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Abstract

In this article, the additivity of higher multiplicative mappings, i.e., Jordan
mappings, on generalized matrix algebras are studied. Also, the definition of Jordan
higher triple product homomorphism is introduced and its additivity on generalized
matrix algebras is studied.
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Introduction
Suppose that a ring R has identity and commutative, and A and B are associative algebras onR.
Let M be (A, B)-bi module and V" be (B, A)- bi module. : M @z N - Aand Y: N Q4 M — B
are two bi module homomorphisms, where M. N =@M Q N) and N.M =NV Q M),
satisfying (M. N).M' =M. (NV.M") and (N.M).N'=N.(M.N") for all M, M'eM and
N, N'eN .

Mat(A, M, NV, B) = {[ﬁ Tg] t AeA, meM, neN', BeB}, with a usual matrix like multiplication,
where either M #0 or N=+0 is a  generalized matrix  algebra.
Tri(A, M, B) = {[‘61 Jg |: AeA, men, BeBy , if M is faithful as a left A- module (resp. right B-

module ) and V' = {0} is said to be a Triangular algebra [1]. See Cheng and Jing [2] for examples on
nest algebras and block upper Triangular matrix algebras . For more examples, see Xiao and Wei [3].
Leto:cA - Band A,B € A.

1. o is called multiplicative if 0 (AB) = o (A)o (B).
2. o issaid to be a Jordan map if ¢ (AB + BA) = g (A)o (B) + g (B)a (A).
3. ¢ is said to be a Jordan Triple Product Homomorphism if
0 (ABA) =0 (A)o (B)a (A)[1].

Characterizing the interrelation between the additive structures and the multiplicative of algebra or
a ring is an interesting topic. This relation was first studied by Martindale [4] on a prime ring with
some condition, and in [ 2,5,6 ] on operator algebras. Additivity of maps which are multiplicative
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with respect to product on operator algebras, such that Jordan -triple product homomorphism, were
investigated by Lu [ 7 ]. Ling and Lu [ 8 ] studied Jordan maps on nest algebras. They proved that any
bijective Jordan map on standard sub algebra of nest algebra is an additive, which was extended to
surjective Jordan pair maps of Triangular algebra by Ji [9] . Cheng and Jing [ 2] studied the linearity
of multiplicative(Jordan)( triple) bijective map and elementary surjective map on triangular algebra. Li
and Xiao [ 1], under some conditions, extended the results of Ji [9] to generalized matrix algebras.
Shaheen [10 ] introduced the definition of higher multiplicative mapping and Jordan higher mapping
and studied their additivity property on triangular matrix ring . In this article, we study the additivity
property of them on generalized matrix algebras .

Li and Jing [ 11 ] studied the additive property of Jordan triple product homomorphism of prime
ring . Kuzma [ 12 ] described Jordan triple product homomorphisms of matrix algebra . Motivated by
the results of Li. and Jing [11 ] and Li. and Xiao [ 1 ], the authors in Kim and Park [ 13 ] studied the
additivity of Jordan -Triple product homomorphism from generalized matrix algebras. For more
results about Jordan triple homomorphism, see [14, 15]. In this article , the definition of Jordan higher
triple product homomorphism is introduced and its additivity on generalized matrix algebra is studied.
We use techniques similar to those used by Lu [ 7 ] and Kim and Park [13].

