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Abstract 
     Our goal in the present paper is to introduce a new type of fuzzy inner product 

space. After that, to illustrate this notion, some examples are introduced. Then we 

prove that that every fuzzy inner product space is a fuzzy normed space. We also 

prove that the cross product of two fuzzy inner spaces is again a fuzzy inner product 

space. Next, we prove that the fuzzy inner product is a non decreasing function. 

Finally, if U is a fuzzy complete fuzzy inner product space and D is a fuzzy closed 

subspace of U, then we prove that U can be written as a direct sum of D and the 

fuzzy orthogonal complement     
 of D. 

 

Keywords: Fuzzy inner product space, Fuzzy orthogonal vectors, Fuzzy orthogonal 

Complement. 

 

 بعض خواص فضاء الضرب الداخلي الضبابي
 

 جهاد رمضان خضر
 فخع الخياضيات وتطبيقات الحاسبات, قسم العلهم التطبيقية, الجامعة التكظهلهجية, بغجاد, العخاق.

 
 الخلاصة

بعج ذلك لتهضيح هحا الطفههم  الضبابي هجفظا في هحا البحث هه تقجيم نهع ججيج من فضاء الضخب الجاخلي
بخهظا ان كل فضاء الضخب الجاخلي الضبابي هه فضاء القياس الضبابي وكحلك ثم بعض الامثلة تم تقجيطها. 

داخلي  ضخب بخهظا ان حاصل الضخب الجيكارتي لفضائين الضخب الجاخلي الضبابي يكهن مخة اخخى فضاء
فضاء كامل  Uاخيخا اذا كان  تكهن دالة غيخ متظاقصة. ضبابي ثم بخهظا ان دالة الضخب الجاخلي الضبابي

يطكن ان تكتب كجطع  Uفضاء جدئي مغلق ضبابي بخهظا ان  Dضبابي وفضاء ضخب داخلي ضبابي وكانت 
 .Dللفضاء الجدئي     والطتططة العامهدية الضبابية  Dمباشخمن 

1.Introduction  

    It is known that probabilistic inner product spaces is a generalization of inner product spaces. This 

type of spaces are defined in [1]. Also, in a special case, the notion of a probabilistic Hilbert spaces 

was introduced in [2]. Other researcher introduced the fuzzy inner product spaces [3- 6].    

The fuzzy topological structure of a fuzzy normed space was studied by Sadeqi and Kia in 2009 [7]. 

Kider introduced a fuzzy normed space in 2011 [8]. Also he proved that this fuzzy normed space has a 

completion [9]. Again, Kider introduced a new fuzzy normed space in 2012 [10].  

 Kider and  Kadhum, in 2017 [11], introduced the fuzzy norm for a fuzzy bounded operator on a fuzzy 

normed space and proved its basic properties. Then, other properties were proved by Kadhum in 2017 

[12]. Ali, in 2018 [13], proved basic properties of complete fuzzy normed algebra. Kider and Ali, in 
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2018 [14], introduced the notion of fuzzy absolute value and studied properties of finite dimensional 

fuzzy normed space.    

The concept of general fuzzy normed space was presented by Kider and Gheeab in 2019 [15]. They 

proved basic properties of this space and the general fuzzy normed space GFB(V, U) [16]. Kider and 

Kadhum, in 2019 [17], introduced the notion of fuzzy compact linear operator and proved its basic 

properties.   

There is a need to understand how to define fuzzy inner product space to be reasonable to get the 

similar results to the classical case. Therefore, we give a modification for the definition of fuzzy inner 

product space. After that, two examples are solved to show the existence of such type of inner space. 

Then, we prove some properties of this space. 

2. Preliminaries 

Definition 2.1 [8]. Suppose that U is any set, a fuzzy set   ̃in U is equipped with a membership 

function,    ̃:U→ [0,1]. Then   ̃ is represented by   ̃={(u,   ̃   ): uU, 0     ̃      1}. 

