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Abstract
In this article, the inverse source problem is determined by the partition
hyperbolic equation under the left end flux tension of the string, where the extra
measurement is considered. The approximate solution is obtained in the form of
splitting and applying the finite difference method (FDM). Moreover, this problem
is ill-posed, dealing with instability of force after adding noise to the additional
condition. To stabilize the solution, the regularization matrix is considered.
Consequently, it is proved by error estimates between the regularized solution and
the exact solution. The numerical results show that the method is efficient and
stable.
Keywords: Inverse force hyperbolic problem; Regularization method; the left end
flux tension of the string.

تنديب مدألة المصدر المعكهس تحت معادلة التقديم الزائد
شيالن عثمان حدين

 جامعة الدليسانية، كلية العلهم،قدم الخياضيات
الخالصة
 تم تحجيج مذكلة السرجر العكدي عن طخيق تقديم السعادلة القطعية تحت شج تجفق،في هحا السقالة

 يتم الحرهل على الحل التقخيبي على شكل تقديم.الشهاية اليدخى للدلدلة حيث يتم دراسة القياس اإلضافي
 فإن هحه السذكلة غيخمهضهعية والتي تتعامل مع، عالوة على ذلك.(FDM) وتطبيق طخيقة الفخق السحجودة
 يتم الشظخالى، الستقخار هحا الزهضاء.عجم استقخار القهة بعج إضافة الزهضاء الى الذخوط االضافية
 الشتيجة العجدية. ومن خالل تقجيخ الخطأ بخهشا بين الحل السشتظم والحل الجقيق، وبالتالي.السرفهفة السشتظسة
.تبين أن الطخيقة فعالة ومدتقخة

1 Introduction
The inverse force problem is described by partial differential equations and has been noticed
recently because of its wide use in science, medicine, and mathematics fields. Many papers were
dedicated to the optimal solution for source problems with different boundary conditions and
numerical methods. In [1, 2], the boundary element method (BEM) was combined with a separation
variable, where the left end Dirichlet or Neumann conditions, as additional measurements, were
considered. Sequentially, in [3], the BEM was switched to the finite element method (FEM).
Meanwhile, the papers [4, 12] were based on the right end Dirichlet or Neumann boundary conditions
for extra conditions, whereas [5] focused on unusual boundary conditions with some theorems of
existence and uniqueness, which were also provided in [5–8]. In addition, this approach was also used
in physics [9, 10, 12].
In this research, the existing results mainly focus on the finite difference method (FDM) for both
partitions, which comes from splitting the wave equation. Moreover, the zeroth order of regularization
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is studied when the amount of noise is added to the extra boundary condition. This paper is organized
as follows. We introduce the mathematical formulation in Section 2. In Section 3, numerical results
are introduced to show that the method is stable. The conclusions are presented in Section 4.
2 Mathematical Formulations
In this article, it is required to find
subject to
2
[
]
are the displacement and force, respectively, defining the points
is a bounded domain with a smooth boundary
which is a cylinder.
represent the initial displacement and velocity, respectively.
Furthermore, for solving the inverse problem above, we need to have the following extra
measurements in the role of the flux tension of the string at the left end [1–4, 11]:
where

We introduce the approach of solving (1)-(4) by partitioning
to
) [6]. Consequently, by organizing (1)-(4) as in [1-4,6,11], we have:

and

{

(i.e.
(5)

[
[

]

]

Numerically, we next deal with the solutions (5)-(10). Firstly, the FDM is applied on the first part of
equation (5) with the initial condition (6) and boundary condition (8), which is similar to the equations
in [3] and thus not rewritten here. Then, in the form of
, we have
(

̅̅̅̅̅̅

)

A similar way is used for the second part for equations (5), (7), and (9). This step is the main aim of
this study:
̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅̅̅̅̅̅̅̅̅̅
̅̅̅̅̅̅̅̅̅̅̅̅̅

̅̅̅̅̅̅

̅̅̅̅̅
(
)
With the additional boundary condition (4) and equation (11) substituted in (10), we get
̅̅̅̅̅
(
)
( )
(
)

(16)

where
(
),
(
),
(
) (
) , such that
̅̅̅̅̅̅ ,
̅̅̅̅̅ and
for
[2-4,11].
Linear system algebra was reached from (12)-(16), i.e
, when can find
.
Moreover, this problem is ill-posed for existences and uniqueness, as proved by [6,9]. For stability, we
̅̅̅̅̅ then
proposed in this research adding the noise in (4)
where is a Gaussian normal distribution. The mean of zero was
applied, while the standard deviation of was given by
[1-4,11], and
[ ]
represents the percentage of noise.
Zeroth-order Tikhonov regularization
was applied after the
oscillation being in
.
3 Numerical Results and Discussion
The objective of this study is to test how accurate is
, where
is the second part of (5),
based on the FDM. Let
for simplicity. As mathematicians need to have good
background and information of the non-homogenous wave equation, we apply the same example used
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in [3]. In addition, we compare the FDM and separation variables.
[

]
[

]

]
Over-determination occurs in the left end, where
[ ]
Table 1 and Figure 1 show that the matrix A is an ill-condition, as compared with Table 1 and Figure
2 used in [1], which are quite different because the matrix in [1] comes from separation variables,
while in the present work it comes from FDM. Because of having the same values of vx(0,t) (i.e. (11))
that appeared in [3], the figure is not represented in this research.

Figure 1- Normalized singular values at
{
}.
Table 1-Condition number of matrix

28.55125372

for using FDM (12)-(16) with

in

110.9876489

437.9345376

Furthermore, from
we can obtain the numerical solution
that the result gradually converges to the exact one as the value of
(a)
(b)

(c)

(d)

1996

1740.258993
. It is clear from Figure 2
{
} increases.
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Figure 2-The exact solution (-) as compared to the numerical solution (…), which comes from (12)(16).
As it is popular in science, the inverse force problem is ill-posed. The theorems presented in [6]
prove that the solution exists and is unique, only when the third condition remains ’stable’, which is
proposed in this work. From figure 3, it can be seen that high oscillation acts even when the amount of
{
} and add to
noise increases,
. It is clear
that the solution of
is not well-posed.
The final algorithm used the Tikhonov regularization in the zeroth-order
to reduce vibration, where represents the regularization parameter. The min norm
error between the exact and numerical noise has placed | numerical
e act | as a function of (see [1–
4,11]) to determine which parameters provided the closest numerical solution. Figure 4 shows that
reaches the most stable solution for
. In addition, different shapes and values are
{
}
obtained in the separation variables [3]. Table 2 shows that same min has got for
with different values.
(a)
(b)

(c)

Figure 3- The exact solution for
(-) as compared to the numerical solution (…) with fixed
which comes from (12)-(15), with
and
{
}
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Figure 4-Error
noise.

Iraqi Journal of Science, 2021, Vol. 62, No. 6, pp: 1994-1999

, as a function of

, for

and

{

}

Figure 5- The exact solution for
in comparison with the numerical solution, for
{
} noise and regularization parameter
.
Table 2- Regularization parameter

1.051405741

{

as

2.613571308

}

4.185835838

4 Conclusions
In this study, we investigated the stable numerical solution for
after considering the finite
difference method for both homogeneous and non-homogeneous parts of the wave equation.
Additional boundary conditions were supposed along with the initial boundary conditions. Moreover,
to obtain the regularization solution, where noise was added to the additional conditions, the zeroth
order Tikhonov was tested. Meanwhile, the nearest parameters were examined by min norm errors
between the exact and numerical solutions.
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