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Abstract

In this paper, we conduct some qualitative analysis that involves the global
asymptotic stability (GAS) of the Neutral Differential Equation (NDE) with variable
delay, by using Banach contraction mapping theorem, to give some necessary
conditions to achieve the GAS of the zero solution.
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1-Introduction
Several techniques are used to research the zero solution stability of NDE with delay, such
as the fixed points theory, Lyapunov functions, and characteristic equations. Each technique
has its cons and pros. The fixed point theorem has been used in order to achieve the zero
solution is GAS Dby providing certain conditions. In 2004, Raffoul [1] studied the travail
solution stability of
y(©) = —a®y(®) + c®(t — g®) + a®),y(t—gH)).
Furthermore, in 2013, Liu and Yan [2] gave some conditions for achieving GAS of the
y(©) = —a®y(®) + c(®y(t — 0:()) + q(ty (), y(t — 02(D)).
Also, in 2017,Tunc [3] studied the GAS of y(t) = —a(t)y(t) + b(Dg(y(D)) + c(t)f(y(t —

01(9)) + q(ty(®), y(t— 02(1)).

Finally, in 2018, Ardjoun and Djoudi [4] studied the GAS of nonlinear neutral dynamic
equations with variable delay.

The goal of this study is to use the fixed-point theorem to analyze the GAS of the following
NDE
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L
2(6) = —h(D)z(t) + Z d (1) (t — 0, (t)) +g (t,z(t - G(t))) ...... (1-1),
j=1
which satisfies these conditions:
A;- h,dj, g € C([0,),R), such that o (1), 0;(t) € F with t — o (t) — o and t — o;(t) »
ast—-ow,j=1,2,..L
A,- g(t,0) = 0, and there exists functions T, € C([0, ®), (0, %)) such that
lg(t,z1) — g(t,22)| < Ty(D)]zg — 25|
forallz; e R,1 =1,2,and t € [0, o), that is the function g satisfied Lipschiz condition.
A5- On [0, o), the function h is bounded and
t
tlim inf f h(e)de > —oo.

0

A,- There exists p € (0, 1) satisfies the following:
. )

0 ]

L
t
fe_fwh(e) de d;(w)| +T;(w) |dw < p
=1

and

t L L
|h(t)|je"fvtvh(e)de Zdj(w) +Ty (W) | dw + Zd,—(t) + T, () <p,t=>0.
0 j=1 j=1
2- Preliminary
In this section, we give the Banach fixed point theorem which is the most important
theorem that we use to obtain the main result of this study.
Theorem 2.1 (Banach fixed point theorem) [5, 6]
If S:Y — Y is acontraction and Y is a Banach space, then there is a unique point y* € Y
which is fixed bysS.
3- Main Result
In this section, we give the theorem that verifies the GAS of equation (1-1).
Theorem 3-1:
Assume that the conditions (A;) — (A,) hold, then the equation of zero solution (1 —1) is
GAS in C! if and only if

Proof:
We begin of If side :
Assuming that the equation of zero solution (1-1) is GAS in C!, then to prove that (3-1)

holds, suppose that it does not hold, then there exists
t

K. = tlim inff h(e)de
(o]

t
EO — SuptE[O,OO) {e_ fO h(e)de}

and
Q- = SuPiefo,00) th(D}
It follows from (A3) that K- € (—o0, ), E. € (0, ) and Q- € [0, ). So, there exists
{b,} < [0,00) which is an increasing sequence such that
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lim b, = o

n—oo

and
bn

which denotes
by L
I, =J. elo h(e)de d;(w)| +Ty(w) | dw, n=1,2,..
0 j=1

By (A,), it follows that
bn

L
bn bn bn
I, = elo h(e)def o= Ju" h(e)de zdj(w) T, (W) | dw < pelo " h(@de
-

0 J
The above equation with (3.2) shows that {I,} is bounded, and a convergent subsequence
exists, assuming that {I,,} is convergent.