Throughout this article, let G= Mat (A, M, N, B). We set

Gyy = {[‘g 8] €A}, Gy = {[8 10"’] - MeM),
G,y = {[1‘\), 8] . NeN}, Gy = {[8 g] . BeB)
Then A = Ayq + Ayp + Azq + AgeG, where A;eGy; for 1 < i,j < 2.
2-Additivity of Higher Multiplicative Mappings on Generalized Matrix Algebra
Definition 2.1 [ 10]. The family o = {0 s}y Of mappings on aring R is said to be
1- A higher multiplicative mappings if o ;(AB) = Y5_, 0 (A)a 1 (B),
suchthat o ,(A)o :(B) =0 Vk # t.
2- A Jordan higher mappings if ¢ ;(AB + BA) = Y510 (A)0 1 (B)+ 0 1 (B)o 1 (A).
Theorem 2.2
Let G be the generalized matrix algebra that satisfies the conditions:
1. VaeA,aA=0o0or=0=a=0.
2. VbeBbB=0orBb=0=b =0.
3. formeM,Am =00ormB =0=m = 0.
4, VneN,Bn=0ornA=0=>n=0.
Then any bijective higher multiplicative mapping @ from G onto arbitrary ring R’ is additive.
We shall introduce the following Lemmas to prove Theorem 2.2. From now on, @ satisfies the
hypothesis of Theorem 2.2.
Lemma 2.3: 9,,(0) = 0.
Proof: Since @; is surjective. Then 3 AeG, ;(A) =0
0,(0) = 8,(04) = X7, 3;(0);(4)=0
Lemmaz2.4: For
Pn(A11 + A1z + Azz) = Bn(A11) + 0n(Arp + Azz) = 0 (A1 + Arz) + 0n(A22),
for every A;;eG;;.
Proof: Let seG be an element such that
0,(s) = 0,(A11) + 0,(A12 + Ayy). Then for every t,, € Gy,
Dn(taz ) = Xiz1 Bi( t22)Pi(s)
=211 0i(t22) (B (A11) + 0; (A2 + A32))
= Yiz1 0i(t22) Bi(A11) + Di(t22)D; (A1, + Azz)
= 2ie1 0:(t22) 0 (A22)=0,(t22 Az;)
Then t,, s = ty, A, , hence  s,; =0 and s,, = A,, . For ¢;; € Gy4, We have @,(scy1) =
2ie10:()@i(c11) = ?:1((31'(1411) + 0;(A12 + Azz))(bi(cn)
=0, (A11)0n(c11) + Br (A1 + Az2)Dr(c11)
=0, (A11)Pn(c11)-
Then, sc;1=A4;11¢1; and hence c¢;; = A44. In order to determined s, , we have

1335



Shaheen Iragi Journal of Science, 2021, Vol. 62, No. 4, pp: 1334-1343

Oner1 5 622) = ) Biler)0i(5) Byl £22).

i=1
=X Qi(cn)(@i(/ln) +0;(A + Azz))(ai( t22)
=Xie1 0i(c11)0i(A11)0;(t22) + Xiz1 Di(c11)0:(A12 + A32)0:(t32)
=@ (c11 A1z t22).
It follows that c;1 s ty, = ¢q1 A1z 2 , Which implies that s;, = A4,.
It follows that @,, (A1, + A12 + Az) = 0,(A11) + 0, (415 + 43)).
The second claim is proven similarly.
Corollary 2.5: For 4;; € G;;, we have
1.0n(A11 + Arz) = 0,(A11) + Dn(412).
2.0 (A2 + Azz) = 0n(Ar2) + 0,(Az2).
As in Lemma 2.4, we get
Lemma 2.6: For A;; € Gq1, €31 € Gyq , A5 € Gyy, and we have
Dn(Arq + ez1 + Azz) = 05 (A11) + Dp(ezr + Azz ) = 0p(Ag1 + €31) + 0 (422).
Corollary 2.7: For A;; € G;j, e;1 € G4, We have
1. 0n(A11 + €31) = D (A11) + Bp(ezq).
2. Pp(ez1 + Azz) = Bp(ezr) + 0n(Az2).
Lemma 2.8: For A;; € Gy1,A412,¢12 € G153 €31, f21 € Gyq,and Ay, € Goy,.
The following two identities hold:
1.0,(A11412 + €12422 ) = Pn(A11412 ) + Br(c12422)
2.0n(Az2€21 + f21411) = Bn(Az2€21) + Dn( f21411)
Proof :1- By Corollary 2.5 , we have

Dn(A11412 + 12422 ) = B ((A11+¢12) (A12+452))

= Niz10i(A11+¢12)0:(A12+452)
=0, (A11412 ) + On(c12422).
By Corollary 2.7, we get (2).
Proof of Theorem 2.2
1- @ is additive on G5, G,;.
Suppose that s€ G, such that @,,(s) = 0,,(412) + 9,,(B12).
For ¢;; € Gq;and t,, € G,,, We have

Dn(c115tz2) = Z Bi(c11)90;(s) B;(t22)
i=1

iz
=211 0i(c11)(D:(A12) + 0;(B12)) 0;(t22)

=211 0i(c11)0;(A12) B;i(tz2) + Xizg Di(c11)Di(B12) O;(t22)

=0n(c11412t22 + €11B12t22)-

Then ¢q1Sty5=C11412t57 + €11B12t2;.

