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Abstract  
     Let R be any ring with identity, and let M be a unitary left R-module. A 

submodule K of M is called generalized coessential submodule of N in M , if ( 

N)/K⊆〖Rad〗_g (M/K) . A module M is called generalized hollow-〖lifting 〗_g 

module, if every submodule N of M with M/N is a G-hollow module, has a 

generalized coessential submodule of N in M that is a direct summand of M. In this 

paper, we study some properties of this type of modules .   
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 الخلاصة

  K ٌقال عهى مقاس جزئً   Rأٌسس عهى  ومقاسا أحادٌا Mمحاٌد ونٍكه  وحهقة ذات عىصس  R  نتكه     

 انك  اذا  Mمعمم ضد جوهسي فً   
 

 
  ⊆      

 

 
أذا ,معم –باوه مقاس مجوف   Mعهى انمقاس  .ٌقال  

 نه مقاس جزئً معمم زدٌف   Nمعمم فأن -أجوف بحٍث أن    Mً   ف    Nجزئً   .نكم مقاس       كان 

 

بعض مه انمقاسات و وبسهه  جوهسٌا و ٌكون جمع مباشس . فً هرا اانبحث سوف ودزس خواص هرا انىوع

 .انمجوفة  g)انسفع(انىتائج انتً تعتبس تعمٍم نمقاسات

 

1. Introduction 

     Throughout this paper R is a ring with identity , and every R-module is a unitary left R-module , 

N⊆M denotes N is a submodule of M .Let M be an R-module , and let N⊆M , N is called essential 

submodule of M (denoted by N⊆_eM) if every nonzero submodule B of M , we have B∩A≠0  [1]. A 

submodule N of M is called small submodule of M (denoted by N ≪M) , if for every K⊆M , M=N+K 

implies K = M [2]. Rad(M) is the sum of all small submodules of M [2] . A submodule N of M is 

called generalized–small submodule of M (for short ,G-small) (denoted by N ≪_G M) , if for every 

K⊆_eM , M= N+K implies K = M [3] . Rad_g (M)  is the sum of all G-small of M[3] , It clear that 

Rad(M)⊆Rad_g (M) , but the converse is not true in general . A nonzero module M is called 

generalized-hollow (for short ,G-hollow) , if every proper submodule of M G-small (in [4] , it is 

denoted by e-hollow) . A Submodule K of M is called coessential submodule of N in M (denoted by 

K⊆_Ce N) , if N/K≪M/K.  A module M is called lifting module or satisfies (D1) if for every 

⊆N , Kʹ ⊆ M and 

N ∩ Kʹ≪ M[5] . M is called hollow lifting , if for every submodule N of M with M/Nis hollow has a 

coessential submodule in M that is a direct summand of M , [6] . Clearly every lifting module is 

hollow lifting , while the converse does not hold in general , see [6] . A submodule K of M is called G-
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coessential submodule of N in M (denoted by K⊆_GceN) ,  if N/K ≪_(G )  M/K,[7] . An R-module M 

is called generalized lifting or satisfies (GD1) , if for every submodule N of M , there exists a direct 

summand K of M , such that K⊆_( GCe) in M [4] . It is clear that every lifting module is a generalized 

lifting module . An R-module M is called a generalized hollow lifting module ( for short , G-hollow 

lifting module ) , if for every submodule N of M , with M/N is hollow module , N has a generalized 

coessentioal submodule of M that is a direct summand of M , [7] 

tIn this paper we introduce a generalized hollow 〖 lifting〗_g module as a generalization of 

generalized hollow lifting module . 

Let N , K⊆M , N is called supplement of K in M if M=N+K and N∩K≪N,[2] and N is called strong 

supplement of K if N is a supplement of K in M and  N∩K is a direct summand of K [3] . 

We introduce G-strong supplement submodule , let N , K⊆M we called K is G-strong supplement of N 

in M if M=N+K , N∩K⊆〖Rad〗_g (M)and N∩K is a direct summand of N .   

