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Abstract

The main objective of this paper is to introduce and study the generality
differential operator involving the g-Mittag-Leffler function on certain subclasses of
analytic functions. Also, we investigate the inclusion properties of these classes, by
using the concept of subordination between analytic functions.
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1. Introduction
Let A denotes the class of univalent functions f (w) normalized by

F) = wt Y awh, (1)
n=2

which are analytic in the open unit disk
U={w:wecC,|w|l <1}

Let f and g be analytic functions such that both are in U. The subordination between f and
g iswritten as f < g or f(w) < g(w). In addition, we say that f(w) is subordinate to g(w)
if there is a Schwarz function w with w(w) = 0, lo(w)]| < 1,

w € U, such that f(w) = g(w(w)) for all w € U. Furthermore, if g(w) is univalent in U,
then we have the following equivalence [1, 2, 3]:
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f < gifandonlyif f(0) = g(0) and f(U) < g(U).
A functionf is said to be convex, respectively starlike, of order p if and only if

wf" (w)
Re {1 + Fw)

}>p,OSp<1,|W|<1

and

{Wf '(w)
Re

fw)
Remark 1.1. It is clear from the above that f is convex if and only if wf'(w) is starlike.
Now , let a function f in A and g in S*(p) where g is starlike of order p, then f belongs to
K (B, p) if and only if

}>p,0£p<1,|w|<1.

{Wf '(w)
Re
_ gw) )
These functions are called close-to-convex functions of order 8 type p.

For f € A, we introduce the subclasses of starlike, convex, and close-to-convex functions
S*(u,¥),C(u,¥) and K (u, &, ¥, ®) of order u, which were studied by several authors [2,4,5 ]
and are respectively defined by:

o1
S (,u,‘P)z{flnA.l_‘u<

}>p,WEU.

wf'w)
fw)

C( LI’)—{ ' A'i<1+wf”(w)— ><w( ) EU}
S U ) R 1T B A

Wi w) g) < d(w),w € U, g(w) € S* (1, W) }
gw) ' ' '

u) <¥Yw),we U}

o1
K(u,é, WP, o) ={flnA : 1_()((

The study begins with definitions of the main terms and in-depth designs used for g-calculus
applications. It is assumed, in this report, that 0 < g < 1. Definitions are first given for the
fractional g-calculus operator in a complex-assessed function f(w), as follows:

Definition 1.1. Let 0 < q < 1 and define the g-number [n], by

(1-4"
J_T?E_ (n€C)
[n]q: m-1

LZ g*=1+q+q¢*+-+q™t (m=meN).
k=0

Definition 1.2. [6, 7]. The g-derivative (or the g-difference) operator D,of a function f is
defined by

Fqw) — Fw)
Dfw = @-Dw ¥ @
) (w=0)

Incase f(w) = w'forn € N, = {1,2,3,...}, the g-derivative of f(w) is
given by

w' — (wq)"

n — — n-1
Dyw wl=0) [n]qw™ ™,
where [n]g is defined in Definition 1.1,
From Definition 1.2, we note that
. o f@w)—-fw)
qlggl_(qu)(W) = qlgrg_ G—Dw fr(w).
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Next, we define the familiar Mittag-Leffer function E,(w) introduced by Mittag-
Leffer [8,9] and its generalization E,y(w) introduced by Wiman [10], respectively, as follows

WTI.
B0 = 2 ian vy

and

E = E -
ox(W) OF(Q n+Y)
n=

where Y, o € C,Re(Y) > 0 and Re(p) > 0.
Sharma and Jain, in 2014 [11], introduced the g-analogue of generalized Mittag-

Leffler function E 3 (w;q)(8,0,Y € C,Re(g) > 0, Re(Y) > 0,Re(5) > 0),
which is defined by

(a%q),  wn
(@G Dn Tglon+Y)’

n=0
where T, (w) is the g-gamma function and lirril“q (w) =T (w).
q—)

ESy(w;q) = (Iq] < 1]

The g-analogue of the Pochhammer symbol (g-shifted factorial) is defined by
[12]
1- 1- (1 —agq™?), =123 ..
@, = (O -aD A -ag™™D, n=12;
Further, the g-gamma function I'; (w) satisfies the following functional equation [12, 13]
w
Iy (w) = [W]qrq (w)

[q(w+1) = 1=gq

Also,
e L _(1-@"@+n

(n>0).