It follows that s,,=A;, + B;>.

Moreover, @, (sc11)=Xi=1 0;(s) B;(c11)=21=1(D;(A12) + @;(B12)) D;(c11)

=Niz1 0i(A12) B;(c11) + iz, 0i(By2) 0i(c11)

=0n(A12¢11) + B (By2611)=0.

Then s;,=0 and s,,=0.

By considering @,,(t,,s), we obtain s,,=0.

Hence, we get that @ is additive on G ,. By the same way, we can prove that @ is additive on G,;.

2- We must prove that @ is additive on Gy, Gy.

Suppose that s€ G such that @,,(s) = 0,,(A11) + 9,,(B11)-

For ¢;; € Gyiand t,, € Gy, We have 0,(t,,s) =0and 0,(ci1Stz2) =0, hence s,; = 0and
Sy, =0,51, =0.

On the other hand, for u;, € G,,, it follows that

On(su1z) = ) 0:(5) 0i(ur2)
= ?:1(@(14111:)1‘*‘ D;(B11)) D;(us2)
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=211 0i(A11)0;(u12) + @;(B11) 0;(us2)
=Pn(A11U1z + Biyugn).
Suyp = AqqUsp + Briugy
S0s;1=A11+B;1, because M is faithful as a left A-module .
Hence, @ is additive on Gq. By the same way, we can prove that it is additive on G.
Now, let A=A, + Ay, + Ay; + A5, and B = By; + By, + By; + B, be elements of G. Then by
assertion lemmas ,we have
Pn(A+ B) = @n(A11 + Bi1 + Agz + Byy + Ay + Byy + Azz + By
= 0n(A11 + B1y) + 0,(A12 + Biz) + 0 (Az1 + B21)0, (A2 + Bya).
= 0, (A11) + On(B11) + 0, (A11) + On(B12) + D (A1) + 0n(B21) + 0, (Az2) + 0, (B22)
=0,(4) + 0,(B).
Corollary 2.9: Let A be an algebra (unital, not necessarily prime) over a commutative ring R. Then,
any bijective higher multiplicative mapping from M,,(A) , n = 2, onto the arbitrary ring R’ is additive
Proof: Clearly, we achieve the result when N"=0.
3- Additivity of Jordan Higher Maps on Generalized Matrix Algebra
In this section, we study the additivity of Jordan higher maps on generalized matrix algebra.
Theorem 3.1
Let G be the generalized matrix algebra that satisfies the conditions:
(1) for aeA, ifax + xa = 0,then VxeA = a = 0.
(2) for beB,bB+ yB =0,VyeB= b = 0.
(3) for meM,Am = 0,ormB =0=m = 0.
(4) for neN,Bn =0,ornA=0=n=0.
Then any bijective Jordan higher mapping @ from G onto ring R’ is additive.
We shall introduce the following Lemmas to prove theorem 3.1. From now on, @ satisfies the
hypothesis of Theorem 3.1.
Lemma 3.2: @,,(0) = 0.
Proof: Since @; is surjective, then 3 AeG, @;(A) = 0,
0,(0) = 9,,(04 + A0) = XL, 9;(0)9;(A) + 9;(4)9;(0)=0.
Lemma 3.3: For
