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Abstract

Let R be any ring with identity, and let M be a unitary left R-module. A
submodule K of M is called generalized coessential submodule of N in M, if (
N)/Kc [Rad] _g (M/K). A module M is called generalized hollow- [lifting ] _g
module, if every submodule N of M with M/N is a G-hollow module, has a
generalized coessential submodule of N in M that is a direct summand of M. In this
paper, we study some properties of this type of modules .
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1. Introduction

Throughout this paper R is a ring with identity , and every R-module is a unitary left R-module ,
NEM denotes N is a submodule of M .Let M be an R-module , and let NEM , N is called essential
submodule of M (denoted by NS _eM) if every nonzero submodule B of M , we have BNA#0 [1]. A
submodule N of M is called small submodule of M (denoted by N «M) , if for every KEM , M=N+K
implies K = M [2]. Rad(M) is the sum of all small submodules of M [2] . A submodule N of M is
called generalized—small submodule of M (for short ,G-small) (denoted by N «<_G M) , if for every
Kc eM, M= N+K implies K = M [3] . Rad_g (M) is the sum of all G-small of M[3] , It clear that
Rad(M)SRad_g (M) , but the converse is not true in general . A nonzero module M is called
generalized-hollow (for short ,G-hollow) , if every proper submodule of M G-small (in [4] , it is
denoted by e-hollow) . A Submodule K of M is called coessential submodule of N in M (denoted by
Kc_Ce N) , if NNKKM/K. A module M is called lifting module or satisfies (D1) if for every
submodule N of M there exists a direct summand K of M such that M =K[1 K', K €N ,K' € M and
N N K'« M[5] . M is called hollow lifting , if for every submodule N of M with M/Nis hollow has a
coessential submodule in M that is a direct summand of M , [6] . Clearly every lifting module is
hollow lifting , while the converse does not hold in general , see [6] . A submodule K of M is called G-
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coessential submodule of N in M (denoted by KE_GceN) , if NNK «_(G) M/K,[7] . An R-module M
is called generalized lifting or satisfies (GD1) , if for every submodule N of M , there exists a direct
summand K of M, such that KE_( GCe) in M [4] . It is clear that every lifting module is a generalized
lifting module . An R-module M is called a generalized hollow lifting module ( for short , G-hollow
lifting module ) , if for every submodule N of M , with M/N is hollow module , N has a generalized
coessentioal submodule of M that is a direct summand of M , [7]

tin this paper we introduce a generalized hollow [ lifting] _g module as a generalization of
generalized hollow lifting module .

Let N, KEM, N is called supplement of K in M if M=N+K and NNK<«N,[2] and N is called strong
supplement of K if N is a supplement of K in M and NNK is a direct summand of K [3] .

We introduce G-strong supplement submodule , let N, KEM we called K is G-strong supplement of N
in M if M=N+K , NNK< [Rad] g (M)and NNK is a direct summand of N .

In fact , we prove for an indecomposable module M , M is G-hollow-lifting_g module if and only if M
is G- hollow or else M has no G-hollow factor module . We also prove that for NEM , N has a
generalized strong supplement in M if and only if N has a generalized coessential submodule that is a
direct summand of M, therefore M is a G-hollow-lifting_g module if and only if for every submodule
N of M, with M/N is G-hollow has a generalized strong supplement in M .

In section three, we prove that for fully invariant submodule N of M, if M is G-hollow-
lifting; module, then M/N is a G-hollow-liftinggmodule. In fact, we give sufficient condition
for direct sum of two G-hollow lifting module to be G-hollow lifting. We prove if M = M, ®M,is a
duo module, then M is a G-hollow-lifting;module, if and only if M;- and M, are G-hollow -
lifting ;modules.

2. Some properties of G-hollow Ilifting  modules

In this section, we introduce G-hollow lifting, module as a generalization of hollow lifting
module, and study some properties of this type of modules.

Definition 2.1[7]: A submodule K of M is called generalized coessential submodule of N in M
denoted by

K SgeeN, ify € Rad>-.

It isclear that, if K is coessential submodule of NinM,then K is generalized
coessential submodule of N in M. However the converse in general is not true, for example 0 S, Q
as Z-module, but 0 is not coessential of Q.

Definition2.2[4]:  An R-module M is called generalized lifting or  satisfies  (GD1), if
for every submodule N of M, there exists a direct summand K of M, such that KE;., N in M.

It is clear that every lifting module is a generalized lifting module. An R-module M is called hollow
lifting, if every submodule N of M such that %hollow has a coessential submodule that isa
direct summand of M [6].

It is know that Rad(M) € Rad, (M), [8].