So, there is a positive integer u, such that for each n € N,n > u,
bp

L
w 1-nu
f elo h(e)de E d;(w)| +Ty(w) | dw < m---(?) —-3)
by =1

and
e :L?h(e)de > %, e” Jo " h(e)de <e 941, efobu hle)de - od 1 1., (3 —4)
where
P = max{E-(ed + 1), Q-E-(e? + 1), 1}.
For any B > 0, consider that the solution of equation (1-1) is z(t) = z(t, by, Q) with [|Q[l,, <
Band |Q(by)| > g It follows from (3-1), (3-2), (3-3), (A3) and (A,) for t € [b,, ) that

t
lz(t)| < |2(by) |e_fbu h(e)de
t

L
+ j e~ Jyh(e)de Z d;(w) z (w — Oj (W)) + g(w,z(w — o(w)) dw
j=1

by
t

L
< |Q(by) e~ o h@de gy  nie)de | lzll, J oI5 h(e)de z dy(w)| +T, (w) | dw
B =1
< BE-(e? + 1) + pllzlly,
< PB + pllzlly,

and
L
201 < 100 lIhle W%+ 1D 6,0 7(t- 0,0)| + gt 2(e = o))
=1
t L
+ [h(D)| f e fwh(e)de Z di(w) 2 (w — o (w)) + g(w,z(w — o(w)) || dw
by j=1

t L L
< QoBE-(e? + 1) + lIzllp, h(D)] fe‘fvtvh(e)de Zdj(w) +Ty (W) [ dw + Zdj(t) +T, (1)
by j=1 j=1
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< PB + pllzllp,
Hence
Izllp, < PB+ ullzlly,
So that
P
”Z”bu S].TIJ.B ...... (3—5)
From (3-2), (3-3), (3-5) and (A,) we get for n > u,

bn
|1z(bn)| = |.Q(bu)|e_fbu h(e)de
b )
Sl f o lohoe Z di(w) Z (w — o (w))
by =

+ g(w, Z(w - O'(W)) dw

by, L
bn bn t
O Tl il | YOOI B YOOI K
by j=1
1 P 1—p
>-B-—BC 9+ 1)
LAl ) 8Ped+ 1)
1
= §B
This contradicts to the fact that
lim b, = o

t—oo

Thus, the zero solution of (1-1) is GAS in C1.
Second, we prove the side (). Assume that fooo h(e)de = o holds, forany b € [0, ).
Let

Y = {z € C(Imy, @)): limz() = lim #(t) = 0}
where my, = infiep oy {t — (0, t — t(®©},j = 1,2, ..., L, for each b € [0, )
and with the norm ||z, = supiefm,,«){|z(D|, [2(D)[} for z €Y, Y is a Banach space. Let
M={z€Y,z) = Q) fort € [my,b]}, where Qe d,={QeTF,Qb)=hbdAa)+

_1di(b) Q(b—oi(b)) +gb, (b —o(b))}.
Itis clear that M is a non-empty and closed subset of Y.
Now we define the mapping V: M — C([my, 0)) by V,(t) = Q(t) for t € [my,, b] and

V,(t) = Q(b)e o h(©de

t L

+ f e~ Jwh(e)de Z di(w) z (W —0; (w)) +g(w,z(w — o(w))|dw ... (3
b j=1

—6)

for t € [b, ).
First, we show that V: M — M is a self-mapping.
We can get by using (3-6),
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L
,(0) = —Q(b)h(b)e hh(@de 1 z di(6) (t - 0j(1)) + g(tz(t — o(®))

j=1

! L
10 fer o3 - o)
b j=1
+ g(w, z(w — c(w))‘ dw..(3-7)

L
=h(t)V,(t) + Z d;(t) z (t — 0 (t)) + g(t, z(t — o(t))
j=1
By (3-6), and using the definition of @, we get

L

¥,(b) = —Q(b)h(b) + 2 d;(b) & (b — 0;(b)) +g(b, (b — o (b)) = {(b)
Then, V, € C([my, o)) for z EJIT/I1 and lim_, z(t) =lim_ z(t) = 0.

