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Abstract:

In this paper we discuss the Zariski topology of intuitionistic fuzzy d-filter in d-
algebra, with some topological properties on the spectrum of intuitionistic fuzzy d-
filter in d-algebra X which have algebraic features such as connectedness. We find
that this topology is a strongly connected, and T, space. We also define the
invariant map on intuitionistic fuzzy prime d-filter with a homomorphism map.
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1. Introduction
A class of abstract algebras (BCK-algebra) is introduced by Imai and Iseki in 1966,then after
Neggers and Kim introduced a valuable generalisation as a d-algebra in 1999 [1]. Atanassov
generalised the fuzzy set idea which is introduced by Zadeh in 1965 to the notion of
intuitionistic fuzzy set in 1986 [2]. In [3], A. K. Hasan in 2014 considered the idea of a d-
filter in d-algebra with other notations such as semi d-ideal, and fuzzy semi d-ideal of d-
algebra. In [4], H. K. Abdullah and A. K. Hasan studied the spectrum of intuitionistic fuzzy
semi d-ideal. The concept of intuitionistic fuzzy d-algebra is introduced by Jun et al. in 2006
[5].

In 2020 the notation of intuitionistic fuzzy d-filter of d-algebra and intuitionistic fuzzy prime
d-filter are discussed by Hasan in [6] ,and he also gave as a generalization of his work in [3].
Algebraic geometry is a branch of mathematics that deals with solving many algebraic
equations and structures using advanced techniques to attain applications based on algebraic
geometry. In this paper we discuss the Zariski topology of intuitionistic fuzzy d-filter in d-
algebra to study these theories, and we also develop a tool based on algebraic structures and
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topology. This paper also examines the topological properties of Zariski topology on the
spectrum of d-algebra X, which have algebraic features such as connectedness as well as we
find this topology is a strongly connected and satisfying the T, space. We also define the
invariant map on intuitionistic fuzzy prime d-filter with a homomorphism map.

2. Background

This section contains the essential concepts of the d-filter in d-algebra and intuitionistic fuzzy
notions in d-filter and prime d-filter.

Definition (2.1): [1] A d-algebra is every non-empty set M with a binary operation % and a
constant 0 which satisfies that:

hxh=0,

0% h=0,and

IfhAixg=gxh=0,thenh=gVhgeM.

We will write #hg instead of A % g. It is said to be commutative if A(hg) = g(gh) for all
h,g € M, and g(gh) is denoted by (h A ¢).

Henceforth M denotes a d-algebra.

Definition (2.2): [1] A bounded d-algebra M has an element e € M such that A < e for all
h € M, that means he = 0,V h € M. In bounded d-algebra we denote ei by A* for every
heM.

Definition (2.3): [3] A d-algebra M is called d® — algebra if it satisfies the following
conditions:

(S1) R0 =nh

(S,) (hg)r = (hX))g.V h,g, A € M.

Definition (2.4): [3] A non-empty subset X of a bounded d-algebra M is called a d-filter of
M if

(F1) e € X,

(F2) (h*g™)* e R,andg e Ximplyh e X,V h,g € M.

Definition (2.5): [3] A proper d-filter X of d-algebra M is said to be prime if hAg € X, for
any h,g¢ € M implies that either A € X or g € X.

Definition (2.6): [2] An intuitionistic fuzzy set (IFS) X in a set M is an object having the
form X = {< d, ax(d), Bx(d) >: d € M}, such that ay: M — (0,1) denotes the membership
degree and fx: M — (0,1) denotes the non-membership degree for all d € M to set X, and
0 < ax(d) +px(d) <1, foralld € M.

In this paper, we will use the notation X = {< ay, Bx > }.

Definition (2.7): [7] Let M, R be d-algebra with a homomorphism mapping f: M - R, and
let £ be IFS in M. We define IFS f(£) in R, as follows

f(L) (r) = < ) (9), By (¢) >, Where

_ {supay(h) ,h € M,f(h) = g iff~1(g) = 0 q
ey () { 0 Otlherwise  an
_(infpy(h) hEM,f(R) =g iff-'(g)#0
Brco () { 0 Otherwise '

Vge€R.

