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Abstract 

     In this paper, the series solutions of a non-linear delay integral equations are 

considered by a modified approach of homotopy analysis method (MAHAM). We 

split the function  ( )  into infinite sums. The outcomes of the illustrated examples 

are included to confirm the accuracy and efficiency of the MAHAM. The exact 

solution can be obtained using special values of the convergence parameter. 
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المتدلدلة للمعادلات التكاملية التباطؤية باستخدام أسلوب معدل لطريقة التحليل الهوموتوبيالحلول   
 

علي سمير تايه  ،  شهيد ناصر حدين  

كلية علهم الحاسهب والخياضيات، جامعة ذي قار، ذي قار، العخاققدم الخياضيات،   
 

 الخلاصة
الحلهل الطتدلدلة للطعادلات التكاملية التباطؤية الخطية وغيخ الخطية قطظا بجراسة  البحث،في هحا      

 مظتهي. مجطهع غيخالى  ( ) باستخجام أسلهب معجل لطخيقة التحليل الههمهتهبي. عطلظا على تجدئة الجالة  
وقج اثبتت مجى كفاءة ودقة الطخيقة الطدتخجمة. الظتائج التي حصلظا عليها من خلال الأمثلة التهضيحية 

 لطعلطة التقارب. خاصة قيما على الحلهل الطضبهطة باستخجام حصلظ
1. Introduction 

    Delay integral equations (DIEs) are used extensively in the applied and mathematical 

sciences for modeling various phenomenon; for instance, biomathematics, biological models 

and medical science [1-4], dynamical systems, physics and physical models [5–7], population 

growth, and infectious diseases [8,9]. Delay integral equations are solved by different 

methods, such as block pulse functions [10, 11], homotopy perturbation method (HPM) [12], 

and variation iteration method (VIM) [13]. The homotopy analysis method (HAM), proposed 

by Liao [14], is a powerful technique to solve non-linear problems. In recent years, this 

method has been effectively applied to numerous problems in science and engineering [15-

18]. All of these successful applications verified the validity, effectiveness, and flexibility of 

the HAM. Recently, some modifications of HAM were published to facilitate and accurate the 

calculations, accelerate the rapid convergence of the series solutions, and reduce the size of 

work [19-28]. It is the aim of this paper to suggest a new powerful modification of the HAM, 
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namely a modified approach for homotopy analysis method (MAHAM) to solve the non-

linear delay integral equations of the form 

 ( )   ( )   ∫  (   ) ( ( ( )))     ,    - 
 ( )

  
                                         (1) 

where  ( )  (   )  and   ( ) are given,   is constant,  ( ) represents a general delay 

function, and  ( ) is unknown. If  ( )   , where   is fixed, then equation (1) is called  

delay Fredholm integral equation (DFIE); otherwise, it is called delay Volterra integral 

equation (DVIE). The MAHAM demonstrates an accurate solution if compared with other 

numerical methods. The obtained results suggest that this newly improved technique 

introduces a powerful improvement for solving non-linear delay integral equations. The 

outline of the paper is structured as follows: The essential idea of the method is presented in 

Section 2. The applications of the method and numerical examples are detailed in Section 3. 

Lastly, Section 4 gives conclusions. 

2. The Fundamental of MAHAM 

Consider the non-linear delay integral equation (1). 

In the MAHAM, we split  ( ) into an infinite sum, as follows 

 ( )  ∑   ( ) 
     

Let us construct the so-called zeroth-order deformation equation: 

(   )[ (   )  ∑   ( ) 
     ]  

  0 (   )  ∑   ( ) 
      

                                                                           ∫  (   ) ( ( ( )  ))  
 ( )

  
1                            (2) 

where   ,   -,      . When        and       equation (2) becomes 

 (   )    ( ) and  (    )   ( )  
respectively. Thus, as   increase from 0 to 1, the solution  (   ) varies continuously from 

the initial guess   ( )    ( ) to the solution ( ). 

By expanding  (   )  in Taylor series with respect to  , one has  

 (   )    ( )  ∑   ( )   
                                                                            (3) 

where   ( )  
 

  

  

    (   ) is the mth-order homotopy-derivative of    

Assume that the series (3) converges at      then  

 ( )   (   )    ( )  ∑   ( ) 
                                                                   (4) 

is the homotopy-series solution. 