Definition 2.2 [2]. Suppose that  :I I I is a binary operation where I=[0, 1], then   is known as a 

continuous triangular norm (or continuous t-norm) if for all              I, the following properties are 

satisfied: 

(1)           , (2)     , (3)                      
(4)          and         then          
Remark 2.3 [11]. (1) If  ,     (0, 1) with      then we can find     (0, 1) with      . (2) If   

  (0, 1), then we can find   (0, 1) with       . 
Definition 2.4 [12]. Let V be  -space,   is a continuous t-norm, and N:V [0.  )  I is a fuzzy set. If 

the following conditions are satisfied for all a, b     and          
 (1) N(a,  )   0, (2) N(a,  )=1 if and only if a=0.     

(3) N(ca,  ) = N(a, 
 

| |
) for all c  0   , (4)N(a,  )   N(b,  )   N(a + b,   +  ). 

(5) N(a, .):[0,  )   I is a continuous function of  .  

(6)             =1, 

then triple (V, N,  ) is known as a fuzzy normed space. 

Remark 2.5 [12]. Assume that (V, N,  ) is a fuzzy normed space and suppose that  V. t 0 and 

q (0, 1). If N(a, t) (1 q), then there is s with 0 s  t such that N(a, s) (1 q). 

Theorem 2.6 [18]. If   is a continuous t-norm, then (1)1  1= 1, (2)0   1 = 0 = 1   0 

(3)0   0 = 0, (4)a   a   a for all a  I.                             

Definition 2.7 [12]. Assume that (V, N,  ) is a fuzzy normed space. Put FB(a, p, t)= {b  V:N(a b, 

t) (1 p)}, FB[a, p, t]= {b  V:N(a b, t) (1 p)}. Then FB(a, p, t) and FB[a, p, t] are known as open 

and closed fuzzy balls, respectively, where a  V is the center and p (0, 1) the radius. 

Definition 2.8 [12]. Assume that (V, N,  ) is a fuzzy normed space and W  V is known as fuzzy 

bounded if there is     and q   (0, 1) with N(w, t)  (1 q) for each w   W. 

Definition 2.9 [12]. A sequence      in (V, N,  ) is said to be converges to v   V if for  each   

  and q   (0, 1) we can find K   with N(   –v, t)   (1 q) for all n K. Or, in other words, 

            –     =1 or           v, or simply represented by    v, v is known as the limit of 

    .        
Definition 2.10 [12]. A sequence      in (V, N,  ) is known as a Cauchy sequence if for all q   (0, 1)  

t  0 there is K   with N(   –   , t)   (1 q)  for all m, n  K. 

Definition 2.11 [12]. Suppose that (V, N,  ) is a fuzzy normed space and W  V. Then the closure of 

W is written by  ̅ or        which is  ̅=  {W B: B is closed in V}. 

Lemma 2.12 [14]. Assume that (V, N,  )  is a fuzzy normed space and W  V. Then w   ̅ if and 

only if we can find      in W with     w. 

Definition 2.13 [14]. A fuzzy normed space (V, N,  )  is known as complete if  whenever      is 

Cauchy se in V then we can find v V with     v. 
3. Fuzzy Inner Product Space 

Definition 3.1 

Let U be a vector space over the field K (where K=  or K= ) and let   be a continuous t-norm. 

Assume that A:U U K I where I=[0, 1] is a fuzzy set, then A is known as a fuzzy inner product if it 

satisfies the following conditions: 
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(A1) A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |), 
(A2) A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ), 

(A3) A(p, q,  ) = A(q, p,  ̅), 

(A4) A(sp, q,  ) = A(p, q, 
 

| |
) for all    0  K, 

(A5) A(p, p,  ) = 0 for all           
(A6) For all   [0,  ), A(p, p,  ) = 1 if and only if p=0, 

(A7) A(p, q, ):    I is a continuous function,  

(A8)               =1, 

for all p, q, w  U. Then (U, A,  ) is called  a fuzzy inner product space. 