Dn(A1q + Az + Azz) = Dn(Ar1) + 05 (A1z + Azp) = 0, (A1 + Arz) + 0n(422),
for every A;;eG;;.
Proof: Let seG be an element such that
0n(s) = 0,(A11) + B,,(A15 + A). Then for every ty, € Gy,
Dn(s taz + taz 8) = Nizg Di( t22)Di(s) + Di(s) Di(t22)
=2ie10i(t22) (0 (A11) + D (A1 + A22))+ (D;(A11) + B (A2 + A32)) Di(t22)
=0n((A12 + Az2) taz + toy Azz)
Then, s tyy + tyo s = ((A12 + Ayp) tay + tay  Ayp, hence
S12 tap = Agp typ and ty; 521 = 0 and s ty; + b2 S = Agp bz + tyg Aga.
S0, 515 = Aq5, S =0 ,and sy, = Ay,.
By the same way,
Pn(stir + t118) = Bp(A1g tig + b1 Agg) + (11 (Arz + Azz) + (Arz + Az2) t11)
= 0n(A11 t11 + b1 A11) + 0n(t11412).
Therefore, we have
Pp((stiy+ t118) Uz Huip(S by + t118)=0n((Arr by + G110 Ar) Uiz Hugp(Agg i +
t11 A1)+ B (( 11 A12U12 + Usp B Ar2)
= (Z)n((All t11 + t1a A11)u12)-
Thus, (s ty1 + t118) Ugp tuga(styy + ty1 )=(A11 t1 + 11 A1) U2
It follows that s,,=0 and that s t;; U2+ t11 Su12=(A11 t11 + t11 A11)U12-
By the faithfully M, we have
Styq +tyq S=A44 t11 + t11 A1 and hence s;1=4,;.
Corollary 3.4: For A;; € G;;, we have
1.0, (A1 + A1z) = On(Ag1) + B (Ar2).
2.0 (A2 + Azz) = On(A12) + 0, (Az2).
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By the same way in Lemma 3.3, we get
Lemma 3.5: For A;; € Gq4, €21 € Gy , Ay, € G,,, and we have
Dn(Agg + ex1 + Azz) = 0p(A11) + Op(exr + Azz ) = 0, (411 + €21) + 05, (Az2).
Corollary 3.6: For 4;; € G;j, e; € Gy, We have
1-0,(A11 + e31) = 0p(A11) + Dplezq).
2- Pnez + Azz) = Bp(ez1) + 0, (A22).
Lemma 3.7: For A;1 € Gy1, 412,12 € G13 €31, f21 € Gyq, and Ay, € Gy,.
The following two identities hold:
1- 0, (A114A12 + €12422 ) = 0p(A11412 ) + Br(c12422).
2- 0 (Azzez1 + f21411) = On(Azze21) + Bn( f21411)-
Proof : 2- we have
Bn((Azz€21 + f21411) ) = Bn((Azz + fo1)(e21 + A11) + (€21 + A11)(Azz + f21))
=0y (A22 + f21)Pn(e21 + A11) + Bn(ezr + A11)0n(A22 + f21)
=(0n(A22) + Dn( f21)) (Dn(ez1) + Dn(A11)) + (Dn(ez1) + Dn(A11)) (Dn(A22) + D1 ( f21))
=0n(Azz€21 + €21422) + By (Az2411 + A11422)+ D (fo1€21 + €21 f21) + B (21411 + A11 f21)
=0 (Azz€21) + On( f21411).
(1) is proven similarly .
Lemma 3.8:0 is additive on G5, G, .
Proof: Suppose that s€ G such that @,,(s) = @,,(451) + 0,,(B21)-
For ¢,; € G4;and tz2 € G,,, we have

On (511 + €115 = Z 0:(5)Bi(ern) + 0:(c11)B(5)