Definition (2.8): [6] An intuitionistic fuzzy d-filter of M (‘IFd — filter’) is an IFS
N =< ay, fx > In M that satisfies:

(IFdFy) ax(e) = ax(h), Bx(e) < Bx(h), and
(IFdF) ax(h) = min{ax((h*g")"), ax(g)}, Bx(h) < max{Bx((h"g")"), Bx(g)},
forall A,g € M.

Definition (2.9): [6] An [Fd — filter is called prime (‘IFPd — filter’) in M it is an
IFd — filter X = < ay, fx > of M that satisfies:

(IFPAF,) ax(h A ¢) < max{ayx(h), ax(g)} ,and
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(IFPAF;) Bx(h A g) = min{x(h), Bx(g)} for all h,g € M.
Theorem (2.10): [6] Let f: M — F be a d-homomorphism and X an IFPd — filter of F,

then f~1(X) is an IFPd — filter of M (Hasan, 2020, p. 368).

Theorem (2.11): [6] Let f be an epimorphism of d-algebra from M to F, and let X =<
ax, By > be an IFS in d-algebra F. If f~1(R) = < a-1(x), B-1(x) > is an IFPd — filter in
M, then X = < ay, fx > isan IFPd — filter of F.

Definition (2.12): [8] Let w,9 € (0,1) such that w +9 < 1 is an intuitionistic fuzzy point

and f, ) is defined to be an IFS in M, which is defined by %, 5)(g) = {(w’ﬂ) ifg =h

(0,1) ifg#n

all g in M, and h, ) € R ifand only if a < wy(h) and B = Ix(h).
Definition (2.13): [7] IFSO0 and 1 in M are defined as 0 = {(#,0,1),A € M} and 1 =
{(n,1,0), h € M}, where 1 and 0 are maps constantly sending the elements of M to 1 and O,
respectively.
Definition (2.14): [9] If Nand H areIFS, and they are defined as follows:
RI = {< hagy(R), Pxac(R) > h € M} = < ax. as, Py Prc >
Definition (2.15): [10] Let X be IFS of M, set A(R) = {(wg, 9y), (w1,97), ..., (0, 9},
where (w;,9;) € [0,1] suchthat w; +9; <1, foralli=1,2,..,n
Notation (2.16): Let XbelFd — filter of M . A level cut set is defined as
R, = {h € M, ax(h) = ax(0), Bx(1) = Bx(0)}
Definition (2.17): A non-constant IFd — filter X of M is called intuitionistic fuzzy maximal
d-filter (IFMd — filter) , if for any IFd — filter H of M if X € H, then either #, = X,
orH, =M.
It is easy to proof the next theorem.
Theorem (2.18): Let X be IFPd — filter(IFMd — filter) of M , then X, is a prime
(maximal) d-filter of M
3. Zariski Topology on Intuitionistic Fuzzy d-filter

In this section we discuss Zariski topology from the intuitionistic d-filter spectrum and
examine some of its properties.
Notation (3.1):
(i) x=P{Pisan IFPd — filter of M}.
(i) V(R) = {P € x,X € P,where Xisan IFd — filter of M}.
(i) x(X) = x \ V(X), the complement of V(X) in M, y(X) = {P € y,X £ P}.
Proposition (3.2): Let X and H be [Fd — filter. If 8 € H,then V(H) € V(R).
Proof: Let P € V(H) sowe have H € P. Then, R € H < P, and P € V(R).
Proposition (3.3): If the smallest IFPd — filter P contains X, then V(X) = V(P).
Proof: We hold that V(P) < V(X) by proposition (3.2). Therefore, let S € V(X) where X C S.
However, P is the smallest I[FPd — filter containing X P < §,s0 S € V(X). Thus, V(X) =
V(P).
Proposition (3.4): If X be an [Fd — filter then V((R)) = V(R).
Proof: Let S € V(X) sothat X € S, and this gives (X) € Sand S € V((X)).
Conversely, let SeV((X)) and (X) < S since NC(R)YCSS, we get SeV().
Therefore,V ((R)) = V(X).
Proposition (3.5): If X and # are two [Fd — filters,then V(RU H) S V(X) U V(H).
Proof: Since RS RUH and H S RUH, VIRUH) S V(X)) and V(RU H) S V(H). Thus,
VIRUH) S V(X)UV(H).