Now, we define the function Q3 (w) by
Qg,Y(W) = wl (Y)Eg,y(wi q)

_ r@% @n n
=w+ nz:; (o w

M=-D+(@GPn-1
Then, for f € A, we define the following differential operator Dﬁ;;”(g, Y) as follows
DIM(0,Y):A — A
Do, V)f(w) = fF(w) * @by (w), 3)
Dea@NfW) = (1—a) (@2, (W) « fFW)) + awDy (Q2y (W) * FW))  (4)

DeT (e Nfw) = D&g (DaF (@ Nf (W), (5)

Now, form (4) and (5), we get
5m _ N m TN@% Dns i
D@ V)f (W) = w + ;[1 + (o = D" o e a (©)

wherem € N, = NU {0},a > 0.

We can simply verify from (2) that
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DT (@ f W) = (1= )DET (@ Nf W) + awb, (DIF @) (7)
Note the for g » 1 and § = 1, we obtain the operator in [14], forq - 1,0=0,y = 1and
Y =1, we obtain Al-Oboudi operator [4], forg > 1,0=0,y= 1, Y=1 andA =1, we
obtain Scldgean operator [ 15], and forg » 1,m = 0 and § = 1, we have Ey,(w)[16] .

From equation (7), we have

awDy(Dag (@, V)f W) = Do (@, Y)f (W) — (1 — @)D (e, V)f (W) (8)

Let T be the class of all functions ¥ which are univalent and analytic in U for
which W(U) is convex, such that W(0) = 1 and Re((w)) > 0;w € U.
Next, we provide a differential operator on the class A. We make use of the principle of
subordination between analytic functions to investigate the classes of starlike, convex, and
close-to-convex functions of S*(u, W), C(u, ¥), and K (u, &,¥, ®) of order u, respectively, for
the function ¥, ® € T, which are defined by

Se(w¥)={fea: Dy 7 (@1)f(w) €S (1 W)

Clw®) ={f € A: DI (@, Y)f (W) € C(n, W)

K€%, @) = {f €A+ Dgg' (@ V)f (W) € K&, W, @)} .
We also note that
fw) € Cg'(w,¥) = wf'(w) € 5" (u,'P).

2. Preliminary Results
The following lemmas will be required in our investigation.
Lemma 2.1. [7,17]. Let C be convex, univalent in U with {(0) = 1 and
Re(k{(w) +v) = 0,k,v € C.If pisanalytic in U with p(0) = 1, then

wp'(w) i i
p(w) +- 20 < {w),w € U, implies p(w) < {(w),w € U.

Lemma 2.2. [ 6] Let ¢ be convex, univalent in U and w be analytic in U with Re(w(w))>0.
If p is analytic in U with p(0) = ¢(0) then

p(w) + ww)wp'(w) < {(w),w € U impliesp(w) < {(w),w € U.

In what follows, we give some inclusion properties of the operator Dﬁ;;”(g, Y)f (w) using the
principle of subordination.

3. Main Results

Theorem 3.1. Let f € Aand let W € T with Re ((1 —W¥(w) + 1%“ +u> 0). Then,

Sott (W) St (u, W).
Proof. Let f(w) belongs to the class S7*+1(u, W) and let

(w) = 1 (wDy(D2T (0, V) f (W) 1
T TS T nfwy ) 1k

(). )

By applying ( 8) in (9), we get
DT (@, V)f (W) — DI (e, V) f (W) + aDyt (e, Y)f (w)
a D‘”"(e, Y)f(w)