In fact , we prove for an indecomposable module M , M is G-hollow-lifting_g module if and only if M 

is G- hollow or else M has no G-hollow factor module . We also prove that for N⊆M , N has a 

generalized strong supplement in M if and only if N has a generalized coessential submodule that is a 

direct summand of M ,  therefore M is a G-hollow-lifting_g module if and only if for every submodule 

N of M , with M/N is G-hollow has a generalized strong supplement in M . 

     In,section three, we prove that for fullytinvarianttsubmoduletN oftM, iftM is G-hollow-

         module,tthen M/Ntis a G-hollow-        module. In fact, we give sufficient condition 

fortdirecttsum ofttwo G-hollowtlifting module to be G-hollow lifting. We prove if M =      is a 

duo module, then M is a G-hollow-        module, iftand onlytif     and     are G-hollowt-

        modules. 

2. Some properties of G-hollow l        modules 

     In this section, we introduce G-hollow          module as a generalizationtof hollow lifting 

module, andtstudytsometpropertiestof,thisttype,of,modules. 

Definition 2.1[7]: AtsubmoduletKtoftM istcalled generalized coessential submodule oftNtintM 

denoted by 

                                                        Kt ⊆   N, if
 

 
⊆    

  

  
 . 

     It istclear that, if K is coessential submodule oftNtintM,tthentK is generalized 

coessential,submodule of NtintM. However the converse in general is not true, for example 0 ⊆    Q 

as Z-module, but 0 is not coessential of Q. 

Definition2.2[4]: AntR-moduletMtistcalledtgeneralized liftingtor satisfies (GD1), if 

forteverytsubmoduletNt of tM, ttheretexiststa,directtsummandtKtoftM,tsuchtthat K⊆    tN in M. 

Ittistcleartthat every,liftingtmoduletis atgeneralized liftingtmodule. An,R-moduletM istcalledthollow 

lifting, ifteverytsubmodule,NtoftM such that 
 

 
hollowthas a,coessential submodule that ista 

directtsummandtoftM [6]. 

It is know that Rad(M) ⊆     ( ) [ ]  

The following gives the properties,of     ( ) which appeared,iiin [8]. 

Lemma2.3: The following assertions are holds: 

1. If M betantR -module ,tthent  ≪  tfor every m    (  )  
2. Iftf:   tistantR-modulethomomorphism , then f(    (  ) ⊆     ( )  

3. IftN⊆             ( ) ⊆     ( )  

4. IftK,L⊆             (  )      (  ) ⊆     (     ). 

5. IftK,L⊆            
     

  
⊆
    (    )

  
  

6. IftM=                  (  )           (  )  

Lemma 2.4:tLettNtbetatdirecttsummandtsubmoduletoftM.tThen     ( )      ( )       

Proof: See [8]. 

As a,generalization,of, generalized of thollowtlifting module wetintroduce the following:-of 

Definition 2.5: An R-moduletMtistcalled G-hollowt-        tmodule, if fortevery submoduletN oftM 

witht 
 

 
 istG-hollowthas atG-coessentialtsubmodule intMtthat is atdirecttsummand of M. 

Examples.and Remarks 2.6: 
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1-    astZ-moduletistG-hollowt        tmodule. 

2- M=    astZ-moduletistnottG-hollow         tmodule, since let N=< ̅> tand tK=< ̅> is 

atdirecttsummand oftM suchtthat 
 

 
     

 

 
  

Proposition.2.7: LettM be a G-hollow          modulet, thenteverytsubmoduletNtof M suchtthat 
 

 
 

G-hollow, cantbetwrittentas Nt = K  Lt, where K ista directtsummand of Mtand N L⊆      (M). 

Prooft: LettN⊆ Mt, with
 

 
tis G- hollow, sincetMtbeta G-hollow         tmodule, then  K⊆Mt, 

K⊆Nt and 
  

  
⊆      (

 

 
 ), let L⊆M with Mt = K  Lt then N = K (L   Nt). Now 

 

 
= 
(   (   )

  
 

     

  (   ) 
 But tN/ K ⊆      (M / K) =      (K  Lt)/K       (L / ( L ∩ K)) Thus N  L⊆      

(L) ⊆      (M). 