1((0 (Az1) +0; (321))® (c11) + 0; (C11)(® (Az1) +0; (321))
_lel 0i(Az1611 + €11421) + 0i(Bz1611 + €11B21)
=0n(Az1611) + On(B21611)
And from Lemma 3.7 that
Pn(ta2(sc11 + €118) + (S€11 + €118)t22)= P (22421611 + A21€11822)* B (t22B21¢11 + Ba1€i1ta2)
= 0n(t22421611) + On(t22B21611)= On(t22421€11 + t22B21€11)
It follows that t,,5,1¢11 + C11S12t22 = t22421C11 + t22B21C11-
Then, we get s;, = 0 and s,;=A4,; + B,,. Moreover,
for ¢y, € Gy, and u,, € G,,,we have
B (uzi(scrr + €115) + (s€11 + €11)Uz1) = On(Uz1 611421 + €11421Uz1)* Pn(uz1 €11B21 +
c11B21uz1) =0
Then, uy1Sc11 + Up1¢11S + ¢11SUz1 =0
It follows from s;, = 0 that u,;Scy1 + uy1¢415 = 0.
By the faithful v, then s;;¢41 + ¢11511=0,
and hence s,,=0.
Note that
Dn(Staz + t228)= Bn(A21tzz + t22421) + Bn(Baitas + t22B821)= Pn(tz2421) + Bn(t22B21).
Therefore,
D (uzq(Staz + t328) + (Stag + t225)Up1)= On(ta2A21 + t22421Uz1) + Bn(Uz1Bay + t22821) =0
Thus uy;sty, + styuy + tyysu,,=0. Then, we have from s;, = 0 that
S22t22Uz1 F t22S22Up1 = 0.
By the faithful V', we get s,5t5, + t525,, = 0,
and hence s,, = 0. Then, @ is additive on G,,. The additivity of @ on G,,is proved similarly.
Lemma 3.9: @ is additive on G, and G,.
For Ai1, B11 € Gq1, let @,,(s) = 0,,(A11) + 9,,(B11) with s€ G.
Then, for all t,, € G,,,
Dn(staz + t528) = On(Ar1tan + tapA11) + B (Byityy + t22B11) = 0.
This implies that st,, + t,,s = 0. Then we have s;, = 0,s,;=0 and s,, = 0. At the same time , for
Uz € Gy,
we have @, (uy25 + suyz) = Op(u12411 + A11U3) + On(Uy2B11 + Byiug)
= 0n(A11u12) + Bn(Bi1Uyz) = On(Ag1tyz + Bryus).
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Hence, uq,5 + suq; = A11Uq2 + B
Since s;, = 0,s,;=0and s,, = 0,
we have s;1uq; = AUz + BiiUqa.
Then sy; = A4 + B13
So, @ is additive on G1,, and @ is additive on G, is proved similarly .
Lemma 3.10: For xe G , A;; € Gy, and B,, € G,,, we have
1- @ (x + A11) = Pn(x) + 0 (A11).
2- P (x + Byy) = B (x) + 0n(By2).
Proof :1- Let @,,(s) = 0,,(x) + 0,,(A;,) for some s€ G.
Then for all t,, € Gy,
Dn(staz + t225) = Bp(xtyy + ta2x) + O (Ar1taz + t22A11)= P Xty + tyox)
S0, Sty + tyy5 = Xtyy + thox.
This implies that 51, = X1, , S31= X271 and s,, = X55.
Also, forall t;; € G4,
Pn(styy + t118) = Pp(xtyy + t11%) + O (Ar1tar + t22411).
Therefore, for u;, € G;,, we have
O (urz(styy +t115) + (Styg + 615)uy2) = Op(Uraxtyy + XtyiUgp + t1XUL) +
Pn(Ar1ty1ugz + t11411Us2)
= O (ugaxtyy + Xx91t11U12 + Xa1b11Upp + E11XUg5) + Bp (E11Us2 + t11411Us5)
= On(ugaxtyy + Xx19t11U12 + X218 U2 + Gy XUy 5 + Ay tiaUsg + B3 Ag1Us2).
Then sy1ty1Up + t11S11U12 = X111l + b X1 Uy A1 U + E1 A U
By the faithful M, then
Sp1t11 +t11811 = X119ty + GaXaatAsatyg 614
This implies that s, = x1; + 441.
Lemma 3.11: 0,,(A11B12 + S21d11)= 9, (A11B12) + @, (s21d41) holds for all A;;,dy1 € Gy, B13 €
G4, and 551 € Gy;.
Proof : @, ((A11B12 + s21d11) + A11d1y + dy1 411 + B12S21) + 521B12)
= 0n((A11B12 + 521d11) + A11dys + di14A11 + B12S21) + 0, (S21B12)
= 0n((A11B12 + 521d11) + 0, (A11d11 + d11411 + B12S21) + O (521B12)