By assumption (A;) and the definition of limit, the following is implied
For any &> 0, there exists q > 0, such that sup{|Z (t — cj(t))| |z(t - o(t))|} < ¢, for

t=>q..(3—-8)
From (3-6), (3-8) and assumptions (A;) and (A,), it follows for t > q and z € M that

IV, (®)] = |Q(b)e™ bhede

t L
+ j e—fvtvh(e)de lz d;(w) Z (W — 0; (W)) + g(w, Z(w — G(W))‘ dw

b j=1

u L
< ol kM 4 [l [Z i) 7 (w = ;W) +g(w, 2w - o<w>)] ™
=1

b

t
+ ] e—fvtvh(e)del

u

L

dj(w) z (w — Oj (w))

j:

+ |g(w, Z(W — o(w)) — g(w, O)| dw

<e fg h(e)de

u L
Q)| + f e~ Jph(e)de [Z d;(w) 2 (w — 0 (w)) + g(w,z(w — o(w))‘ dw]

b

t
+ f e—fvtvh(e)de[

u

Jj=1
L

]:

dj(w) z (W — O'j(W)) + Tl(w)lz(w — G(W))lw dw
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)

< e h MO || (b)]

+ f e—fbeh(e)de ( Z dj(w) z (W — O'j(W)) +g(w, Z(w — G(W))
j=1

b
t [] L
+ s.fe_ft?h(e)de di(w) | + Ty (w)|dw
u | [/=1
< e~ b |1 ()|
u L
+ f o= Jp h(e)de ( Z d;(w) % (w — cj(w)) + g(w, z(w — o(w)) )dw]
b j=1
+&u

Otherwise, from (3-8), it follows that there exists u; > u such that for t > u;

|.Q(b)| +jef§h(e)de<

b

e~ fgh(e)de

J

)

di(w) z (w — 0; (W)) + g(W,Z(W — O'(W))

<e
hence, lim_,,, V,(t) = 0, forz € M.
In addition, it follows from (3-7) and (A,) that

Y 4®i(t- o)
j=1

d;(0) 2(t - 0;(0))

[V, (0] < ROV, + +|g(t,2(t — o(®)) — g(t, 0)]

< |V, ()| + + T (0)|z(t — o ()|

]
Now, (A3) and (A,) lead to lim_,, V,(t) = 0 for z € M. Therefore, V, € M.

In the second step, we show that V: M — M is a mapping contraction.
For x,z € M, by following (3-6), (A,), and (A,) we show that

V(D) — V(D]

t
< ] e—f‘;h(e)del

b

L

d;j(w) |X (W - O'j(W)) -7 (W — O'j(W))|

j:

+ |gw,x(w = 6(w)) — g(w, 2(w — o(w))| [ dw
L

]:
< H”X—Z“b, te [b’ OO)
Now from (3-7), (3-9), (A,), and (A,) we get that, for t € [b, ),

r
t
<|x- Z”bfe_fwh(e)de[

b

dj (w)
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[V (© — V,(0)] )
< Ih@IIV,© = V,01+ | Y 4@ |[¢(t - ;) = 2(¢ - 50|
+ |f(t,>t((t —o(V) — f(t,z(tj—=10(t))| ...... (3-10)
< ||X—Z||bl||h(t)||fefvtvh(e)de idj(w) + T, (w) [ dw + ZL:dJ-(t) + L, ()
b j=1 j=1

< pllx —zllp

When we complete the proof, we can obtain that V: M — M is a mapping contraction, then V
has z wich is a unique fixed point in M by the theorem of Banach fixed point, that is the
equation  (1-1) has a unique solution through (b,Q) and satisfies
lim_,e z(t) = lime z(t) =0 ... ... (3—-11).

The last proof of the theorem is to prove that the zero solution of equation (1-1) is stable
in C1.

First, suppose that the following conditions are true

t

E = SuPrejper) e "%} | Q = supeeppe 1A D1}.

From (3-1) and (As3), we get E, Q € (0, ). For any & > 0, let > 0 such that

1—p1- u}
E ' EQ

If z(t) = z(t, b, Q) is a solution of equation (1-1) with ||Q|], <1, then z(t) = V,(t) on
[b, ©0).