Proposition 2.8: Let    and   be G- hollow modules, if M =        thentthe 

followingtaretequivalent: 

1. Mtis G-hollow           

2. Mtis G-lifting. 

Prooft: 1→ 2tLet N ⊆Mt, let    : tM →   and   : tM →   . If    (N) ≠   and    (N)≠   , then    

(N)≪    and    (N)) ≪   .Thus    (N)     (N) ≪        .[9] 

Now let n ϵ N, then nϵ M =       , hence n=       , where    ϵ M1,   ϵ    

   (n) =    (      )=   and    (n) =    (      )=   , thus n=    (n)     (n) this implies that 

N ⊆    (N)     (N)) therefore N ≪  M. Assume that    (N) =   then M= N +   , thus M / N = N 

+    /N but    is G- hollow, hence    / N  is a G- hollow this implies that M / N is G-hollow, 

therefore    ⊆   tsuchtthat N / K ˂     (Mt / K ),hence Mtis a generalizedtlifting. 

2 → 1  Cleart. 

Remark 2.9: Ittistcleartthatteverytmodule has nothollowtfactor module is a G-hollowt         

modulet. However, if M is indecomposable we have the following: 

Proposition 2.10: LettMtbe antindecomposabletmodule, then thetfollowingtare equivalentt: 

1. Mtis G-hollowt         module. 

2. Mtis G-hollowtortelsetMthastnotG-hollowtfactor module. 

Proof: 1 2 SupposetthattM hasta G-hollowtfactortmodule, then  N⊆M, suchtthat is 
  

  
 G-hollowt. 

Since M is G-hollowt         module., then  Kt⊆ M, K⊆  tsuch that 
 

 
⊆

    ( ) ButtMtistindecomposable, thent K = 0 andthence N⊆      (M). 

2 1 Clear. 

  Let Rtbe,anytring, and M is,antR-module.LettN, K bettwo,submodulestof M, Ktis 

calledtstrong,supplementtof N intM, iftK is a supplementtof N in M, andtK  N is a 

directtsummandtoftN ,[3]. 

As a generalization of strong supplement submodule, we introduce the following: 

Definition 2.11: LettN, KtbetsubmodulestoftM. K is called atgeneralized strong supplementtoftN (for 

short G-strong supplementtof N), iftM = N+Kt with K Nt⊆      (K) and K  N⊆ N. 

  It is clear that if K is strong supplement submodule in M, then K is G-strong supplement submodule , 

but the converse in general is not true , for example : consider     as Z-module , let N={ ̅, ̅, ̅}, it is 

clear that N is G-strong supplement since there exist a direct summand 0 of M ,  ≪  , but N not 

small in M. 

Remark 2.12: In semisimple modules, every submodule is G-strong supplement. 

Proposition 2.13: Let tN⊆Mt, thentthetfollowingtaretequivalent: 

1. Nt has a G-strongtsupplement in M. 

2. Nt has a G-coessential submoduletthat is a directtsummand oftM. 

Proof: 1 2 LettK betatG-strongtsupplement oftN in M,tthentM = N+K,tN K⊆     (tMt) and  tN 

 K ⊆  Nt, hence   L ⊆N such that (N   K)  L = Nt, then M = L   Kt. Now 
  

  
= 
(   )  

 
⊆

    (   )   

 
⊆     (

 

 
)  
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2  1 Let N⊆   ,then by (2),   ⊆  tsuch that 
 

 
⊆     (

 

 
) andtK istatdirect 

summandtoftM,hence  tM=K   tfor L⊆    Thus N=N (   )=    (      ) thus   
                            

    
 

 
 
  (   )

 
 

(   )

     
 
(   )

   
    . 

But 
 

 
⊆     (

 

 
)          ⊆     ( )  

Thus NthastatG-strongtsupplementtintM. 

Corollaryt 2.14: LettMtbetanytR-module, thentthetfollowingtaretequivalent: 

1.tM is a G-hollowt         module. 

2. tEverytsubmodule N oftM, witht 
 

 
is G-hollowt, has a,G-strongtsupplementtintM. 