= 0n((A11B12 + 521d11) + O, (A11d11 + d11411) + On(B12521) + On(s21B12)
= Q)n((AllBlZ + 531d41) + Q)n(Alldll) + @, (d11411) + B, (B12521) + 0, (S21B12).
On the other hand,
Pn(A11B12 + 521d11 + A11dyg +d11A11 + B1aSz1 + 521 B13)
= Q)n((All + 521)(B1z +dyg) + (B +di1)(A11 + 521))
= 0n(A11 + 521)Pn (B2 + d11) + B, (B1z + d11)90,(A11 + S21)
= (0 (A11) + D1 (521))(Pn(B12) + Dn(d11)) + (Dn(B12) + Pn(d11)) (Dr(A11) + Br(s21))
= 0n(A11)0,(B12) + 0n(A11)0,(d11) + Dn(521)Pn(B12) + Pn(521)Pn(d11) + 0, (B12)0r(411) +
D (d11)0n(A11) + B (B12)Pn(521) + B,(d11)Dn(S21)
= 0n(A11B12 + B12A11) + Bn(s21d11 + di1521) + Bn(A11d41) + Bn(d11411) + Bn(Bizsz1) +
Pn(S21B12)
= 0n(A11B12) + Bn(521d11) + On(A11d11) + On(dy1411) + Bn(B12521) + O (521B12).
Therefore, we get the result.
Proof of Theorem 3.1
Step 1-
Pn(A11 + Biz + Co1 + d22) = 0,(411) + Bn(B1z) + 0n(C21) + Pn(dz2)
For A1 € Gq1,B12 € Gy5,Cy1 € Gyq,and d,, € Gy,
let @, ()= 0n(A11) + O (B12) + Bn(Ca1) + Br(dz2),
for some s€ G.
By corollaries 3.4 and 3.6,
Dn(s) = On(A11 + Byz) + 0n(Co1 + da2).
Then, for w;; € Gy, we have
gn()SWn)‘*‘ wy1S) = Bp(Wy1 (A1 + Byz) + (Agg + Biodwig + 0n(wq1(Coy + dy2) + (Coy +
22)W11
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= 0n(W11411 + w11 Bip + Aywig) + 0,(C21wi1)
Hence, for t,, € G,,, we obtain
Pn(taz (swip + wigs) + (Swig + wy1S)t2)
= On(W11B12t22) + 0 (t22C21W11) + (W11 Biatan + t22C21wi4)
It follows that
ta2SW11 + WigStyp = W11Biptpp + 52051 Was.
This implies that t,, 5wy = ty,Co1Wqq and wyqSty, = wy1By,t)s.
This implies that s,; = C,4 and s;,=B15.
Furthermore, we have
P (Ur2(sW11 + wigS) + (SW1g + Wi3S)Upz)
= 0n(W11411Usp + A1aWigtso) + Bn(Coawiauaz + Ui Coywig)
= 0n(W11411Usp + A1gWag gy + CogWig g + Ug2Co1W11).
It follows that
U1pSWy1 + SWiilip + WigSUip = WigAgqUip + AjaWigtlgp + CoaWiqllyp + UpCo1Weg
Hence
S11W11ly2 + W11S11U12 = Wi Aq1Usp + A1 Wia U2
By the faithful M, we get
S11Wi11 + Wi1S11 = Wi1d11 + AW
And hence, s;; = Aq1. Similarly , s,, = d5,.
Step- 2
0,(A+B)=0,(4)+0,(B) forall ABinG,
from Lemmas 3.8 and 3.9 and step 1.
4- Additivity of Jordan Triple Product Homomorphism
Definition 4.1: A family 0 = {0 s}scy Of mappings on G is said to be Jordan higher triple product
homomorphism if o ;(ABA) = Y10 k(A 1 (B)o 1 (A).
St.oi(A)o(B)=0 Vk #t.
Theorem 4.2
Let G be the generalized matrix algebra that satisfies the conditions:
1.V MeM,NMN = 0V NeN = M = 0.
2.V NeEN,NMN = 0VMeM = N = 0.
3. For AeA,AM = 0 VMeM = A = 0.
4.V BeEB,MBN =0V MeM and NeVV = B = 0.
Then, any bijective higher Jordan (Triple)product homomorphism @ from G onto ring R’ is additive.
Corollary 4.3: Let A be an algebra (unital, not necessarily prime) over a commutative ring R. Then,
any bijective Jordan higher (Triple) product homomorphisms from M,,(A) ,n = 2 onto arbitrary ring
R’ is additive .
We shall introduce the following Lemmas to prove Theorem 4.2. From now on, @ satisfies the
hypothesis of Theorem 4.2.
Lemma 4.4: ¢,,(0) = 0.
Proof: Since @, is surjective, then 3 AeG, @;(A) = 0.
n

