, then S is I';- semiring and X is
I';S-module. We use the usual addition and multiplication on matrices of S and X. We define A as
additive mappings from S into X, such that A(B,C) = (6(B),58(C)) for all B,Ce Y. Then, A is
(u,p)-reverse derivation from S into X.
Lemma 2.4: Let 6 be Jordan (u,p)-reverse derivation from I'-semiring S into I'S-module X, then for
all a,bes:
d(aab+baa) = d(b)ap(a) + p(b)ad(a) + 6(a)ap(b) + p(a)ad(b).
Proof: d((at+b)a(a+tb)) = d(at+b)au(atb)+ p(atb)ad(atb)

= (8(a)+8(b))a(w(a)ytu(b))+ (p(a)+p(b))a(d(a)+8(b))

= 8(a)ap(a)*é(a)ap(b)+d(b)ap(a)ytd(b)ap(b) + p(a)ad(a)t

p(a)ad(b) + p(b)ad(a)+p(b)ad(b) ...(1)
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On the other hand,
d((at+b)a(a+b)) = 8( ana+aab+baa+bab)
= d(ana) + d(bab) + d(aab+baa)
= d(a)a(a) + p(a)ad(a) + o(b)au(b) + p(b)ad(b) + d(aab+baa) ...(2)
By comparing (1) and (2), we have
d(aab+baa) = d(b)au(a)+ p(b)ad(a)+ d(a)ap(b)+ p(a)ad(b).
Definition 2.5: If § is Jordan (u,p)- reverse derivation from additive inverse I'-semiring S into I'S-
module X, then we define y by
y(a,b), = é(aab)- d(b)au(a)-p(b)ad(a), for all a,b€eS, ael.
Example 2.6:
Let S be a I'-semiring, X be a I'S-module, and a€S, such that al"'a=(0) and xI"al'x=0, for all x€S. But
xI'al'y=0, for some x,y €S, such that x#y. Also, let 6 be a mapping of S into X defined by:
d(x)=xaataax, for all X€S, a€l.
It is clear that I is a Jordan (u,p)- reverse derivation on S into X, which satisfies .

