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Abstract

This paper introduces a generalization sequence of positive and linear operators
of integral type based on two parameters to improve the order of approximation.
First, the simultaneous approximation is studied and a Voronovskaja-type
asymptotic formula is introduced. Next, an error of the estimation in the
simultaneous approximation is found. Finally, a numerical example to approximate a
test function and its first derivative of this function is given for some values of the
parameters.
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1. Introduction
Szasz, in 1950, defined and studied the sequence of operators Z,, (f; x) [1]:

k
Z(f O 0) = 5 B f (). (1)
where, x € [0,0)andn € N = {1,2, ... }.
After that, several researchers modified many sequences of operators [2, 3, 4, 5, 6].
Rempulska et al., in 2009, studied another modification for the sequence (1) in polynomials weighted
space [7]:
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( )rk k
Zyy (f(£); %) = - (nx)Zk 0 ?rxk)! f(%)' (2)
xTk
forn,r € N, where A,.(x) = Zk=0(r—k)y‘

Clearly, A;(x) = e*, i.e.Z, 1(f;x) = Z,,(f; x) and A,(x) = cosh(x).

After that, Mohammad and Abbod [8] introduced a general form for a sequence of positive and linear
operators based on four parameters. Also, Mohammad and Muslim [9] studied the simultaneous
approximation of a new sequence of integral type operators with parameter §,.

Recently, in 2019, Mohammad and Hassan defined and studied a new sequence of positive and linear
operators of integral type [10], as follows:

My (3 ) = 5s Ji Ar (D) f (D, (3)
where n,r € N,y € [0,) and f € C,[0, ), such that
C,l0,00) = {f € C[0,):|f(7)] = 0(e*"), for some a > 0} and 1/l [0,00) =

SUPzefo,m)f (D)€ 7.
In our present work, we generalize the sequence in (3) for f € C,[0,00),n,7,s € Nand y € [0, »),
as:

My s(f39) = 5oms o Ar(Df (0 + (2 = y))de (4)

ri+i
such that My, 1(f;y) = M, (f;¥) . We denote 4, ;(y) = Zf‘;oﬁ,i eEN°=NU{0}, and

Aro(¥) = A; ().

Then, we study the properties of approximation for the sequence (4). Also, we discuss VVoronovskaja
formula and the error estimate by using the modulus of continuity. Besides, we give a numerical
example to approximate the test function f(t) = sin(107) and its first derivative.

2.Preliminary Results

In this section, we present some preliminary results which are used in the main results.
Lemma1[7,10] Letn,r € Nandi € N° we have:

1. lim Ari®) _ .
n—oo A?gny)
5
2. lim M

n—oo ntAr(ny)

By Lemma 2 for y € [0, ©), we get:
) Mn,r,s(l; y) = (1 -

>—>1asn—>00;

(_Y)S (_1)55! Ar,s(ny)
(1- Ar<ny)> TAmy) e Ay

(i) My 5 (%) = 72 (1— - )—(_1)Szy +] S—Z—iAr,s(ny)}

1
Ar(ny)
(i1) Mn,r,s(T; y)=y

—)yaS‘n—)OO;

A.(ny))  Ar(ny)
0 s -Aras(ny) ¢ = y2asn

Proof. We can easily prove this lemma by using direct computation. So, by applying the theorem of
Korovkin [11], we get that:

lim;,_, o, Mn,r,s (f(T);Y) = f(Y)
Definition 3. Let k € N° , then we define the k-th order moment T, ,.(y) for the sequence
M, . s(f (x); y), which is given as foIIows

Trf,k,r()’) = Mn,r,s((T - Y)kFY) =

o o A (T = y)ede (5)

Lemma 4. For the k-th order moment T ;. (), we have:

1
(D Tior») = )
S (gl
(ii) Trf,l,r(y) =1§ (n?y) {n rs( y) y }
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1 2s)!
0 T32s ) = 5 o Arzs) =y}
1) ((ks)!
) Tir0) = 5ol ) =y} 2 1