The following gives the properties of Rad, (M) which appeared in [8].

Lemmaz2.3: The following assertions are holds:

1. If M be an R -module , then Rm « M for every me Rad(M ).

If .M — N is an R-module homomorphism , then f(Rad,(M ) S Rad,(N).

If NE M ,then Rad,(N) € Rad,(M).

If KLE M, then Rady(K ) + Rady(L ) € Radg(K +1L).

If K,LS M, then Rad, Y c R“dg(K )

If M=@;c; M;, then Rad M) = eale, Rady(M;).

Lemma 2.4: Let N be a dlrect summand submodule of M. Then Rad,(N) = Rad,(M) N N .

Proof: See [8].

As a generalization of generalized of hollow lifting module we introduce the following:-

Definition 2.5: An R-module M is called G-hollow -lifting, module, if for every submodule N of M
with % is G-hollow has a G-coessential submodule in M that is a direct summand of M.

Examples and Remarks 2.6:
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1- Z, as Z-module is G-hollow lifting, module.
2- M=Z;, as Z-module is not G-hollow lifting, module, since let N=<2> and K=<4> is

a direct summand of M such that% % Rad, %

M

Proposition 2.7: Let M be a G-hollow lifting, module , then every submodule N of M such that 5

G-hollow, can be written as N = K @L , where K is a direct summand of M and NNLS  Rad,(M).
Proof : LetNc M, With% is G- hollow, since M be a G-hollow lifting, module, then IKEM ,

KEN and i~ € Rady (), let LEM with M =K @L then N = K®(L NN ). Now = £ ~

% K
NNL
T But N/ K € Rady (M / K) = Rady (K @L )/K= Rady (L / (L N K)) Thus N LS Rad

(L) € Rady (M).

Proposition 2.8: Let M; andM, be G- hollow modules, if M = M; @M, thenthe
following are equivalent:

1. M is G-hollow lifting .

2. M is G-lifting.

Proof : 1 -2 LetNEM , letm; : M —-M; andm,: M —M, . If 1; (N) # M;and ; (N)£M,, then
(N)<¢ M; and 1ty (N)) <; M,.Thus iy (N)® 1, (N) <z M; &M,.[9]

Now let n e N, then ne M = M; @&M,, hence n=m; +m,, where m; e M1, mye M,

m; (n) =1y (my +my)=myand mt, (n) = T, (Mmy +my)= m,, thus n= 1y (n) +m, (n) this implies that
N < m; (N) @1, (N)) therefore N «; M. Assume that t; (N) = M;then M=N +M, ,thus M /N =N
+ M, IN but M, is G- hollow, henceM, + N/ N is a G- hollow this implies that M / N is G-hollow,
therefore 3 K < @M such that N/ K < Rad,(M /K),hence M is a generalized lifting.

2 — 1 Clear.

Remark 2.9: Itis clear that every module has no hollow factor module is a G-hollow lifting,
module . However, if M is indecomposable we have the following:

Proposition 2.10: Let M be an indecomposable module, then the following are equivalent :

1. M is G-hollow lifting, module.

2. M is G-hollow or else M has no G-hollow factor module.

Proof: 1-2 Suppose that M has a G-hollow factor module, then INSM, such that is 'I;’— G-hollow .

Since M is G-hollow lifting, module., then 3IKES M, Kc&g M such that
Rad,(M).But M is indecomposable, then K =0 and hence NE Rad, (M).
2—1 Clear.

Let Rbeanyring, and M isan R-module.Let N, K be twosubmodulesof M, Kis
called strong supplement of N inM, ifK is a supplementof N in M, andK NN is a
direct summand of N ,[3].

As a generalization of strong supplement submodule, we introduce the following:
Definition 2.11: Let N, K be submodules of M. K is called a generalized strong supplement of N (for
short G-strong supplement of N), if M = N+K with KNN € Rad,; (K) and Kn NEgN.

It is clear that if K is strong supplement submodule in M, then K is G-strong supplement submodule ,
but the converse in general is not true , for example : consider Z;, as Z-module , let N={0,4,8}, it is
clear that N is G-strong supplement since there exist a direct summand 0 of M , N «<; M, but N not
small in M.

Remark 2.12: In semisimple modules, every submodule is G-strong supplement.

