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Abstract 

      Let   be a connected graph with vertices set        and edges set       . 

The ordinary distance between any two vertices of      is a mapping   from     

into a nonnegative integer number such that        is the length of a shortest 

       path. The maximum distance between two subsets  ̀ and   of       is the 

maximum distance between any two vertices   and   such that   belong to  ̀ and   

belong to  . In this paper, we take a special case of maximum distance when  ̀ 

consists of one vertex and   consists of       vertices,    . This distance is 

defined by: 

             {          }  | |                        , 

where   is the order of  a graph  . 

     In this paper, we defined    – polynomials based on the maximum distance 

between a vertex   in      and a subset   that has       vertices of a vertex set 

of   and    – index. Also, we find     polynomials for some special graphs, such 

as: complete, complete bipartite, star, wheel, and fan graphs, in addition to     

polynomials of path, cycle, and Jahangir graphs. Then we determine the indices of 

these distances. 

 

Keywords: max– –distance,     –Polynomial ,    –index . 
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  و  ىي اعظم مدافة بين اي رأسين      من   و  ̀  ين الجزئيتينالمدافة العظمى بين المجمهعت 
تم اخذ حالة  . في ىذا البحث   ينتمي الى المجمهعة  والرأس  ̀ ينتمي الى المجمهعة   بحيث ان الرأس 

من       تتألف من   تحهي عمى عنرر واحد والمجمهعة  ̀ خاصة من المدافة العظمى عندما 
 وتعرف كالاتي :    الرؤوس حيث 

             {          }  | |                        , 
 .  تمثل رتبة البيان   حيث ان 

     في   والتي تعتمد عمى المدافة العظمى بين الرأس    -في ىذا البحث عرفنا متعددة الحدود  
-. كذلك وجدنا متعددة الحدود    -والدليل   من رؤوس البيان       التي ليا    والمجمهعة الجزئية

لبعض البيانات الخاصة مثل : البيان التام والبيان ثنائي التجزئة التام وبيان النجمة وبيان العجمة وبيان    
 بيان الدرب والدارة وبيان جنكير مع ايجاد الادلة ليذه المدافة . بالإضافة الىالمروحة 

1. Introduction 

      In 1999, Dankelmann et al. defined the distance between two subsets of vertices in a connected 

graph  , as follows: 

The minimum distance from   to   is: 

               {                 } , 
the average distance from   to   is: 

           
 

| || |
∑               , and 

the maximum distance from   to   is: 

               {                 } , 
where   and   are not necessarily distinct subsets of vertices of   , and        is the number of edges 

in a shortest path between   and   [1] . 

For metric axiom (2) for the maximum distance from   to  , we note that              if 

    { }; thus for     and | | or | |   ,  this implies that            . Therefore, 

axiom (2) of the metric space does not in this case hold. 

The literature is rich in papers on determining polynomials that depend on the minimum distance 

between a vertex   and a subset of vertices of    consisting of        vertices for many graphs and 

operations defined in graphs (see [ 2,3]). Also, there are many recent studies on other types of 

distances for some graphs (see ([4,5,6,7,8,9,10,11]). For additional information about the applications 

for some types of these distances, see [12,13,14], and about other applications see [15,16]. 

We assume that all graphs   in this paper are simple, undirected, and connected [17]. We define the 

max –   – distance in   as the maximum distance from a singleton  ,        to an       subset 

 ,          such that   does not belong to  , as follows: 

             {           } , | |      ,      , in which   is the order of  a graph  . 

It is clear that, for any vertex   and for any subset   of      , we have:            . This means 

that the axiom (2) of metric space does not hold. If the vertex    dominates all vertices  , then 

           . 

When     , the ordinary distance between two vertices of       can be obtained [17]. Therefore, we 

let    . The    eccentricity of a vertex    is also the maximum distance between   and a set   of  

     vertices. This means that: 

                     
| |    

{          } , 

 and the    radius and the     diameter of   with respect to this distance ( max –   –distance), 

respectively, are defined by:  

                            {         }  
and 

                             {         } . 
The   -index of a graph   of order  , where,       , is the sum of max –   – distances of all 

pairs         in   : 

      ∑               
   

. 

The   -polynomial of a graph   of order    is denoted by         and defined by : 
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        ∑                   
    , 

where      {                    }  and         is the number of pairs      ,   
    , | |     ,      , such that             , for each              . It is clear 

that the   - index of any connected graph   can be obtained from the   -polynomial, as follows : 

      
 

  
       |    ∑         

         
    . 