0n(0) = 8,(040) = > B,(0)0:(4);(0)
i=1

Lemma 4.5
Dn(A11 + Agp + Azr + Azz) = 0,(A11) + 05 (A12) + 0 (A21) + 0, (A22),
for every A;;eG;;.
Proof: Let seG be an element such that
Dn(s) = Bn(A11) + (A1) + 0,(A21) + @n(Azz). Then forevery X;;, 1 < i,j < 2
B (XijsXi;) = Xieq 0:(Xi)0i ()P (X))
= Yie1 2 Di(Xi) 0 (Ai) i (Xi5)
=Yt 2ie1 i (Xij)0; (A) 0 (Xi5)
= 21t On (XijA1e X))
On (XijsXij) = On(XijAjiXij)
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Since @; is one-to-one,
XijSXij = XUAJLXU’ that is Xi]'(S — AU)XU = 0,
Since A and B are unital algebra, we have s;; = A;; and s,, = 4,5
From X;,(s — A;,)X;, = 0, we have s,, = A,,, by condition (2).
Similarly, we have s,; = A,;.
Lemma 4.6: @,, is additive on G,.
Proof: Let A;; = I4. The identity element of A and C,, = I is that of B, then we have
0,(A11) + 0,,(A12 + B13) = 0,(A11 + A1z + B1,C33), and by lemma 4.5
= 0p((A11 + Cap + A12)(A11 + B12) (411 + Cap + Agp))
= 0n((A11 + Cap + A12)(A11)(A11 + Cap + Agz))
+0,((A11 + Cop + A12)(B12) (A11 + Cop + Ag3))
= 0p(A11 + A1) + 05(A11B12C33)
= 0p(A11)+0,(A12) + 0, (A11B12)
= 0n(A11) + 0n(A12) + D (B12)
From which it follows that @,,((4;2 + B12) = 0, (A12) + @, (B12).
Lemma 4.7: @, is additive on G,;.
Proof: Suppose that s € G ,0,,(s) = 0,,(A21) + 0,,(B31). For every X;
O (XijsXij) = Xieq 0:(Xi)) (9:(A21) + 0;(B21)0:(X;))
=Yty 0:(Xij)0;(A21)0;(X;j) + X1 0; (Xij)D:(B21)0: (X))
= 0,(Xij A21 Xij) + 0,(X;;B21X;;). Then by lemma 4.6 , we have
Dn(X12 S X12) = 05, (X12421X12) + 05 (X12B21X12)
= 0n(X12421X12 + X12B21X12)
Hence, we have X;, s X1, = X12421X12 + X12B21 X412
Then by condition (4), we get
Si2 = A4, + By .Also we have
Pn(X11S X11) = 0n(X22 S X22) = B1(X21 SX31) =0
Then, it follows that S;; =S,, =0 and S;, = 0, by condition (1), and hence ©,,(A,; + By1) =
Q)n(SZl) = Q)n(A21) + 0,(B21).
Lemma 4.8
Pn(Ayq + B11) = 0,(A11) + 0 (Byq) forevery Ay4, By1€Gy;.
Proof: We first claim that for every C;,€G,, and D;,€G,,, we have
Pn(C11D12) = B, (P11)0,(C11)07(D12) + Brn(D12)Dn(Cr1)Pn(Pr1) o ooveeviiiiiinnnnnnns (4.1)
where P;, isthe identity element in 4. One get by lemma 4.5,
@n(C11) + 05, (C11D12) = @5 (Cy1 + C11D13)
= 0p((P11 + D12)C11 (P11 + Dy3))
= Yic10; (P11 + D12)0;(C11)9; (P11 + D12)
= Xi21(@; (P11) + 0;(D12))9;(C11)(@;(P11) + 0;(D12))
= 2 0;(Py1)8;(C11)0;(P11) + 0;(D12)8;(C11)0;(D12)
+0;(P11)9;(C11)D;(D12) + B;(D12)D;(C11)D;(P11)
= 0,,(C11) + 0 (P11)00(C11)Dn(D12) + @ (D12) P (C11)Dn (P11)
Then, (4.1) holds
Now, let SeG , 0,,(S) = 0,(4,) + 0,(B11)
Since for every X;;eG;j,
O (Xi;S Xij) = Tite1 Bre(Xij) 01 () Bre (Xi) = ey Brc(XijA11Xij) + Ore(XijB11Xi)).
We have @, (X125 X12) = 05,(X21S X21) = On(X22 S X33)
S0 S1, =8, =5,,=0
By conditions (1) and (2) we also have
(Z)n(SlleZ) = 2:1 ®k(P11)¢k(511)®k(X12)
+ 0k (X12) Dk (S11) Bk (P11)
= Yi=1 Dk (P11) (D (A11) + Dy (B11)) 0k (X12)
+0y (X12)(Dx (A11)+0k (B11))Dr (P11)
= 0n(A11X12) + 0, (B11X12) = 05 (A11X12 + B11X12)