We define the vector so that   ( )  *  ( )   ( )   ( )     ( )+   
By differentiating equation (2)   times with respect to    then setting      and dividing 

them by     we obtain the so-called     order deformation equation  

  ( )  
     (    ( )      )   (    ( )      )  

                    ∫  (   ) (    ( ( )))   
 ( )

  
                                                                         (5) 

where  

   2
                    
                

                                                                                                           (6)                                                                                                                                               

3. Applications 
Example 1. Consider the linear delay Volterra integral equation [29] 

 ( )                ∫   (   )    
 

 
                                                    (7)                                                         

with the exact solution  ( )      over the interval ,   -. 
For MAHAM solution, we split  ( )                as  ( )  ∑   ( ) 

    with 

  ( )     ,  ( )                  ( )           
Using initial approximation    ( )    ( )                                                                                                               
we construct the zero order deformation equation 
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(   )[ (   )  ∑   ( ) 
     ]    [ (   )  ∑   ( ) 

      ∫   (     )  
 

 
]         (8)  

The    order deformation equation is  

  ( )       (    ( )      )   (    ( )      )   ∫       (   )  
 

 
  

where    is define by (6).  

Consequently, we obtain the following components of the solution 

         

   
 

 
        

(     )  

 
  

    
(     ) (   ) 

 
 

 (   ) (   
 

 
(    )(       ))

  
  

   
Then, the mth order series approximation solution of MAHAM can be written as 

  (   )  ∑   
 
   (   )                                                                                            (9) 

Equation (9) is a series solution to Eq. (7) in terms of the convergence control parameter  . 

To determine the valid region of  , the  -curves are drawn in Figure 1 by the 3
rd

 order 

MAHAM at various values of  .  

We note that when      then   ( )     for      that is, we obtain the exact solution 

at all order approximations of MAHAM. Hence, the results obtained by MAHAM are more 

accurate than those of Block2 and Block3 [29]. As shown in Figure 2, the 3
rd

 order 

approximate solution series obtained by the MAHAM at          is in good agreement 

with the exact solution. 

It should be noted that at         , the absolute error is highly decreased when modifying 

the solution by taking more terms into consideration. Figures 3 and 4 illustrate this fact. 

 
Figure 1-  -curve of    solution at different values of   for Example 1. 
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Figure 2-Comparison of    solution (        ) and the exact solution for Example 1. 

 
Figure 3-The absolute errors of 1

st
 and     order (        ) approximations of MAHAM 

for Example 1 at          

 
Figure 4-The absolute errors of 1

st
 and     order (        ) approximations of MAHAM 

for Example 1 

                  at          
Example 2 Consider the linear delay Fredholm integral equation [12] 

  ( )     
 

 
  ∫      (   )   

 

  
                                           (10) 

with the exact solution  ( )        over the interval ,   -                                                                                                                                   
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For MAHAM solution, we split  ( )     
 

 
  as  ( )  ∑   ( ) 

     

with   ( )     
 

 
      ( )           

Using the initial approximation    ( )    ( )     
 

 
 ,                                                                                                          

we construct the zero order deformation equation 

(   )[ (   )  ∑   ( ) 
     ]    0 (   )  ∑   ( ) 

      ∫     (     )  
 

  
1  (11)  

The    order deformation equation is  

  ( )       (    ( )      )   (    ( )      )   ∫         (   )  
 

  
  

where    is defined by (6). 

Consequently, we obtain the following components of the solution 

       
 

 
   

   
   

 
 

    
    

  
 

 

 
 (   )  

   
Then, the mth order series approximation solution of MAHAM can be written as 

  (   )  ∑   
 
   (   )                                             (12) 

Equation (12) is a series solution to the Eq. (10) in terms of the convergence control 

parameter  . To determine the valid region of  , the  -curves are drawn in Figure 5 by the 3
rd

 

order MAHAM at various values of  .  

We note that when      then   ( )       for      that is, we obtain the exact 

solution at all orders approximations of MAHAM. Hence, the results obtained by MAHAM 

are more accurate than that of the homotopy perturbation method [12].  

It should be noted that at       , the absolute error is highly decreased when modifying the 

solution by taking more terms into consideration. Table 1 illustrates this fact. 