Further, we have
(1) T x »(¥) is a polynomial in y which does not exceed ks, for sufficiently large n.
(2) for each y € [0,0), TS, .(¥) = O(n~ks).
Proof. Using lemma 2 and the direct evaluations, the proof of this lemma is immediate
Lemma5. Let k > 1, then we obtain:

k. — 1 (_1)sk st A”rS(ny) s |1 k-1 —-2s
My s(7y) = (1 Ar(ny)> Yt o ( S y )y +0(n™2),
Proof. The proof is immediate by using lemma 2 and direct computation.
Lemma 6. For §, @ > 0 and [a, b] c (0, ), we get:

Ar(nt) et -2
y?[ffb] |fy 25 20D © dr| 0(n ), for 2 > 0.

Proof. We can get the proof of this lemma by using the expansion of Taylor, (2), and Schwarz
inequality.

Lemma 7 [12]

1) Let v € N° and assume that g and h have v-times derivative of x, then:

- Z (17) ddvv ll (g(x )) - (h(x))

=0
2) Let g(x) be a real or complex-valued and has v-times derivative, then we obtain that:

v 1 1 1 1 dv
dx? (g(x)) Z(— )t GIl)WW(g(n)l.

Lemma 8 [13]. Suppose that the function F(y) is defined by:
F(y) = fa((yy)) f(y,z)dz. Then, its derivative is given by:

b(y)
F'(y) =b'WMf(y, b)) — a' Wf (v, a) + f —f(y,2)dz.

a(y)

3.Main Results

This section introduces the main results for the sequence M(”)S(f(r) y), beginning with the
following:

For v € N, we have Mf:_’r),s(f(r);y) - f®(y),asn - o, v € N.

Theorem 1. Let v €N, f € C,[0,) and if f has (v + 1) derivatives at a point y € (0, ), then:

limy e M2 s (F (2;9) = f P ()

(6)
Further, if fV*1 exists and is continuous on (a —n,b +n) c (0,%), n > 0, then the limit (6) holds
uniformly on [a, b].
Proof. The expansion of Taylor to the function f is given by:

0} @+1)

F@ =S 52 0= + (L) - )7+, where € € (1)
By operatlng the sequence M,, , 5, and then derivative v-times, we get that:

0] _ w+1)
Mff,’r),s(f(r);y)=zf i!(y)Mffr),s((r—y)l;y)+f(v+S’? MP (= y)*h y)
i=0

= Il + 12
v B
O ,
=) =M (= )isy)
i=0 '
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me(”Z DT (1) M)
f(v)(Y) (v) ( viy).
M

when j < v,M,(f_’r)_s(rf;y) —»0asn— o

) v _1\S
I = ! (y)d—{(l St )y" LD <S!A“(ny) - ys> yvTl 4 O(n"zs)}

vl dy? Ar(ny) Ar(ny) n’
Using lemmas.1, 5, and 7, we get:
v dv v -1 s I dv A dv v+s—-1
I = frFo)f y (=D°vs rs(My) 1LY F o)
v! dy’ A,(ny) n*  dy’ A.(ny) dyv A, (ny)
- f®(x) asn - oo.
_ f(v+1) (f) (v) (w+1)
2 = mMn,r,s((T —y)W*D;y)
f(v+1)(€) dv 1 Y (v41)
— Al _ v S
(v + 1! dx? | A,.(ny) J (=) dz

Using lemmas 7 and 8, we have:
y
f(vﬂ)(f) d”‘l 1 dl ,
f2 = v+ D! z 1) dyv=t (m)d—yl fAr(nr)(r — )W Dsqr
0