Example  3.2 

Let (U,  .,. ) be inner product and a   b=a b for all a, b  I. Define  

A(p, q,  ) = 

{
 
 
 

 
 
 

| |

| | |     |
                { }     

                
            

                                    
           

                                  
                    

 

Then (U, A,  ) is  a fuzzy inner product space. 

Proof 

We will show that all conditions of definition 3.1 are satisfied. 

(A1)(1) If | |=0 and | |  0, then A(p, w, | |)=0, and notice that 
|       |= |            | 
  |      | + |     |. Also 

|       |   |     |  which implies | | + |       |    | | + |     | or  
| |

| |   |       |
   

| |

| |   |     |
  that is A(u + v, w, | |)   A(v, w, | |) 

Thus, A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |). 
(2) Similarly, we can show that  

A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |) when | |  0 and | |   . 

(3) When | |=0 and | |=0, then A(p + q, w, | | + | |)=0, A(p, w, | |)=0 and  

A(q, w, | |)=0, thus A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |). 
(4) Now, if | |  0 and | |  0, then we can assume, without losing the generality, 

that A(p, w, | |)   A(q, w, | |) and | |   | |   which implies that 
| |

| | |     |
   

| |

| |  |     |
 or 

| | |     |

| |
   

| |  |     |

| |
 or 

 | |[| |  |     |]   | |[| |   |     |] or  
| | | | + | | |     |   | | | |   | | |     |   0, that is  

| | |     |   | | |     |   0 ……..(1) 

Now, A(p +q, w, | | + | |)   A(q, w, | |) = 
| | | |

| |  | | |       |
   

| |

| | |     |
 = 

 | | | | [| | |     |] | |[| |  | | |       |]

[| |  | | |       |][| | |     |
  

= 

| || | | ||     |  | |  | | |     | | || |

 | |  | ||       |    

[| |  | | |       |][| | |     |
 

= 

| || | | ||     |  | |  | | |     |

 | || | | |  | ||     | | ||     |    

[| |  | | |       |][| | |     |
 

=
| ||     | | ||     |    

[| |  | | |       |][| | |     |
  0  

Since, from equation (1), we obtain  

| | |     |   | | |     |   0. Thus, A(p +q, w, | | + | |)   A(q, w, | |) 
But A(p, w, | |)   A(v, w, | |) by our assumption, hence we have  

A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |). 



Kider                                                        Iraqi Journal of Science, 2021, Vol. 62, No. 7, pp: 2384-2392 
 

2387 

(A2) To show that A(u, v, |  |)   A(p, p, | | )   A(q, q, | | ); 

(1) if  =0 or  =0, then   =0, which implies that A(p, q, |  |)=1, A(p, p, | | )=1 

or A(q, q, | | )=1. Hence, A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ). 

(2) If   =0 and  =0, then   =0, which implies that A(p, q, |  |)=1, A(p, p, | | )=1 

and A(q, q, | | )=1. Hence, A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ). 

(3) If   0 and   0, then | |  0, | |  0 so |  |  0. Without loss of generality, assume 

that A(p, p, | | )   A(q, q, | | ) so 
| | 

| |  |     |
   

| | 

| |  |     |
 or 

| |  |     |

| | 
   

| |  |     |

| | 
 

that is 
|     |

| | 
   

|     |

| | 
 or 

|     ||     |

| | 
   

|     | 

| | 
 that is 

|     ||     |

| | | | 
   

|     | 

| | 
 or 

|     | 

| | | | 
   

|     | 

| | 
  which implies that 

|     |

| || |
   

|     |

 | | 
 or 

|  | |     |

|  |
   

| |  |     |

| | 
  thus 

|  |

|  | |     |
   

| | 

| |  |     |
 . Hence, A(p, q, |  |)   A(q, q, | | ), but 

 A(p, p, | | )   A(q, q, | | ) by our assumption, thus A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ). 