=1 -wpw) +p,
and we get
Dag (e f (W)
@ DIM(o)f (W)

l1—«a
= (1 - Wpw) + ——+u (10)

Now from (10), we get
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Dy (De (@ )f (W) _ Dg (D F@DfW) - pp'w) an
DI (0, V) f (W) @) f(w) (1 - —
Otherwise
Dy(Dag (@ NF W) _ (1= wpw) +u (12
DI (. )f (W) w |
From (11) and ( 12), we get
D D5 m+1 ) Y ’
i (W q(a i (e o)) _ u) =pw) + wp 7 (13
I—-u (e V)f(w) (1—wWpw) +u+

Applying Lemma 2.1 to (13) shows that
p(w) < W¥(w), ie. f € Dgg ™ (0, f (W)
Thus,
Satt () e St w),
which proves the theorem.
Theorem 3.2. Let f belongs to the analytic function of the form (1) and let ¥ € . Then,

Re {((1 —wWYw) +u+ 177(1)} > 0.

CP (W W) c C(u, W) .
Proof. From Remark 1.1, we get

fecy(wV¥) o wf' €Sg(p W),
Now, by Theorem 3.1, we obtain
feECT(wY) & wf' €S (n W) c ST (1, W)
= wf' € Sg'(uw¥)
>weCluY).

Thus,

CP (W W) c C(u, W) .
The function ¥(w) = 1;2:: = 1. Thus, we obtain the following
corollaries.
Corollary 3.1. Let f € Aand ¥(w) = o ,—1<B<A<1inTheorem 3.1. Then

S+ (u, A, B) © ST (u, A, B).

Corollary 3.2. Let f € Aand ¥(w) = 1;2: ,—1<B<A<1inTheorem3.1. Then
K" (u,A,B) € K'(u, A, B).
Theorem 3.3. Let f € Aand W, ® € T with Re {((1 —WYW) +u+ 1%“)} > 0. Then

K& (w W, @) c K (1§, W, @).
Proof. Let f in KJ*"1(u, &, ¥, @), then there exists a function g in S7**1(u, W) such that

qu(DamH(Q,Y)f(W))} P
21 (0, V) f(w) ' '

Re

That is, we get

1 (qu (D27 (0, V) f(wW))

1—¢ 6m+1(Q,Y)f(W) —E) <d(w),weUl.

Let

(14)

_ 1 (wDg(Deg e Nf W)
Sy ( DI (o, 1) f (w) 5)'
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From (7), we have

wD,(Dag (0, V)f (W) =
From (14), we get

1
—Dag " (@ f(W)f (W)
1—
= (F7) (02 @rem) + (= Opow) + )DL @ g (w).

DT (0. Y)f (W)~ (1-a)DS T (o, nfw)
a

This implies that
~wD, (D7 (@ Nf () = (55) wy (DE7 (0, VI f (W)
+((1 - OHwp'w)) (Di (e, Y)g(w)) +((1 = Hpw))

+Hw[DIT (e, V)gw)]. (15)
Now, from Theorem 3.1, we have g € ST**1(u, W) = g € SI*(u, ¥). Now let

_ 1 (wD(DEF e gw))
qw) = 7 —u( DI (0. g (W) |- (16)
By using (7) in (16), we get
6m+1 ) Y 1—
a( &Jg;ﬁ) = (L= aw) + p+—, 7)
aq ,
Further, from ( 10) and (12), we get
wD, (Dag (0. V)f (W) (1-9p'W)
m =1-Opw)+&+ —. (18)
Dyt (e, V) g(w) (1—waw) +p+ (1 —%)
Algebraic manlpulatlon in (18) gives
«(Dag " @ f W) ) wp'(w)
e —¢|=pw)+ —
1—5< aa @ Ngw) (1—,u)q(w)+u+(1aa)

Thus, we obtain
1

1-
(1 - waw) +p+ (=)
And by applying Lemma 2.2, we get that p(w) < CD(W), which implies that
f € KI'(u, &%, ®), which proves the theorem.

=w(w),
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