_f(v+1)(f) dv ( 1

) jy A7) (x — y) P+ DS

 (w+ D! dyv \4,(ny) J
f(VH)(E) dv_l 1 dt yAr w+Dsg
(v + 1)! Z 1) dyv-1 (m)d_yl bf (D) (T —y) T
=X + 22
v y
f(v+1)(f) v+1 1 dv : , i
2] = v+ 1! ;(l+l) (Ar(ny))Hl dy? (Ar(ny)) X J.Ar(nf)h_)’l Dsdr

Applying Schwarz inequality for integration, we obtain:
v

f(’”'l)(f) v+ 1 1 _v , .

s

y
X Ar(ny)OJA’r(nr) dt

— 0(1)nv O(n—(v+1)s)
= 0(n""("*Ds) =0 (1) asn — co.
Lemmas 7 and 8 give the following:

y
f(v+1)(€) qv-l 1 d! ) (w+1)s
%= 2 (1) dyvz(m)d—ylg A=

f(v+1)(f) v l v i 1 ) ot 1
v+ 1)! H Z 11 +1 (Ar(ny))l1+1 dyv1 (Ar(ny))!

. y /2
’ _ AaN2(w+1)s
yme Of A (D) (T — y) dr]

22| <
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l

d
d_yl (T _ y)(v+1)s dt

y
X Al.(n1)
/
_c v?(v—-1) a1t
- {[ 242(ny) dy"!
( D'+ Ds(v+Ds—1D)..(w+Ds—v+1)
Ar(ny)

Ar(ny) + -

y
[ oole

0
_ y) (v+1)s—v | dt

Hence,
22 — Co(nv—(v+1)S)
=o0(1) asn — oo,
Since ¥; » 0 andX, > 0asn — oo,thenl, » 0asn — oo.
Theorem 2. Suppose that v € N, f € C,[0, ), and f has (v + 3)-times at a point y € (0, ), then:

limn® (ML (F @) = FO)) = (D%t D) @

Further, if fv*1 exists and is continuous on (a — n,b + 1) < (0, %), 1 > 0, this limit holds uniformly
on [a, b].

Proof. By using Taylor's formula for the function f, we get:

()] (v+3)
=3 LDy SO s

L (v+3)!
v+2
ML () y)—zf Oy (e - )53)
3@ w vi3.
g M=) 5)
=H, +H,,

Using the same technique of Theorem 1, we obtain:
H, -0 as n - oo,
Since, My, . s((r — »)5 y) - 0asi<wv,then

v+2 (l) .
Hy = Zfl_'(er(lvr)s((T - }’)li}’)
FO0) 0 o ) " o -
= M)+ T (@ + DM ) + M )

[P (@+ D@ +2)
E S VIME (@) — y @ + DM (@) + M) ()

By using lemmas 5 and 7, we get:
v
o SO @y +(—1)Ss!vz(v) vt yl,_ld_’Ar,s(ny)
ol dy” A, (ny) ns Udyv=t”  dy' A.(ny)
dU yU+S—1
dyUAr(nY)}

=1

- (-D%v
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v

fe2 ()
(v +2)!

w+DHWw+2) y
Tz Y oAy

DS+ D@ +2)s! = /w
+ 2ns - (l)
B Dv(w+Dw+2) ,d" y

2
B (—D%v(v+ 1)(v + 2)s!
nS

v—l1
) d

y

v+s

dv—l

v v+s

y av

dyv—l
2 —_
Y dy"x‘lr(ny)ﬂer )ydy”

dyv—l y

nce, 2021, Vol. 62, No. 5, pp: 1666-1674

v—1 d_lAT',S (n}’)
dy' A, (ny)
v v+1
A, (ny)
, db A s(ny)

dy! A.(ny)
yv+2

y

+(-D’w+DWw+2) —
Yy 4, (ny) ~ dy
(—1)5(v + 2)s! av-t
Y — 4
n dyv l

+0(n~%)
Now, using lemmas 1:

limyeon® (MEL(F(0:2) = FO@) = (-1t FED )

Theorem 3. Suppose that f € C,[0,), for some a > 0

vA(ny)
1 d_l AT,S (n}’)
dy' A.(ny)

v+s+1

y
dy? A, (ny)

v

+(=1)*(w+2)

and <p<wv+2. It has p+ 1-times

derivative and is continuous on (a —n,b + 1) < (0,), n > 0, then:

I U

(8)

||M(”)s(f(t) 0 =A@,
+Kon 7w (7)) + o0

Cla,b]

for sufficiently large n, where K;, K, are constants independent of f and n.