We claim that |[|z|l[, <e. Otherwise, there exists b; >b such that
sup{|z(b,)l, [z(by)|} = € and sup{lz(D)],|z(D)|} < e
for t € [my, by). If |z(b,)| = &, then it follows from (3-6), (A,) and (A,) that

b
lz(by)| < |Q(b)|e~ o R©)de
b

n< smin{l,

L
_ (b1 ,
+ f o~ fotn(e)de Z d(w) % (w _ o'j(W)) + g(w,z(w — o(w))|| dw
b j=1
by L
b
<En+ sf e~ Jw' h(e)de Zd]-(w) +T; (w) | dw
b j=1
< En+ep
<eg

This is a discrepancy.
Now, if |Z(b;)| = &, then from (3-7), (A,), and (A,), we obtain
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L
20| = 190 [A(by)e ™ O 1 " d(0,) 2 (by — 03(b)| + |9y, 2(bs — 0(b)]

J
by

L
#IROD! [ e MO S 4, 7 (w = 0yw)
b j=1

+ g(w, z(w — G(W)) dw

by L L

< EQn+elh(by)] | e lwin@de |y g -

< EQn +¢lh(by)| | e 'w di(w) +T;(w) [dw + » d;(by) +T;(by)
b j=1 j=1

<EnQ+ep
<eg
It is also a discrepancy. Hence, the zero solution of equation (1-1) is stable in C1. Besides,
equation (3-11) implies that the trivial solution of equation (1-1) is GAS in C. The proof is
complete.
Now, we give an application.
Example 3.2

In equation (1-1), let h(t) = % d;(v) = !

+t' 10 L(14t)’

3+ 2cost, and g(t,z(t))=ln(1+ 12 ) where h,d;, g € C([0,),R). A direct

10(1+t)
calculation shows that |h(t)| <1, foooh(u)du = oo when t € [0,), and A, holds when
1
T = 10 (1+0)°
Now, let p = % then for t € [0, ),
2t

t _ t
Jy e Wwh@de [|5h | d(w)|+Ty(w)]dw = 10(1+1)

Ih(O [} e Wh@de [ |TL 4 (w)|+T, (w)]dw + [k, di(O)] + Ty () <

Hence (A;)- (A,) hold, then by theorem (3-1), the zero solution is GAS.

In conclusion, we used Banach contraction mapping theorem to give some necessary

conditions to achieve the global asymptotic stability of NDE.

References

[1] Raffoul YN. “Stability in neutral nonlinear differential equations with functional delays using
fixed-point theory”. Math Comput Modelling, vol. 40, pp. 691-700, 2004.

[2] Guirong Liu, Jurang Yan, 2013. “Global Asymptotic Stability of Nonlinear Neutral Differential
Equation”. Communications in Nonlinear Science and Numerical Simulation, vol. 8, pp. 1-10,
2013.

[3] Cemil TunC, Ramazan Yazgan, and Ozkan Atan, “On The Global Asymptotic Stability of
Solutions To Neutral Equations Of First Order”. Palestine Journal of Mathematics, vol. 6, no. 2,
pp. 542-550, 2017.

[4] Abd Elouaheb Ardjoun and Ahcene Djoudi, “Study of global asymptotic stability in non linear
neutral dynamic equations on time scales”. CUBO A Mathematical Journal, vol. 20, no. 3, pp. 49-
63, 2018.

[5] Erwin Kreyszig, Introductory Functional Analysis with Applications, University of Windsor, 1989.

[6] Sizar Abid Mohammed, Sadeq Taha Abdulazeez, Diyar Hashim Malo, “Stability in Delay
Functional Differential Equation established using the BANACH Fixed Point Theorem”,
International Journal of Advanced Trends in Computer Science and Engineering, vol. 8, no. 6, pp.
2951-2955, 2019.

i=12,..L, cj(t) = 3 + 2sint, o(t) =

<pu and

2t+2
10(1+t) — K

3641