It is clear that the converse of proposition (3.5) is not true, since if P € V(X)U

V(H),PeVX)orPeV(H)and X S P or H < P, which does not include that X U H <
P.

for
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Definition (3.6): The prime radical rad(X) of IFPd — filter X is the intersection of all
IFd — filters of M containing X. In case there is no IFPd — filter, we say that rad(X) =
1.

The proof of the next two propositions are easy so that it is omitted

Proposition (3.7): If X isan IFd — filter, then

i) N € rad(X)

i) rad(rad(R)) = rad ().

iii) If X [FPd — filter,then rad(X) = X.

iv) If X € #,then rad(X) S rad(H).

Proposition (3.8): For any IFd — filters X and #, the following statement will hold:

) V(R) =V(rad(X)) and

i) V(X)) = V(#) ifand only if rad(X) = rad(H).

Note that the topological notations and concepts such as the connected space and Ty in the
following theorems are taken from Munkres’ work [11].

Theorem (3.9): Let 3 = {y(X),X is an IFd — filter in M'}. Then J is a topological space
on y.

Proof: We know that V(0) =M and V(1) =@. Therefore, x(0) =9, x(1) =M and
O,M €S.

Now let X; and X, be any two IFd — filters, and let H € V(X;) U V(X,). This means that
N, € H or R, © H (by notation [3.1, ii]) and X; N X, € H . Therefore, H € V(X; N R,), and
N, NN, S H, s0 R;.R, S H (by definition [2.15]). Then, 8; € H or X, C H, thus H €
V(X)) UV(R,). Hence, V(X;) UV (R,) = V(X; N X,), and that means (by notation [3.1, iii]),
that y(8,) N y(X,) = y(8; N R,). J is closed under the finite intersection.

Finally, if we have {X; i € A} as a family of IFd — filters of M,we can validate that
U{V(R;),i € A} =V({U{R; i € A})), that means that U;cp x(R;) = x((U;ea X;)). Hence I
is closed with arbitrary unions. Therefore 3 is a topological space.

Remark (3.10): The topological space (M,<3) that defined in theorem (3.9) is named the
Zariski topology of the intuitionistic fuzzy prime d-filter of d-algebra and is signified by
IFPd — filter — Spec(M) or simply y.

Theorem (3.11): The sub-family {)((x(wﬂg)),x €M and w,9 € (0, 1], such that w + 9 < 1}
of y, is a base for .

Proof: Let y(RX) € J, and H € y(X). Then, as () < ax(x) and By () > Bx(3¢) for some
% € M. Let ay(x) = w and By(x) = 9, then s, 9y € R and R € x(3(0.9))-

Now V(R) € V(x(y,0)), because if P € V(X), then ap(x) = ax(x) = w = x5 (), and

Bp(x) < Br(x) =v =Py, (x).  Therefore,  x9SP and PE V(#(w,9))-
Hence, x(#w9)) € x(X) and H € x(3p9)) S x(X). The proof is completed.

Theorem (3.12): The Zariski topology of M is disconnected if and only if there are two
—filters X, I such that rad(X U H) = rad(1) and rad(X N H) = rad(0).

Proof: Assuming J is a disconnected space, we have two IFd — filters X, H in M such that
XR) =0, () =0, ()N y(H) =0 and y(X) U y(H) = Spec(M). This means that
x(R) N x(#H) = x(0) and x(X) U x(3) = x(1). Consequently, we get x(R nH) = x(0)
and y(R U ) = x(1). Accordingly, and by proposition (3.10, ii) rad(® N ) = rad(0) and
rad(X U #) = rad(1). The proof is completed the converse way.