j» We have
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Then, we get S;1X1, = (411 + B11)X12. Hence by condition ( 3),

Pn(A11 + B11) = 0 (A11) + D (B11).

Lemma 4.9: @,, is additive on G,,.

Proof: Let A,, and B,, be elements of G, and seG be an element such that

Dn(s) = Bn(Az2) + Dpn(Bzz).

Since for every X;;eG;

jo

Bn(Xij S Xij) = Ty P(Xi)) Dk (B (X))

=ZE=1 wk(XijAZZXij) + wk(XijBZZXij) ....................................... (42),

then we have

Q)n(Xn SX11) =X Q)k(Xn) Q)k(AZZ)@k(Xll)

+05 (X11)Px (B22) P (X11) = 0

Hence, X,,5X;; = 0 and X;,5,,X;; = 0. Then, it follows that S;; = 0. Since @,,(X;,S X;,) = 0 by
(4.2), we have X;,S X;, = 0 and hence S,; = 0. Hence, by the same way, S;, = 0.

then 0,,(S22) = Pn(Az2) + Pn(B22)

Considering, for every X;,,Y;,€G

On(X12 S22Y21) = 0n((X12 + Y21)S22(X12 + Y21))

= Yk=1 Dk (X12 + Y21) B (S22) D (X12 + Y21)

= Yi=1 Pr (X12 + Y21) @k (A22) + Bx(B22)) 0k (X12 + YV21)

= ®n((X12 +Y31)A2,(Xq2 + Y21)) + 0n((X12 + Y21)B22(X12 + Y21)

= 0p(X12422Y21) + 0 (X12B22Y21)

= Q(X12422Y21 + X12B22Y51)

We have X;,5,,Y,, = X;,4,,Y51 + X1,B,,Y,,. Therefore, by condition (4), it follows that S,, =
Azz + By,

0, (A5, + Byy) = 0,(A33) + @,(By3). We now prove our main result.

Proof of Theorem 4.2: Let A=A, + A, +A,;+A4,, and B = B;; + By, + B,; + B,, by the
element of G. Then by lemmas 4.5, 4.6, 4.7, 4.8, and 4.9, we have

Pn(A+B) = 0n(A11 + Byy + A1z + Bip + Ay + By + Agp + By

= 0n(A11 + B11) + 0,(A12 + Byp) + 0, (Az1 + Byy) + 0, (Azz + Byy).

= 0p(A11) + 0n(B11) + 0n(A11) + 05, (B12) + 05, (A21) + 0 (Bz1) + 0, (A22) + 0y (B22)

=0,(4) + 0,(B).
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