(A3) To show that A(p, q,  ) = A(q, p,  ̅) we know that | |=| ̅| for all    . Now 

A(p, q,  )= 
| |

| | |     |
 = 

| ̅|

| ̅| |     |
 = A(q, p,  ̅). 

(A4) To show that A(sp, q,  ) = A(p, q, 
 

| |
) for all  s 0  K. 

(1) When   0     and p, q are linearly independent, here we have two cases. Case one, if  p,  

q =0, 

then A(sp, q,  ) = 
| |

| | |      |
 = 

| |

| | | ||    |
 = 

| |

| |
 =1. Also, A(p, q, 

 

| |
) = 

 

| |
 

| |
 |     |

= 

 

| |
 

| |

 =1. Thus A(sp, 

q, t) = A(p, q, 
 

| |
). Case two, if  p, q  0, then 

  sp, q =s p, q  0 if s 0. Now, 

 A(sp, q,  ) = 
| |

| | |      |
= 

| |

| | | ||     |
 = 

 

| |
 

| |
 |     |

 = A(p, q, 
 

| |
). 

(2) When  =0  and u, v are linearly independent, then here we have  

A(sp, q,  ) =0= A(p, q, 
 

| |
). 

(A5) Now, A(p, p,  ) = 0 for all          follows immediately from our definition.  

(A6) We prove that when   [0,  ), A(p, p,  ) = 1 if and only if p=0. Now, 

A(p, p,  ) = 1 if and only if 
| |

| | |     |
 =1, if and only if |     |=0, if and only if p=0. 

(A7) To show that A(p, q, ):    I is a continuous function, let (   ) be a sequence in   such that 

       . Now,                ) =       
|  |

|  | |     |
 = 

| |

| | |     |
 = A(p, q,  ). This means 

that                 = A(p, q,  ). Hence, A(p, q, ):    I is a 

 continuous function. 

(A8) Finally, we will show that               =1. Now, 

               =      
| |

| | |     |
 =       

 

  
|     |

| |

 =1. 

Hence, (U, A,  ) is  a fuzzy inner product space. 

Example  3.3 

Let (U,  ., . ) be inner product space and a   b=a b for all a, b  I. Define 

A(p, q,  ) = {

             |     |

            |     | 
                      

  

Then, (U, A,  ) is  a fuzzy inner product space. 

Proof 

We will show that all conditions of definition 3.1 are satisfied. 

(A1) First, we will show that A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |). 
(1) If     |     | and     |     |  then | |   |     | and | |   |     |. 
Thus, [| | + | |]   [|     | + |     |] = |       |. 
So, A(p + q, w, | | + | |)=1, A(p, w, | |)=1, and A(q, w, | |)=1, that is  
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A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |) holds. 

(2) If     |     | and     |     |  then | |   |     | and | |   |     |. 
Thus, [| | + | |]   [|     | + |     |] = |       |. So, 

 A(p + q, w, | | + | |)=0, A(p, w, | |)=0 and A(q, w, | |)=0, that is  

A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |) holds. 

(3) If     |     | and     |     |  then | |   |     | and | |   |     |. 
This implies that A(p, w, | |)=1, A(q, w, | |)=0, so A(p, w, | |)   A(q, w, | |)=1 0=0. 

But A(p + q, w, | | + | |)   0. Thus A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |)  
holds. 

(4) The case      |     | and     |     | is similar to the case (3) and hence is omitted. 

(A2) To show that A(p, q, |  |)   A(q, p, | | )   A(q, q, | | ). 

(1) If | |    |     | and | |    |     |  then 

 | |  | |    |     | |     |= ‖ ‖  ‖ ‖ = |     |  or 

|  |    |     |   which implies that |  |   |     |. Thus, A(p, q, |  |) =1, A(p, p, | | )=1 

and A(q, q, | | )=1, that is A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ) holds. 