In the following lemma, we present the properties of y(a,b),.
Lemma 2.7: If S is additive inverse I'-semiring , X is I'S-module, and & is Jordan (u,p)-reverse
derivation from S into X, then for all a,b,c €S, €T
I) W(aab)(x: '\V(baa)a
i) y(ate,b)e= y(a,b)at y(c,b)g
iii) y(a,b+c),= y(a,b), + y(a,c)..
Proof:
1) 6(aab+boa) = d(b)ap(a)t+ p(b)ad(a)+ o(a)aw(b)+p(a)ad(b)
d(aob)+d(baa)= d(b)ap(a)t p(b)ad(a)t+ d(a)ap(b)+ p(a)ad(b)
d(aob)- 3(b)ap(a)- p(b)ad(a)= -6(baa)+ d(a)ap(b)+ p(a)ad(b)
W(aab)(x: '\V(baa)a
ii) y(atc,b)= 8((atc)ab)- d(b)au(a + c)-p(b)ad(atc)
= d(aab + cab) —-d(b)a(p(a)tu(c)) - p(b)a(d(a)+5(c))
= §(aob)+8(cab) —d(b)ap(a) — d(b)ap(c)- p(b)ad(a) - p(b)ad(c)
= d(aab) —d(b)a(a) - p(b)ad(a) + 6(cab) —d(b)au(c) - p(b)ad(c)
= y(a,b).t y(e,b)q
iii) y(a,b+c),= d(aa(b+c))- d(btc)ou(a)-p(b+c)ad(a)
= d(aab+aoc) — (8(b)+8(c))ap(a) - (p(b)+p(c))ad(a)
= d(aab)+d(aac) —d(b)a(a)- o(c)ap(a) —p(b)ad(a)-p(c)ad(a)
= 8(aab) —d(b)ap(a) —p(b)ad(a)+ d(aoc) - 8(c)ap(a) -p(c)ad(a)
= y(a,b)e + Y(a,c)e
Lemma 2.8: : If S is I'-semiring with additive invertible identity and X is I'S-module, then & is
Jordan (u,p)-reverse derivation from S into X iff y(a,b),=0, for all a,b€S, o€l
Proof: By Lemma 2.4, we get
d(aab+baa) = d(b)ap(a) + p(b)ad(a) + 6(a)a(b) + p(a)ad(b) ..(D
Now, we have the following:
Since & is additive mapping, then we have
d(aab+baa) = d(aab)+ 6(baa)
= d(aab) + d(a)ap(b) +p(a)ad(b) ...(2)
By comparing (1) and (2), we get
d(aab) — d(b)a(a) + p(b)ad(a) =0
v(a,b),=0
Converse: Obvious.
Theorem 2.9: Every Jordan (u,p)- reverse derivation from I'-semiring S with additive inverse identity
into I'S-module X is (u,p)-reverse derivation from S into X.
Proof: Let & be Jordan (u,p)- reverse derivation from I'-semiring S into I'S-module.
Then, by Lemma 2.8, we get
y(a,b),=0
Now, by Lemma 2.8, we get
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d is (u,p)-reverse derivations from S into X.
Proposition 2.10: Every Jordan (u,p)-reverse derivation from I'-semiring S into 2-torsion free I'S-
module is Jordan triple (u,p)-reverse derivation from S into M.
Proof: Since & is Jordan (u,p)-reverse derivation from S into X,
Then, by replacing apb+bfa by b in lemma 2.4, we get
d(ao(afb+bpa) +( apb+bpa)aa) = 6( (aca)pb+ (aab)Ba +(aab)Pa+ (baa)Ba)
= d(b)Pu(aap(@) + pb)Pd(a)op(a) + pb)Pp(a)ad(a)t d(a)pudlaw(a) + p(@)Bd(b)ap(a) +
p(a)pp(b)ad(a)+ d(a)Bu(b)op(a) + p(a)Bd(b)ap(a) + p(a)Bp(b)ad(a)+d(a)pu(b)ap(a) +
p(b)Bd(a)ap(a) + p(a)Bp(a)ad(b) (1)
On the other hand,
d(aa(apb+bpa) +( apb+bPa)aa)= d(acafb+ aabfat aabPfat+baafa)
= 3(b)Pu(a)ap(a) + n(b)pd(a)ap(a) + p(b)Bp(a)ad(a)+
6(2aabPa)+ &(a)pp(b)op(a) +u(b)Bd(a)ap(a) + p(a)Bp(a)ad(b) -(2)
By comparing (1) and (2), we get
25 (aabPa) = d(a)pu(b)ap(a) + w@)pd(b)ap(a) + p(a)pp(b)ad(a)t d(a)Bu(blap(a) + p(a)Bd(b)ap(a) +
p(a)Bp(b)ad(a)
Since X is 2-torsion free, then we get
d(aabPa)= 3(a)pu(b)ap(a) + w(a)pd(b)ap(a) + p(a)Bp(b)ad(a)
Thus, 6 is Jordan triple (u,p)-reverse derivation from S into X.
3. Generalized (u,p)-Reverse Derivations from I'-Semirings S into I'S-module X
Definitions 3.1: Let S be I'-semiring and X be I'S-module. Then, an additive map & from S into X is
called generalized (u,p)- reverse derivation from S into X, associated with (u,p)-reverse derivation &
from S into X, if and only if, for all a,b€S, o€
&(aab) = &(b)ap(a)+p(b)ad(a).
& is called Jordan generalized (u,p)- reverse derivation from S into X, associated with Jordan (u,p)-
reverse derivation 6 from S into X, if for all a,b €S, a€rl":
&(aca) = E(a)o(a) + p(a)ad(a).
& is called Jordan generalized triple (u,p)-reverse derivation from S into X, associated with Jordan
triple (u,p)-reverse derivation & from S into X, if for all a,b€s, a, BeT":
&(aobBa) = &(@)Bu(b)an(a) + p(a)Bd(b)ap(a) + p(a)Bp(b)ad(a).
Example3.2: Let X be I'S-semiring, as in example 2.2, and & be (u,p)-reverse derivation, as in
example 2.2. We define p,p:S—S by
a 0 0 0 a 0 0 0
l'l(O a)_ (O a) ’ p(O a) - (0 a)'
Then, p and p are automorphisms.
Let & be an additive mapping on S into X defined by
a 0\_(0 O
ZS(0 a)_ (0 a)'

Then, & is generalized (u,p)-reverse derivation on S into X.