Proposition 2.15: Let Mtbe a G-hollowtmodule , Then the followingtaretequivalent: 

1. Mtis a G-hollowt        module. 

2. Mtis a G-liftingtmodule. 

Prooft: 1 2 by [4], for any N  ,
 

 
tis G-hollow and by (1) M is G-lifting. 

2 1 Clear. 

3. The direct sum of G-hollow          module 

     IntthistsectiontwetstudytthetquotienttandtthetdirecttsumtoftG-hollowt            module , we prove 

under certain condition the,quotient and the direct summand of G-hollow          module is G-

hollow          module. 

Remark 3.1: the quotient module of G-hollow         module needn’t be  G-hollow          the 

following example shows: 

Example3.2: ConsidertthetZ-moduletM =
  

   
 

  

   
 , let N =

   

   
     , clearly that M is G-hollow 

         module, since it is lifting but 
 

 
 is not, since 

 

 
 

 

  
 
 

  
  

  
    

 
 

  
  

  

 
 

  
 . Then

 

 
 

 

  
 

 

  
 

which is not G-hollow         . 

Recalltthat,atsubmodule Ntof Mtistcalled fullytinvariant ift ( ) ⊆  tfortevery f    (   )          
andtantR-moduletM istcalled duotmodule, iftevery submoduletoftM istfullytinvariant,[10]. 

Proposition3.3t: Let M be anytR-module, iftM is atG-hollow           module,tthen 
 

 
is a G-

hollow          module, forteverytfullytinvarianttsubmoduletNtoftM. 

Proof: Let N be a fullytinvarianttsubmodule oftM, and let 
 

 
⊆
 

 
such that

   

   
 
 

 
 is G-hollowt. 

SincetM istG-hollow         , then  L⊆  M, such thattL⊆K, 
 

 
⊆      (

 

 
 ) and M =      for 

  ⊆M, clearly N+L⊆K, then 
   

 
⊆
 

 
. Define f:  

 

 
 

 

   
 by f( m+ L)=m+(L+N),  m M. It is clear 

thattf is antepimorphism, f(
 

 
 )⊆     (

 

   
 ), then K+(L+N)⊆      (

 

   
 ), hence

 

   
 ⊆    

 

   
. 

Now
 

 
 =
    

 
 
   

 
 ,hence L+N/ N⊆ 

 

 
 , thus 

 

 
  is a G-hollow          module. 

Corollary3.4: The directtsummand of duotG-hollow           moduletistagain G-hollow           

module 

Remark 3.5: The direct sum of two G-hollow          modules needtnottbe atG-hollowtlifting as the 

following example shows: 

Example3.6: The modules         as Z-module are G-hollow          modules. 

While the module          which is not G-hollow          module. 

The following shows under curtain condition the direct sum of two G-hollow           is again G-

hollow          module. 

Proposition 3.7: LettM berarduo modulersuch thatrM =       , if   tand    are G-hollow 

         modules, thentM istatG-hollow           module. 
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Proof:tLet N⊆Mtwith 
 

 
is G-hollow,tthen N   = (N   ) (N   ) by [9]. Hence

 

 
 

=
     

(    ) (    )
 

  

    
 

  

    
, thus 

 

 
  

    

 
  

    
is G-hollow, and similarly 

  

    
is  G-hollow. 

Since   and    are G-hollow         module, then    ⊆    with   ⊆         
    

 
⊆

     (
  

  
 )     =      ,   ⊆    and    ⊆     with   ⊆      and 

   

  
 ⊆      (

  

  
 ),    = 

     ,   ⊆   . Thus      ⊆ (    )  (    )   and                   
 .Thus      ⊆ M. 

Now,
 

     
 
(    ) (    )

     
 
    

  
 
    

  
⊆     (

  

  
)      (

  

  
) ⊆     (

 

     
)  Then  

      ⊆     , and hence  M is G-hollow          module. 

Corollary3.8:tlettM=            beta duo module if                 istatG-

hollowt         module, thentM is M is a G-hollow          module. 
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