(2) If | |    |     | and | |    |     |  then 

 | |  | |    |     | |     |= ‖ ‖  ‖ ‖ = |     | , or 

|  |    |     |   which implies that |  |   |     |. Thus, A(p, q, |  |) =0, A(p, p, | | )=0 

and A(q, q, | | )=0, that is A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ) holds. 

(3) If | |    |     | and | |    |     |  then A(p, p, | | )=1 and 

A(q, q, | | )=0, so A(p, p, | | )   A(q, q, | | )=1 0=0. But 

A(p, q, |  |)   0, that is A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ). 

(4) The case | |    |     | and | |    |     | is similar to case (3) and hence 

is omitted. 

(A3) A(p, q,  ) = A(q, p,  ̅) follows immediately from our definition. 

(A4) A(sp, q,  ) = A(p, q, 
 

| |
) for all  s 0  K follows from the property 

|      |= | ||     |. 
(A5) A(p, p,  ) = 0 for all         follows immediately from our definition. 

(A6) We prove that   [0,  ), A(p, p,  ) = 1 if and only if p=0. Now, if p=0, then |     |=0 and 

   |     |  implies A(p, p, t) = 1. But if A(p, p, t) = 1, 

then |     |      0, which implies that |     |=0 so p=0. 

(A7) A(p, q, ):    I is a continuous function, which is clear. 

(A8) It is clear that               =1. 

Hence (U, A,  ) is  a fuzzy inner product space. 

The next result shows that every fuzzy inner product space is a fuzzy normed space.  

Theorem 3.4 

If (U, A,  ) is  a fuzzy inner product space where a   b=a b for all a, b  I, when we define 

  (p,  ) = {
                       

                  
, 

then (U,   ,  ) is a fuzzy normed space. 

Proof 

To check that all the conditions of definition 2.4 are satisfied. 

(1) It is clear that  0    (p,  ) 1. 

(2) Also,   (p,  )=1 if and only if p=0. 

(3) Now,   (sp,  ) = A( p, sp,   ) = A(p, p, 
  

| | 
) =   (p, 

 

| |
) for all  s 0  K. 

(4) We will show that   (p + q,   +  )     (p,  )     (q,  ). 

We consider the following cases: 

(1) When   0 and   0, then (  +  ) 0 

(2) When (  +  ) 0,    0 and   0 or (  +  ) 0,   0 and    0. 

(3) When (  +  ) 0,    0 and    0. 

For cases (1) and (2), the result is obvious. Now, 

  (p + q,   +  )= A(p + q, p + q,      ) = A(p + q, p + q,   +  +   +  )  
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   A(p, p,   )   A(q, q,   )   A(p, q,   )   A(q, p,   ) 

  A(p, p,   )   A(q, q,   )    (p,  )     (q,  ).  

(N5) is clear. 

Hence, (U,   ,  ) is a fuzzy normed space. 

Theorem 3.5 

If (U,   ,  ) and (U,   ,  ) are two fuzzy inner product spaces, where      =min{ ,  }, where all 

 ,    I, then (U, A,  ) is also a fuzzy inner product space when we define A(p, q,  ) =   (p, q,  )   

  (p, q,  ) for all u, v  U. 

Proof 

We will show that all conditions of definition 3.1 are satisfied. 

(A1) First, we will show that A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |). 
A(p + q, w, | | + | |) =   (p + q, w, | | + | |)     (p + q, w, | | + | |) 
     (p, w, | |)     (q, w, | |)     (p, w, | |)     (q, w, | |) 
 = [  (p, w, | |)     (p, w, | |)]   [  (q, w, | |)     (q, w, | |)] 
 = A(p, w, | |)   A(q, w, | |). 
(A2) To show that A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ). Now, 

A(p, q, |  |) =    (p, q, |  |)     (p, q, |  |) 
     (p, p, | | )     (q, q, | | )     (p, p, | | )     (q, q, | | ) 

   [  (p, p, | | )     (p, p, | | )]   [  (q, q, | | )     (q, q, | | )] 

  = A(p, p, | | )   A(q, q, | | ). 