If       represents the number of pairs       such that            , then 

        ∑             . 

Properties 1.1: For all       , we have:  

a.               ∑ (
    
   

)        . 

b. ∑          (   
   

)
         
   . 

c.             , where   is the diameter of ordinary distance of  . 

Proof 

a. Since the number of vertices that are lying at a distance one  from  the vertex        is equal to 

the degree of  ,       and there is no vertex  lying at a distance less than one to  , then 

      ∑ (     
 

) (  
     

)
     
    (      

   
).   

Therefore,         ∑             ∑ (
    
   

)         . 

b. Let           be the number of pairs       ,       ,| |     ,      ,      , such that  

            , for each                then  

                           ∑                 , so 

∑        
         
    ∑ ∑          

         
          ∑ (   

   
)   (   

   
)        .    

c. By the definition of the diameter of a graph   with respect to the max- n distance, we have  

             {                            | |     } 
                                          {                     }  
                {                }   .        

Example (1): Let    be a complete graph of order  ,     , then  

  (    )   (   
   

)  , where | |      ,           ,     . 

2. Main Results 

2.1     –Polynomials of some special  graphs which have a diameter equal to two 

We find the   –Polynomials for some special  graphs which have a diameter equal to two, such as 

complete bipartite, star, wheel, and fan graphs. 

Theorem 2.1.1: For all     ,         , we have: 

  (      
   )  [  (

  
   

)    (
  

   
)]  [ (   

   
)    (

  
   

)    (
  

   
)]    

Proof : From property (1), we have: 

  (      
  )    (

  
   

)    (
  

   
). 

Since      (      
)    , then  

  (      
  )   (   

   
)    (      

  )  (by property 2) . 

            (   
   

)    (
  

   
)    (

  
   

), where        .  

Since the star graph    is a special case of complete bipartite graph       , then  

  (     )  (   
   

)       (   
   

)  , where       . 

By the same method, we obtain the Mn –Polynomials of wheel    and fan    graphs . 

Theorem 2.1.2: For    , we have 

1.   (     )  [(   
   

)       (  
   

)]       [(   
   

)  (  
   

)]  , 

2.   (     )  [(   
   

)       (  
   

)]       [(   
   

)  (  
   

)]   . 

Proof : Obvious. 

Proposition 2.1.3 : The   – index of   has a diameter equal to two, for all     , that is  

        (   
   

)  ∑ (
    
   

)        , where   is order of  .  

Proof  
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Since    , then from properties 1.1, (a) and (b), we obtain the proposition 2.1.3. 

Corollary 2.1.4: For all      , we have :  

1.   (      
)    (   

   
)    (

  
   

)    (
  

   
), where        ,           . 

2.   (  )        (   
   

),    . 

3.   (  )        (   
   

)       (  
   

),    . 

4.   (  )        (   
   

)       (  
   

),    . 

Proof: 

1. Since        , when      and        , when     , where  (      
)        , then 

from Proposition 2.1.3 , we obtain what is required. 

2.  Since       , when    (  )  {             } and         , when   is center vertex 

of   , then from Proposition 2.1.3 , we obtain 

  (  )        (   
   

),    . 

3. Since       , when    (  )  {             }, and         , when   is center 

vertex of   , then from Proposition 2.1.3 , we have 

  (  )        (   
   

)       (  
   

),    . 

4. Since       , when    (  )  {             } and         , when   is center vertex 

of   , then from Proposition 2.1.3 , we get 

  (  )        (   
   

)       (  
   

),    . 

2.2.   –Polynomials of some other Special Graphs: 

In this section, we shall find the    Polynomials of a cycle    and a path    graphs and find the 

indices of the maximum distance of them. 

Theorem 2.2.1: Let    be a cycle graph of order  ,    . Then for all      , we have 

  (     )   (  
   

)   ∑ [(   
   

)  (    
   

)]  
⌊
 

 
⌋  

     

                                {
(   
   

) 
 

                                   

[(   
   

)  (   
   

)] 
   

                 
   

Proof: We have from property (1) that   (     )   (  
   

). 

To find   (     ) for all     ⌊
 

 
⌋ , let   be a subset of vertices of        that has length       

and let   {                                              }, then the cardinality of U is      . 

Now, if    is an odd number, then we have three cases: 

Case I :  {    }     ,       . 

Case II :  {    }     ,      . 

Case III :  {          }     ,     . 

Then from these cases, we obtain:  

       ∑ ( 
 
) (     

     
) 

    (   
   

)  (    
   

),       . 