Proposition 2.13: Let NEM , then the following are equivalent:

1. N has a G-strong supplement in M.

2. N has a G-coessential submodule that is a direct summand of M.

Proof: 1-2 Let K be a G-strong supplement of N in M, then M = N+K, NNK< Rad,(M ) and N

NK S¢ N, hence 3 L €N such that (N n K)eaLzN,theanLeaK.NOWN—M

T L
Radg( M)+L _ (M)
— - c Rad,(—).
g\L

Ne
K

[
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2 -1 Let Nc&M . then by (2),3 K< Nsuch that %g Rady, (%) and K is a direct

summand of M,hence M=K@L for LS M.Thus N=NNn (K@®L)= K&(NNL ) thus NN

L is a direct summand of N.

N _ K+(NnL NNL NNL
now ¥ = KHNOL) o WAL _ (NOD) o
oK K NOLNK — LNK

But . € Rady (%), then N 0 L € Rady(M).
Thus N has a G-strong supplement in M.
Corollary 2.14: Let M be any R-module, then the following are equivalent:
1. Miis a G-hollow lifting, module.
2. Every submodule N of M, with %is G-hollow , has a G-strong supplement in M.
Proposition 2.15: Let M be a G-hollow module , Then the following are equivalent:
1. M is a G-hollow lifting,module.
2. M is a G-lifting module.
Proof : 1-2 by [4], for any Nc M,% is G-hollow and by (1) M is G-lifting.
2—1 Clear.
3. The direct sum of G-hollow lifting, module
In this section we study the quotient and the direct sum of G-hollow lifting, module , we prove
under certain condition the quotient and the direct summand of G-hollow liftinggmodule is G-
hollow lifting,module.
Remark 3.1: the quotient module of G-hollow lifting module needn’t be G-hollow lifting, the
following example shows:
Example3.2: Consider the Z-module M =%€BSZ7 , let N =%69 < 0>, clearly that M is G-hollow

Z  Z z

. . e rep M . . M Ay z M _ Z zZ
lifting ;module, since it is lifting but — is not, since — = ;*4-2— = ZZ  Then— = —@H—
N N 2o <> 287 N~ 2z 8z

which is not G-hollow lifting,.
Recall that a submodule N of M s called fully invariant if f(N) € N for every fe End( M ),
and an R-module M is called duo module, if every submodule of M is fully invariant,[10].

Proposition3.3 : Let M be any R-module, if M is a G-hollow lifting, module, then %is a G-
hollow lifting, module, for every fully invariant submodule N of M.

Proof: Let N be a fully invariant submodule of M, and let %g %such thatZT/j:l' 5% is G-hollow .
Since M is G-hollow lifting,, then EILC ®M, such that LEK, = S Rady (=) and M =K, @L for

K, €M, clearly N+LCK, then ﬂ C - Defmef - —> — by f(m+L)= m+(L+N) VmcM It is clear

that f is an epimorphism, f( )C Rad ( ) then K+(L+N)C Rady, ( ) hence M

M _Ki{+N L+N i _Gce N+L
Now— = 1+ GBL hence L+N/ NEg — thus— is a G-hollow lifting, module

Corollary34 The direct summand of duo G- hollow lifting, module is again G-hollow lifting,
module

Remark 3.5: The direct sum of two G-hollow lifting, modules need not be a G-hollow lifting as the
following example shows:

Example3.6: The modules Z,and Zsas Z-module are G-hollow lifting, modules.

While the module Z,@Z; = Z;,which is not G-hollow lifting, module.

The following shows under curtain condition the direct sum of two G-hollow lifting 4 is again G-
hollow lifting ;module.

Proposition 3.7: Let M be a duo module such that M = M; &M, , if M; and M, are G-hollow
lifting gmodules, then M is a G-hollow lifting , module.
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Proof: Let NEM with Mis G-hollow, then NNnM = (Nn M;)®(NnM,) by [9]. Hence%

M
_ M®M, ~ My _N ~
T(NOM)®(NNMy) — NﬂM1®NﬂM2 thus ﬁ = NoM, M
1
SinceM; and M, are G-hollow liftingsmodule, then 3k; Sg M; with k; & N N M;and Nan c
Rad, ( L), My = Ky@Ly, Ly € My and 3K, Sg M, with K, € NNM; and M C Rad, (M2 ), M2 =

K,®L,, L2 S M,. Thus K; + K, € (NN M;) + (NN M,) = Nand K; + KZEBL1 +K, = M169M2
M.Thus K1 ®K, SgM.

N (NOM)@®WNNM,) _ NNOM,y . NNM,
Now, - = SR ) = T @ T < Rad,, ( )+Rad ( ) Rad, (1 KZ) Then

K; + K3 Sgee N, and hence M is G-hollow lifting, module
Corollary3.8: let M=M;®M, ® ...®M, bea duo module if Vi=12...,n,M; isaG-
hollow lifting ;module, then M is M is a G-hollow lifting ;module.
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