(A3) To show that A(p, q,  ) = A(q, p,  ̅). We know that 

A(p, q,  ) =   (p, q,  )     (p, q,  ) =   (q, p,  ̅)     (q, p,  ̅) = A(q, p,  ̅). 

(A4) To show that A(sp, q,  ) = A(p, q, 
 

| |
) for all  s 0  K. Now, A(sp, q,   ) =   (sp, q,  )     (sp, 

q,  ) =   (p, q, 
 

| |
)     (p, q, 

 

| |
) = A(p, q, 

 

| |
). 

(A5) To show that A(p, p,  ) = 0 for all        . Let 

A(p, p,  ) =   (p, p,  )     (p, p,  )=0   0=0 for all        . 

(A6) To prove that when   [0,  ), A(p, p,  ) = 1 if and only if p=0, then 

A(p, p,  ) = 1 if and only if   (p, p,  )     (p, p,   )=1, if and only if   (p, p,  )=1 and   (p, p, 

 )=1, if and only if p=0. 

(A7) It is clear that A(p, q, ):    I is a continuous function since  

   (p, q, ):    I is a continuous function and   (p, q, ):    I is a continuous function. 

(A8) It is clear that                =1, since                =1 and 

                =1. Hence, (U, A,  ) is  a fuzzy inner product space. 

The proof of the next result is similar to the proof of Theorem 3.5 and hence is omitted. 

Corollary 3.6 

If (U,   ,  ), (U,   ,  ), …, (U,   ,  )  are fuzzy inner product spaces where      =min{ ,  }, 

where  ,    I, then (U, A,  ) is also a fuzzy inner product space when we define A(p, q,  ) =   (p, 

q,  )     (p, q,  )  …     (p, q,  ) for all p, q  U. 

The proof of the next result is similar to the proof of Theorem 2.5 and hence is deleted. 

Theorem 3.7 

If (U,   ,  ) and (V,   ,  ) are two fuzzy inner product spaces where      =min{ ,  }, where  , 

   I, then (W, A,  ) is also a fuzzy inner product space when we define 

 W=U V and A[(  ,   ), (  ,   ),  ) =   (  ,   ,  )     (  ,   ,  ) for all   ,      U and   ,     

 V. 

The proof of the next result is similar to the proof of Theorem 3.7 and hence is omitted. 

Corollary 3.8 

If (  ,   ,  ), (  ,   ,  ), …, (  ,   ,  )  are fuzzy inner product spaces where      =min{ , 

 }, where  ,    I, then (U, A,  ) is also a fuzzy inner product space when we define U=         

…     and A[(  ,   ,…  ), (  ,   ,…  ), t) =   (  ,  ,  )    

  (  ,   ,  )  …     (  ,   ,  ) for all ,         and         for j=1, 2, …,n. 

The proof of the next result is straightforward and hence is deleted. 

Proposition 3.9 

If (U, A,  ) is a fuzzy inner product space, then 
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(1) A(w, p + q, | | + | |)    A(w, p , | | )   A(w, q, | |). 
(2) A(sp, q,  ) = A(p, sq,  ) for all s 0   K. 

(3) A(p, q,  )   A(p, 0,  )  and A(p, q,  )   A(0, q,  )   for all     (0,  ). 

Lemma 3.10 

The fuzzy norm    is a non decreasing function. 

Proof 

We will show that if      then   (p,  )     (p,  ). Now suppose that this fails. 

That is,   (p,  )     (p,  ) for some  0  t s. Then,   (p,  )     (0,    )     (p,  )     (p, 

 ), but   (0,    )=1. Thus,   (p,  )     (p,  ), which is a contradiction. 

Lemma 3.11 

The fuzzy inner product is a non decreasing function. 