Since   (     )  ∑              , then we have: 

  (     )   (  
   

)   ∑ [(   
   

)  (    
   

)]  
⌊
 

 
⌋

     . 

If   is an even number, then we get the same coefficient   (     ), and when   is an odd for all 

    ⌊
 

 
⌋    and   

 

 
, then          . Thus, we have: 

   

 

     (   
   

) ,       . 

This completes the proof  

Corollary 2.2.2: For all      ,    , we have : 

  (  )   (  
   

)   ∑  {(   
   

)  (    
   

)}
⌊
 

 
⌋  

     

                           ⌊
 

 
⌋ {

(   
   

)                           

(   
   

)  (   
   

)             
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Theorem 2.2.3 : Let    be a path graph of order  ,     . Then for all       , we have: 

  (     )       (  
   

)  ∑           
    

     , where 

  (     )  (    
 

){(   
   

)  (    
   

)}   {
∑ (     

   
)                  

       ⌊
 

 
⌋  

∑ (     
   

)
   
     ⌊

 

 
⌋          

  

Proof: It is clear that   (     )       (  
   

)   (  
   

)       (  
   

), for all     , by property 

(1). 

Now, to find   (     ) for all        , let S be a subset of vertices of        that has length 

    . Then, there are two cases: 

Case I : For all      ⌊
 

 
⌋ , then there are two subcases: 

a. If   {    }    , where          {               },    {          }, such that 

      when    , then 

       (     
   

)                  . 

By symmetry, we have           (      ) ,       . 

b. If    {          }    , where   is required to contain at least one of {          } and 

   {                              },          ,|  |      , then 

       ∑ ( 
 
) (     

     
) 

    (   
   

)  (    
   

) . 

Case II : For all  ⌊
 

 
⌋         , we have: 

       (     
   

)         , 

where    {     }     ,      {                          } . 

From the two cases and   (     )  ∑             , we have: 

  (     )  (    
 

){(   
   

)  (    
   

)}   {
∑ (     

   
)                  

       ⌊
 

 
⌋  

∑ (     
   

)
   
     ⌊

 

 
⌋          

    

Corollary 2.2.4 : For all      ,    , is  

  (  )       (  
   

)  ∑  [(    
 

){(   
   

)  (    
   

)}
   
     

                            {
∑ (     

   
)                    

       ⌊
 

 
⌋  

∑ (     
   

)
   
     ⌊

 

 
⌋          

] 

2.3. The   -Polynomial of Jahangir Graph        

Definition [18]: Jahangir graph       is a graph of        vertices, for     , that is, a graph 

consisting of a cycle of order   ,    with a new additional vertex which is adjacent to the   vertices 

of     at distance   between each other on    . We consider the graph       when     (Figure 1). 

 
Figure 1-Jahangir graph     ,has      vertices,    edges of degree three and one vertex of degree 

m 
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Some Properties of          

 Diameter property: The graph      has a diameter of 4, for all    . 

 The distance property: The vertices of the graph      have the max-   - distance between the 

vertex    and any subset   of vertices of          as follows: 

             , 

             ,for all           , 

             , for all            . 

 Symmetry property :Vertices of the graph      that have the same max –   –  

distance are called the symmetric vertices, which are: 

      , for all           , and      , for all            . 

Theorem 2.3.1: For all      , we have  

  (      )  ∑   (      )   
    , where  

  (      )  (  
   

)   (  
   

)   (  
   

) , 

  (      )  (   
   

)  (  
   

)   [(   
   

)  (  
   

)]   [(  
   

)  (  
   

)], 

  (      )   [(   
   

)  (   
   

)]   [(   
   

)  (  
   

)], 

  (      )   [(   
   

)  (   
   

)]. 

Proof:  It is obvious  that   (      )  (  
   

)   (  
   

)   (  
   

) . 

To prove   (       ) for all        , we will find the coefficients   (          ) for         and 

use the symmetry property to get the required result. Let           be a subset of       elements, 

          and let       be the number of subsets   for which the max- -distance between   

and      equal to  . 

Now, when      , then there are three cases: 

Case I : If     , then there are   vertices {                 } lying at a distance of     from     and 

there are   vertices {              } lying at a distance of 1 to    . Thus, 

  (          )         ∑ ( 
 
) (  

     
) 

    (   
   

)  (  
   

).  

Case II : If    , then  there are       vertices {               } lying at a distance of     from     

and there are   vertices {              } lying at a distance of 1 to   . Thus 

  (          )         ∑ (   
 

) (  
     

)   
    (   

   
)  (  

   
). 