Example 3.3: Let R be aring, A, T', and Y are defined as in example 2.3, § be generalized (u,p)-
reverse derivation from A into Y associated with (u,p)-reverse derivation 6 from A into Y, and S, T'y,
and X are as in example 2.3. We define ( as an additive mapping from S into X such that ¢ (a,b) =
(£(a), &(b)). Then, ¢ is generalized (u,p)-reverse derivation associated with (u,p)-reverse derivation
A from S into X, defined as in example 2.3.
Lemma 3.4: Let & be Jordan generalized (u,p)-reverse derivation from I'-semiring S into I'S-module
X, then for all a,b€eS:
&(aob+baa) = g(b)ap(a) + p(b)ad(a) + E(a)ap(b) + p(a)ad(b).
Proof: {((atb)a(atb)) = E(atb)ap(atb)+ p(atb)ad(atb)

= (&(@)yg(b)a(u(@)+u(b))+ (p(a)+p(b))a(d(a)+d(b))

= &(@)ap(a)tg(a)ap(byt(b)ap(a)+E(b)ap(b) + p(a)ad(a)yt

p(a)ad(b) + p(b)ad(a)+p(b)ad(b) (1)

On the other hand,

&((atb)a(atb)) = &( acataab+baat+bab)
=¢(ana) + E(bab) +&(aabt+baa)
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= &(a)ap(a) + p(a)ad(a) + g(b)au(b) + p(b)ad(b) + E(aob+baa) (2
By comparing (1) and (2), we have
&(aob+boa) = E(b)ap(a)+ p(b)ad(a)+ &(a)au(b)+ p(a)od(b)
Definition 3.5: If & is Jordan generalized (u,p)- reverse derivation from additive inverse I'-semiring S
into I'S-module, then we define ¢ by
¢(a,b), = &(aab)- E(b)au(a)-p(b)ad(a), for all a,b€eS, aer.
Example 3.6:
Let S be a I'-semiring, X be a I'S-module, and a€S, such that al'a=(0) and xI"'al'’x=0, for all xeS, but
xI"al'y=0, for some x,y €S, such that x#y. Also, let 6 be a mapping of S into X defined by:
d(x)=xoataax, for all x€S, a€el.
Let & be a mapping of S into X defined by:
¢(x) = xaa forallx e S,anda €T
It is clear that & is a Jordan generalized (u,p)- reverse derivation on S into X, which satisfies ¢.
In the following lemma we present the properties of ¢(a,b),.
Lemma 3.7: If S is additive inverse I'-semiring, X is ['S-module, and & is Jordan generalized (u,p)-
reverse derivations from S into X, then for all a,b,c €S, a€T":
I) (p(aab)a: '(p(baa)ot
i) p(ate,b)e= 9(a,b)st p(c,b)q
i)  o(abtc)= @(a,b), + 9(a,c)..
Proof:
1) {(aab+boa) = (b)ap(a)*+ p(b)ad(a)+ E(a)ap(b)+ p(a)ad(b)
&(aab)Hi(baa)= E(b)ap(a)+ p(b)ad(a)+ &(a)ap(b)+ p(a)ad(b)
&(aob)- &(b)ap(a)- p(b)ad(a)= -E(baa)+ &@)ap(b)+ p(a)ad(b)
(p(aab)a: '(p(baa)u
ii) g(ate,b)e= &((atc)ab)- E(b)au(a + c)-p(b)ad(atc)
= ¢(aob + cab) ~E(b)a(u(a)+u(c)) - p(b)a(d(a)+5(c))
= &(aob)+&(cab) ~&(b)ap(a) —E(b)ap(c)- p(b)ad(a) - p(b)ad(c)