Proof 

We will show that if     then A(p, q,  )   A(p, q,  ). Now, suppose that this fails. That is, A(p, q, 

 )   A(p, q,  ) for some  0     . Then, 

A(p, q,  )   A(0, q,    )   A(p, q,  )   A(p, q,  ), but A(0, q,    )=1. 

Thus, A(p, q,   )   A(p, q,  ), which is a contradiction. 

Theorem 3.12 

Let (U, N,  ) be a fuzzy normed space. Define  

A(p, q,   +  ) = {

                             
                           

    | |      | |             
 

Then, (U, A,  ) is a fuzzy inner product space.  

Proof 

We will show that all conditions of definition 3.1 are satisfied. 

(A1) To show that A(p + q, w, | | + | |)   A(p, w, | |)   A(q, w, | |) 
A(p + q, w, | | + | |)= A(p + q, w, | | + | | + 0)= N(p + q, | | + | |)   N(w, 0) 

= N(p + q, | | + | |)   N(p, | |)   N(q, | |)  [N(p, | |)   N(w, 0)]   [N(q, | |)   N(w, 0)]= 

A(p, w, | |)   A(q, w, | |). 
(A2) To show that A(p, q, |  |)   A(p, p, | | )   A(q, q, | | ). Now,  

A(p, q, |  |)= N(p, |  |)   N(q, |  |), but by lemma 2.10, |  |   | |  implies 

N(p, | |)   N(p, | |), also N(q, |  |)   N(q, | |). Thus, A(p, q, |  |)   N(p, | |)   N(q, | |) =A(p, 

p, | | )   A(q, q, | | ). 

(A3) To show that A(p, q,  ) = A(q, p,  ̅). Let A(p, q,  )= N(p, 
| |

 
)   N(q, 

| |

 
) = N(q, 

| ̅|

 
)   N(p, 

| ̅|

 
)= A(q, p,  ̅). 

(A4) To show that A(sp, q, t) = A(p, q, 
 

| |
) for all  s 0  K. Let A(sp, q,  )= N(sp, | |)   N(q, 0)= 

N(p, 
| |

| |
)   N(q, 0)= A(p, q, 

 

| |
). 

(A5) A(p, p,  ) = 0 for all          follows immediately from our definition. 

(A6) Now to show that for all   [0,  ), A(p, p,  ) = 1 if and only if p=0. We know that A(p, p,  )= 

1for all   1if and only if N(p, √ )=1, if and only if p=0. 

(A7) it is clear that A(p, q, ):    I is a continuous function, since N(p, .) is a continuous function. 

(A8) Finally, to show that               =1. Let  

              =            | |              | | = 1 1 =1. Hence, (U, A,  ) is a fuzzy 

inner product space. 

The proof of the next result is similar to the proof of Theorem 3.12 and hence is omitted. 

Theorem 3.13 

Let (U,   ,  )  and (V,   ,  )  be two fuzzy normed spaces. Define  

A(p, q,   +  ) = {

                             
                           

     | |       | |             
 

 and W=U V. Then, (W, A,  ) is a fuzzy inner product space.  
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Definitions 3.14 

Let (U, A,  ) be a fuzzy inner product space.  

(1) The vector p U is said to be fuzzy orthogonal to the vector q U and is denoted by p    q if A(p, 

q,  )=1 for some    (0,  ). 

(2) The vector p U is said to be fuzzy orthogonal to subset D of U if p    d for  

every d 0   D. 

(3) D   U is known as a fuzzy orthogonal set if d       for 

every d,      D. 

(4) If D is a subset of U, then the fuzzy orthogonal complement of D is known as    
={p  U: p    d 

for every d   D}. 

The proof of the next result is straightforward and hence is omitted. 

Lemma 3.15 

If D is a subspace of the fuzzy inner product space (U, A,  ), then    
is a subspace of U. 

Definition 3.16 

The fuzzy inner product space (U, A,  ) is known as fuzzy complete if every Cauchy sequence (  ) 

in U fuzzy converges to u U. 