 
Figure 5-  -curve of    solution at different values  of    for Example 2. 
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Table 1- The absolute errors of          and    of MAHAM at        for Example 2 

     MAHAM    MAHAM    MAHAM    MAHAM 

0.0 0.0000000000000 0.0000000000000 0.0000000000000 0.0000000000000 

0.1                                                          

0.2                                                          

0.3                                                          

0.4                                                          

0.5                                                          

0.6                                                          

0.7                                                          

0.8                                                          

0.9                                                          

1.0                                                          

Example 3. Consider the nonlinear delay Volterra integral equation [13] 

 ( )     
 

 
.   

 

 
 /  ∫  ( ) .

 

 
/   

 

 
                                   (13) 

with the exact solution  ( )      over the interval ,   -. 

For MAHAM solution, we split  ( )     
 

 
.   

 

 
 / as  ( )  ∑   ( ) 

    with 

   ( )     ,  ( )  
 

 
.   

 

 
 /      ( )          

Using the initial approximation    ( )    ( )    ,                                                                                                          

we construct the zero order deformation equation 

(   )[ (   )  ∑   ( ) 
     ]    0 (   )  ∑   ( ) 

      ∫  (   ) (
 

 
  )  

 

 
1 (14)  

The    order deformation equation is  

  ( )       (    ( )      )   (    ( )      )   ∫      ( )    .
 

 
/   

 

 
  

where    is defined by (6). 

Consequently, we obtain the following components of the solution 

        

    
 

 
(      ⁄ )  

 

 
(       ⁄ )  

    
 

 
(       ⁄ ) (   )  

 

  
 (   ) (         ⁄       ⁄       ⁄    ) 

   
Then, the mth order series approximation solution of MAHAM can be written as 

  (   )  ∑   
 
   (   )                                             (15) 

Equation (15) is a series solution to Eq. (13) in terms of the convergence control parameter  . 

To determine the valid region of  , the  -curves are drawn in Figure 6 by the 3
rd

 order 

MAHAM at various values of  .  

We note that when      then   ( )     for      that is, we obtain the exact solution 

at all orders approximations of MAHAM. Hence, the results obtained by MAHAM are more 

accurate than that of the variation iteration method [13].  

It should be noted that at         , the absolute error is highly decreased when modifying 

the solution by taking more terms into consideration. Table 2 illustrates this fact. 
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Figure 6- -curve of    solution at different values of    for Example 3. 

 

Table 2- The absolute errors of       and    of MAHAM at          for Example 3 

     MAHAM    MAHAM    MAHAM 

0.0 0.00000000000000000 0.00000000000000000 0.00000000000000000 

0.1                                                        

0.2                                                       

0.3                                                       

0.4                                                       

0.5                                                       

0.6                                                       

0.7                                                       

0.8                                                       

0.9                                                       

1.0                                                       

 

Example 4 :Consider the linear delay Volterra integral equation [29] 

 ( )     ( )       (   )       (  )  ∫     (   
 

 
)                         (16)   

with the exact solution  ( )      ( ) over the interval ,   -.                                                                                                                                  
For MAHAM solution, we split  ( )     ( )       (   )       (  ) 

as  ( )  ∑   ( ) 
    with   ( )     ( ) and   ( )       (   )       (  ),  

    ( )           
Using the initial approximation    ( )    ( )     ( )                                                                                                           
we construct the zero order deformation equation 

(   )[ (   )  ∑   ( ) 
     ]    [ (   )  ∑   ( ) 

      ∫    (     )  
 

 
]    (17)  

The    order deformation equation is  

  ( )       (    ( )      )   (    ( )      )   ∫        (   )  
 

 
  

where    is defined by (6). 

Consequently, we obtain the following components of the solution 

       , -   
         , -     (   , -     ,   -)       ,   - 
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     (   )  (   , -     ,   -)  
 

 
 (   )  (    , -  (    )    , -

     , -   (    )   ,   -      , -  (   (    ) )   , 
  -) 

   
Then, the mth order series approximation solution of MAHAM can be written as 

  (   )  ∑   
 
   (   )                                             (18) 

Equation (18) is a series solution to Eq. (16) in terms of the convergence control parameter  . 

To determine the valid region of  , the  -curves are drawn in Figure 7 by the 3
rd

 order 

MAHAM at various values of  .  

We note that when      then   ( )     ( ) for      that is, we obtain the exact 

solution at all order approximations of MAHAM. Hence, the results obtained by MAHAM 

are more accurate than those of Block2 and Block3 [29]. As shown in Figure 8, the 3
rd

 order 

approximate solution series obtained by the MAHAM at          is in good agreement 

with the exact solution. 