= (aob) —E(b)ao(a) - p(b)ad(a) + &(cab) —(b)ap(c) - p(b)ad(c)
= ¢(a,b)it o(c,b),
iii) p(a,btc)= @(aa(b+tc))- e(b+c)au(a)-t(b+c)ad(a)
= &(aobtaac) — (E(b)+E(c))an(a) - (p(b)+p(c))ad(a)
= §(aob)+E(anc) —E(b)ap(a)- &(c)ap(a) —p(b)ad(a)-p(c)ad(a)
= (aab) —(b)ap(a) —p(b)ad(a)t &(aac) - &(c)ap(a) -p(c)ad(a)
= ¢(a,b), + 9(a,c)a
Lemma 3.8: If S is I"-semiring with additive invertible identity and X is I'S-module, then & is Jordan
generalized (u,p)-reverse derivation from S into X iff ¢(a,b),=0, for all a,b€S, a€eT".
Proof: By Lemma 3.4, we get
E(aabtbaa) = E(b)ap(a) + p(b)ad(a) + &(a)ap(b) + p(a)ad(b) (1)
Now, we have
Since & is additive mapping, we have
&(aabtbaa) = E(aab)+ E(baa)
= (aab) + &(a)ap(b) +p(a)ad(b) -(2)
By comparing (1) and (2), we get
&(aab) — &(b)ap(a) + p(b)ad(a) =0
¢(a,b),=0.
Converse: Obvious.
Theorem 3.9: If S is I'- semiring and X is I'S-module, then every Jordan generalized (u,p)- reverse
derivations from S into X is (u,p)-reverse derivation from S into X.
Proof: Let & be Jordan generalized (u,p)- reverse derivation from I'-semiring S into I'S-module X, then
by Lemma 3.8, we get
¢(a,b),=0.
Now, by Lemma 3.8, we get
& is (u,p)-reverse derivation from I'-semiring S into X.
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Proposition 3.10: Every Jordan generalized (u,p)-reverse derivation from I'-semiring S into 2-torsion
free I'S-module X is Jordan generalized triple (u,p)-reverse derivation from S into X.
Proof: Since & is Jordan generalized (u,p)-reverse derivation from S into X, then
by replacing apb+bpa by b in lemma 3.4, we get
é(aa(apb+bPa) +H( apb+bpa)aa) = &( (aca)pb+ (aab)Pa +(aab)Ba+ (baa)pa)
= &b)Pu@an(a) + pb)Pd(a)apa) + pb)Pp(a)ad(a)t E(a)pudlan(a) + w@Psbap(a) +
p(a)pp(b)ad(a)+ &(a)Pr(b)ap(a) + w(a)pd(b)ap(a) + p(a)pp(b)ad(a)+E(a)Bu(b)apu(a) +
(b)Ba(a)ap(a) + p(a)pp(a)ad(b) (1)
On the other hand,
&(aa(apb+bPa) +( apb+bPa)aa)= E(acafb+ aabPat aabPa+baafa)
= g(b)Bu(a)ap(a) + w(b)Bd(a)op(a) + u(b)Bp(a)ad(a)+
&(2aabBa)+ &(a)Bu(b)ap(a) +u(b)Pd(a)ap(a) + p(a)Bp(a)ad(b) -(2)

By comparing (1) and (2), we get
2(aabPa) = g(a)Pu(b)ap(a) + p(a)pd(b)ap(a) + p(a)pp(b)ad(a)+i(a)pu(b)ap(a) + p(a)pd(b)ap(a) +
p(a)Pp(b)ad(a)
Since X is 2-torsion free, we get
&(aobBa)= E(a)Bu(b)ap(a) + p(a)Bd(b)ap(a) + p(a)Bp(b)ad(a)
Thus & is Jordan generalized triple (u,p)-reverse derivation from S into X.
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