Theorem 3.17 

If (U, A,  ) is fuzzy inner product space and D is a fuzzy complete subspace of U, then for any u U, 

we can find a unique d D with  =         (u   ,  )=  (u d, t) for some    (0,  ). 

Proof 

First, we show the existence of such d D. Using the definition of supremum, we can find (  )  D 

with        where   =  (u    , 
 

 
). We will show that (  ) is Cauchy. Put   =(   u), so we have 

  (  , 
 

 
)=   . Now,       =       and when n, m   N     we obtain 

  (      ,  )=   (       ,  )    (   , 
 

 
)     (   , 

 

 
)            

Now, choose r (0,  ) with           (1 r). This implies that 

  (      ,  )   (1 r) for each n, m   N. Hence, (  ) is Cauchy in D, but D is fuzzy complete, so 

we can find d  D with     d and    (u d, t)      Now 

   (u d,   )=   (u     +     d,  )     (u    , 
 

 
)     (      d, 

 

 
)        1. By taking limit to 

both sides, as n     , (     1)  (    1)= , hence, 

  (u d,  )     which implies that    (u d,  )=  . 

Finally we show that such d is unique. Assume that d,      D satisfies both 

  (u d,  )=   and   (u    ,  )=  . Now, 

  (d    ,  )=   (d            ,  )     (d     , 
 

 
)     (       , 

 

 
). 

By taking limit to both sides as n      we have   (d    ,  )=1, so d=  . 

Theorem 3.18 

Let (U, A,  ) be fuzzy inner product space and if, in Theorem 3.17, D is a fuzzy complete subspace 

of Y, then for fixed u U, the vector z=u d is fuzzy orthogonal to Y. 

Proof 

If z is not fuzzy orthogonal to Y, then we can find y  Y with A(z, y,  )  1. It is clear that y 0, since 

otherwise A(z, y,  )=1. Let y be chosen so that       (y,  )     . Now,   (z,  ) =   (u d,  ) =   

and    (z y, 2  )     (z,  )     (y,  ) =       (y,  )     . But this is impossible because we 

have z y = u d y = u    where   =(d + y)  Y, so that   (z y, 2  )   by the definition of  . 

Hence, z must be fuzzy orthogonal to Y. 

Theorem 3.19 

If (U, A,  ) is fuzzy complete fuzzy inner product space and D is a fuzzy closed subspace of U. Then 

U= D      
. 

Proof 

By using U is fuzzy complete and D is fuzzy closed, and we have that D is fuzzy complete, then using 

Theorem 3.18 and Theorem 3.17, for every u U we can find d D with u=d + z, where z     
. To 

prove that u has one representation, let u=d + z and u=    +      
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where d,     D and z,         
. Then, d   =z     but d      D whenever z         

  This 

implies that d      (D      
)= {0}. Thus, d =   . Similarly z =   . 

Theorem 3.20 

If (U, A,  ) is fuzzy complete fuzzy inner product space and D is a fuzzy closed subspace of U, then 

D =      
. 

Proof 

If d   D, this implies that d       
  which implies that d         

  Thus, D        
. On the other 

hand, assume that u        
and u=d + z, by Theorem 3.19, where d   D        

. But,      
 is a 

subspace of U and u       
  By our assumption, we also have z= u d        

   so z is fuzzy 

orthogonal to    
. Now, we have z   z, thus z=0, thence u = d, that is u D. Therefore,      

  D. 

Hence, D =      
.  

Conclusions  

In the present paper, we tried to present a definition of fuzzy inner product space,  in order to define 

next fuzzy complete fuzzy inner product spaces, known as fuzzy Hilbert spaces, which will be 

reasonable enough to be extended. For the extension of fuzzy complete fuzzy inner product spaces, 

this notion can be very helpful to us and other 

authors to introduce  easier proofs to some results in the ordinary case. 
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