Case II : If    , then there are   vertices {              }   lying at a distance of     from     and 

there are only 2 vertices {        } lying at a distance of 1 to   . Then 

  (          )         ∑ ( 
 
) (  

     
) 

    (  
   

)  (  
   

).  

From the three cases and the symmetry property, we have  

  (      )  (   
   

)  (  
   

)   [(   
   

)  (  
   

)]   [(  
   

)  (  
   

)]. 

Now, when    , then 

         , from the distance property. 

If    , then  there are       vertices {                 } lying at a distance of     from     and 

there are      vertices {                     } lying at a distance of less than 3 to    . Then 

  (          )         ∑ (   
 

) (    
     

)   
    (   

   
)  (   

   
). 

If    , then  there are       vertices {               } lying at a distance of     from     and there 

are 5 vertices {                        } lying at a distance of less than 3 to    . Then 

  (          )         ∑ (   
 

) (  
     

)   
    (   

   
)  (  

   
). 

From the above and  the symmetry  property, we have 

 

  (      )   [(   
   

)  (   
   

)]   [(   
   

)  (  
   

)]. 

Finally, when    , then we have 

         , for          from the distance property. 
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If    , then  there are      vertices {                }  lying at a distance of     from     and 

there are       vertices {               }  {                } lying at a distance of less than 4 to 

  . Then 

  (          )         ∑ (   
 

) (    
     

)   
    (   

   
)  (   

   
). 

From the above and the symmetry  property, we have 

  (      )   [(   
   

)  (   
   

)].         

Remark: When    , then the Jahangir graph       has 3 diameters and we have : 

  (      )  [ (  
   

)   (  
   

)]  {(  
   

)  (  
   

)   [(  
   

)  (  
   

)]  

                                 [(  
   

)  (  
   

)]}   6(  
   

)  .  

3. The Relation Between the    - polynomial and the Hosoya polynomial 

In this section, we expound the relation between    polynomial and Hosoya polynomial when 

   . Let   be any connected graph of order  , then Hosoya polynomial is defined as follows [19]: 

       ∑          
   ,  

where        is the number of pairs unordered of distinct vertices that are at a distance  , and Wiener 

index  of   is defined as: 

     
 

  
      |    ∑         

    . 

From properties 1.1, we get: 

        ∑ (
    

 
)  ∑                        . 

Hence                . 
Theorem 3.1: Let   be a connected graph of order  , then                . 
Proof: Let         be the number of all order pairs       such that             ,    , | |  
   ,         If we take    , then         is the number of all order pairs    { }  such that 

       { }   ,    ,    . 

Since    { }     { }  for    , then 

        ∑        { } {   }      such that        { }   . 

Since        { }         { }  and        are the numbers of all distinguishable unordered pairs 

      of vertices that are of distance   apart, then 

               , for   , which implies that 

∑             ∑          . 

Hence,                . 
Also, we can obtain Wiener index from       by : 

Hence,       
 

  
       |    

 

  
       |         . 

In the table below, we explain the difference between the     polynomial and Hosoya polynomial 

when     for the special graphs. We obtained Hosoya Polynomial results of the special graphs    , 

      
 ,   ,   ,   ,   ,   , and     from the new results which we obtained in this paper, after 

substituting the value of     and dividing         by 2. 

  

Table 1-Comparison between     polynomial and Hosoya polynomial for some special graphs 

Special graphs     Polynomial (         Hosoya Polynomial (        ) 

           
      

 
  

      
        [            ] 

        [
      

 
     ]  
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     ∑    {
  

⌊
 
 
⌋
                  

   
⌊
 
 
⌋
                

⌊
 
 
⌋  

   

   ∑    {
  

⌊
 
 
⌋
                  

   
⌊
 
 
⌋
                

⌊
 
 
⌋  

   

 

    ∑       

   

   

 ∑       

   

   

 

     
                       

          

    
      

 
            

 
      

 
   

Also, we can obtain Wiener index for special graphs by deriving         with respect to    and then 

     followed by division by 2.  

4.  Conclusions  

     This paper investigated    polynomials with special structures and properties based on the 

maximum distance between the subset   of vertices of      with        vertices, (      ,| |  
   ,    ), and a singleton vertex   in      which does not belong to  . In this paper, we 

determined the Hosoya polynomial from     polynomial by dividing the     polynomial by   

when    . 

This type of distance can have an application in several areas, for example in networks, by sending a 

set of signals or messages from a specific site to the farthest set of sites, so that these signals or 

messages from that set are then sent to sets closer to them in order to ensure that some data is not lost. 
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