A strongly connected subset F of a topological space on M can be defined as follow: For any
open subset U and V of M; if FS UUV, then FC U or F S V [12]. It is clear that any
strongly connected is connected.

Theorem (3.13): Any open set of Zariski topology 3 is strongly connected.
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Proof: Let $ be a collection of an IFPd — filter of 3 and let X, H be an IFd — filter in M.
Since $ S y(R) U y(H) € y(RUH), by proposition (3.5) it follows that $ < y(X) or
9 € y(H), and this completes the proof.

The converse of previous theorem need not to be true in general to see that if one takes any
closed strongly connected set in this variety.

Theorem (3.14): The Zariski topology 3 on M is a T,.

Proof: For X, € y and X = H, we have either R € H or H € X. Let X € H and H ¢ V(X)
but X € V(R); then H € X(X) and X & X(R). If H &€ X, we notice that X € X(H), but
H & X(H). Spec(M) is a Ty,

Theorem (3.15): In Spec(M), V(X) = {R} for all IFd — filters in M.

Proof: We know that V(X) is a closed set containing &, so {&} € V(X). Now let ¢ {K};
now there is an open set X \ V(F) embracing H but not K. Therefore, F € #, but F € X and
H ¢ V(R). Thus, V(X) < {R}.

Corollary (3.16): For any IFd — filter 7, % € {&} if and only if & < (.

The proof comes directly from theorem (3.15).

Theorem (3.17): Let w,9 €[0,1] such that w+9<1 and let Y ={P € y: A(P) =
{(0,1), (w,9)}}, then the subspace Y is T; if and only if every singleton element of Y is
IFMd — filter of M.
Proof: Let {X} be a closed set, then V(X) n'Y = {X}, by theorem (3.15). In order to show that
N is IFMd — filter of M, we have to show that the d-filter X, ={h € M ,ax(h) =
ax(0), Bx(h) = Bx(0)} is a maximal, so we need to show that there is no prime d-filter of M
probably containing X,.
Let / be some prime d-filter of M probably containing X,. Consider an IFd — filter H of M

) (1 ifhe] (0 ifhe]
which is defined by a5 (h) = {oo otherwisw’ Bac(h) = {oo otherwisw

Then H € Y, and X probably contained in . This contradicts the fact that V(X) N Y = {X}.
Conversely, let X be IFMd — filter of M, then X, ={h € M ,ay(h) = ax(0),Bx(h) =
Bx(0)} is a maximal. We claim that V(X) nY = {X}. Clearly {X} S V(X) nY. Next let
HeV®)NY, then X € H and X, € H,. That means X, = H,, since X, is a maximal d-
filter. Hence X =%, since A(X) = A(H) ={(0,1), (w,9)}. Therefore, (X)) NY = {X} .
Consequently, {X} is a closed subset of Y

Theorem (3.18): The Zariski topology 3 on M is not T,.

Proof: Let J be a prime d-filter of M. Consider that X, and  are IFPd — filters of M,
defined by

(1 ifhej _ (0  ifhej
ax(h) { O.% othﬁrf\lA/iS}A/' Bs(h) { 0.21 oth.(jcr%/iS\}/ ’ and
_ i (S _ l €
s (h) = {0.3 otherwisw’ Bac(h) = {0.4 otherwisw’

Let x(3(w.9)) and x(¥(w,9)) be any two basic open set in y containing &, and 3 respectively,
where »,y € M and w,9 € (0,1] such that w + 9 < 1. Then s, 9y € X and y(, 9 € H, and
sox &R, =]Jand y & H, =], since J is prime d-filter so »y & J . Then by theorem (3.15)
and corollary (3.16) we have (x(y.0)) N X(V(w.9)) = x((¥)(w9)) # @ . Hence y is not
Hausdorff.