It should be noted that at         , the absolute error is highly decreased when modifying 

the solution by taking more terms into consideration. Figures 9 and 10 illustrate this fact. 

 
                     Figure 7-  -curve of    solution at different values of   for Example 4. 

 

 
Figure 8-Comparison of    solution (        )and the exact solution for Example 4. 
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Figure 9-The absolute errors of 1

st
 and     order (        )  approximations of MAHAM 

for Example 4 at          
 

 
Figure 10-The absolute errors of 1

st
 and     order (        ) approximations of 

MAHAM for Example 4 at          
 

Example 5: Consider the nonlinear delay Volterra integral equation  

 ( )   ( )  ∫ (     ), ( )-   
    

 
                                                                    (19)                                                              

where  ( ) is chosen so that its exact solution is  ( )        [30]. 

Now 

 ( )  
                                                            
                        
For HAM solution: 

We construct the zero order deformation equation 

(   ), (   )    ( )-    [ (   )   ( )  ∫ (     )   (   )  
 

 
]          (20)   

The    order deformation equation is 



Husseen and Tayih                                 Iraqi Journal of Science, 2021, Vol. 62, No. 11, pp: 4006-4018 

4015 

  ( )  
      ( )  

 [    ( )  (    ) ( )  ∫ (     ) 
 

 
( ∑  (   )  

   
   ( ) ∑     

 
   ( )  ( )  )  ]  

where    is defined by (6). 

Using the initial approximation    ( )   ( )    
we obtain the following components of the solution 

                                                               
                         
     (                                               

                         

     (   )(                                               

                         

  
Then, the     order series approximation solution expression by HAM can be written in the 

form 

  (   )  ∑   
 
   (   )                                                                                          (21)  

Equation (21) is a family of approximation solutions to equation (19) in terms of the 

convergence parameter  . To find the valid region of  , the  -curves given by the 3
rd

 order 

HAM at different values of    are drawn in Figure 11.  

 
Figure 11- -curve of    solution at different values  of    for Example 5. 

 

For MAHAM solution: 

 Wesplit 

 ( )  
                                                            
                      as  ( )  ∑   ( ) 

    with 

  ( )        

,  ( )                                                        
                          ( )         

Using the initial approximation    ( )    ( )         
we construct the zero order deformation equation 

(   )[ (   )  ∑   ( ) 
     ]    [ (   )  ∑   ( ) 

      ∫ (     )   (   )  
 

 
]     

(22)                                                                                                          

The    order deformation equation is  

  ( )       (    ( )      )   (    ( )      )   

3.0 2.5 2.0 1.5 1.0 0.5
h

0.24

0.22

0.20

0.18

0.16

Y3 x

Y3 0.8

Y3 0.6
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             ∫ (     )( ∑  (   )  
   
   ( ) ∑     

 
   ( )  ( )  )  

 

 
  

where    is defined by (6). 

Consequently, we obtain the following components of the solution 

           
      (                                            

                                                  

     (                                              

                                                    

   
Then, the     order series approximation solution expression by MAHAM can be written in 

the form 

  (   )  ∑   
 
   (   )                                                                                          (23) 

Equation (23) is a family of approximation solutions to equation (19) in terms of the 

convergence parameter  . To find the valid region of  , the  -curves given by the 3
rd

 order 

MAHAM at different values of    are drawn in Figure 12.  

It should be noted that the results obtained by MAHAM are more accurate than that of the 

HAM. Table 3 illustrates this fact. 

 
Figure 12-  -curve of    solution at different values of    for Example 5. 

 

Table 3-The absolute errors of    of HAM and MAHAM at     . 

  A.E     HAM A.E    MAHAM 

0.1 0.0000000000000 0.0000000000000 

0.2                0.0000000000000 

0.3                0.0000000000000 

0.4                               

0.5                0.0000000000000 

0.6                0.0000000000000 

0.7                 0.0000000000000 

0.8                               

0.9                               

1.0                
                

 

 

 

3.0 2.5 2.0 1.5 1.0 0.5
h

0.24

0.22

0.20

0.18

0.16

0.14

Y3 x

Y3 0.8

Y3 0.6
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4. Conclusions 

     In this article, a modified approach derived from Liao’s homotopy analysis technique 

(MAHAM) was introduced to solve non-linear delay integral equations. The MAHAM gives 

approximate and exact solutions in a few iterations. Finally, we can say that the  MAHAM is 

a powerful and efficient method for linear and nonlinear delay integral equations. 
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