Definition (3.19): Let S be any subset of d-algebra M and let f: M — S. An I[FS X of M is
called f — invariant if f(h) = f(g), which implies ax(h) = ax(g) and Bx(h) = Bx(g),
where h,g € M.

If X is an f — invariant IFS of M then f~1(f(R)) = K.
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Theorem (3.20): Let f:M — M be homomorphism and let X be any f — invariant
IFPd — filter of M. Also let & be any f — invariant IFPd — filter of M. Then
f(R),and f~1(R) are IFPd — filter of M and M, respectively.

Proof: It comes directly from definition (3.19) and theorems (2.10) and (2.11).

Theorem (3.21): Let f: X — R be a homomorphism, and let y = IFPd — filter — Spec(R),
such that y* ={P € M,P is f — invariant } y(H) = y\V(H), where H is any IFd —
filter in M. Let g be a map from M to M defined by g(&) = £~2(K), such that & € M.
Then the following conditions hold:

i) g is continuous.

i) g is open

i) g is a homomorphism of y into y*.

Proof:

i) If & e, it follows that f~1(R) € M. Also, f~1(F) is f — invariant, since for all
c,d € M, if f(c)=f(d), then ag(f(c)) = ax(f(d)) and Bx(f(c)) = Bx(f(d)). That
implies ;-1 (5)(c) = ap-1(5)(d) and Br-1(5)(c) = Br-1(5)(d). Hence, g(®) =F1R) ey
Next, we must prove that g™ (x(3(w)) N x*) = #(F () (w9))-

Let 8 € ¥(f(#)(ws)) this is true if and only if f(3¢)9) ¢ & which means that
f (o)) & &, 50 we get x,9) & £ (R) = g(R). Hence, g(X) € x(x(a,9).

We also get g(X) = f"1(R) € x*, which means that g(X) € x(s(s)Nx" so &€
9 () N x7). Hence, g7 (x(w9)) N x°) = #(f () (w.9)), and g is continuous.

i) Let ¥(f () (w,0)) With % € M and w, 9 € (0,1] such that w + 9 < 1 is any open set in y.
Let 2 € (f () (w.0))- Then, 7 = g(R) for some R € y such that f(3) () ¢ K. It is easy
to see that # is f — invariant as is shown in part (i).

Next, g ()Z(f(}()(wﬂg))) = )((%(w_ﬁ)) Nny*. Since Xe g ()Z(f(x)(w_g))), we get g 1(R) €

#(f() () and f — invariant if and only if f(9) = (D) (e € 9 1K) = F(R).

Since N is f — invariant, we get N e )((%(Wg)) ny".

The image of every basic open set in y is open in y*, which means that g is open.

iii) We can prove that g is surjective and injective using the previous two points [(i) and (ii)]

Let R,7L ey and g(R)=g(#). Then we get f~*(R)=/F"1(5K). Therefore

FUFHR)) = f(F2(9%)), since £ is one to one, the we get & =3 , and g is one-one.

Finally, let X € y*. X be an f — invariant IFPd — filter of M, and by theorem (2.10),

(R is an  IFPd —filterof M. Thus  g(f(®)) = fF1(f(R)) =&

That means g is onto, and this completes the proof.

Conclusion

This paper demonstrates that the spectrum of intuitionistic fuzzy d-filters defines a Zariski
topology 5 on d-algebra M and x(#,g)) forms a basis for this topology for any  in M.
We also find that:

e Jisstrongly connected

e J can be disconnected if there are two I[Fd — filters X, H such that
rad(R UH) =rad(1) and rad(X N H) = rad(0).

e JisaT,.

e The map g from M to M is a homomorphism, such that: g(R) = f~*(R) for any
intuitionistic fuzzy d-filter & in M with f — invariant.

It is believed that this topology can be T, if one defines the intuitionistic maximal d-filter and

he can study the separation axioms on this notation. We hope that this work enhances the
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scope for further study in this field of Zariski topology and that it can impact upcoming
research and discussions on other topological properties or work in other algebraic structures.
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