Proof. By a finite Taylor expansion of f, we have

f’)(y) j o fO@O-rP o)
f@ =%} o @y (oD (

— P x(0) + h(z,y)(1 — x(0)),

where ¢ € (1,y) and )((r) is the characteristic function on the interval (a —n, b + ).

Lett € (a—n,b+n)and € (0,) , then we get that:

14 .
FO0) L fOE - FPG)
f(r)=Zj—!(T—y)’+ "

(t

y)p+1.

We define h(t,y) = f(7) — Zp L ),(y) (t—y),7€[0,y]\(a—1n,b+n),and y € [a,b],

then

Zoh@y) =3 2 -y

MR (F@iy) = FP ) = Zf (y)MS’Qs(( -9)%y) -
£ - )
< p+ 1)

= E1 + Ez + E3.
By using lemmas 4 and 5, we obtain:

E, _me(y)
Z( DIt (1) yi-t

Zf D(y)
- f(”)(y)-

Consequently,

+M3) + M%)

(T —y)P*x(0); y)

=|(1-

dy Ar(ny)
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IEillclap) < Kan™* Z”f(j)”C[a,b] + 0(n~2%), uniformly on [a, b].

j=v
Now,
(p+1) (p+1)
w (fPE~f (3’)| 1
IEZI < Mn,r,s( (p T 1)| p x(1); y
“’f(p+1)(5) ) lT—y|
Sanljr's (1+ )lT |p+1,y
@) ) qv Y pr _ W\ PHDs — y)P+2)s
<l [A ) A () ((T ¥) +2(1-Y) )dr” 5> 0. (9)
By using Iemmas land 7 with [; =0,1,2,---, we have:
d” (11+1)
A 11+1 Sd
e f L) (¢ - y) B3
v y
v dv—l 1 dl
— IR . ’ _ (l1+)s
;(l) dyv-t (A (ny))’ dy! fAr(nT)(T yyridr
= 0
dv (+1)
AL(nD)|t —y)|LtDsqr
(o U rle =)
d" Lo (7
—_ ! — (11+1)S
+z Y- l(A (ny))‘ fAr(nT)(T ) dt
0
= 11 + I,

By applying the same manner in theorem 1( £,, %,), we get:
L = O(nv—(ll+1)s) and I, = O(nv—(v+1)s)_
By choosing § = % and applying (9), we are led to:

W (™)
IEzllclap) < f(;-i-—l)' [0(n@=P+D)) 4 nSO(n@-#*29) + o (nv-C+Ds)],

< (Kzn‘(”‘(p“)s))a)f(pﬂ) (Tl_s).
Since 7 € [0, y]\(a — n,b + 1), there is § > 0 suchthaty — t > & for all y € [a, b]. Then

v

|3|—dyvA(n)

fA (n1) h(r y)(1- )((r))) dt

dv
<
= ldyv |4 (ny)

y-t26

dd}:’( 1 )‘ jA'r(nT)h(T,y)dr

A, (ny)
+Z

y—126
d” L ( 1
= ]1 +]2
Fory —t > §, there exists a constant K > 0 such that |h(z,y)| < Ke

A;.(nt) h(t,y)dt

l
e )‘ = [ amore e
yv= \A (ny) s

< Ke“*.By

applying Lemma 6, we obtain |E5| = 0(n™*),1 > 0.

Then, the proof is complete.

4. Numerical Example

Here, we offer a numerical example for the sequence M,, .. ;(f;¥) at s = 1,2 and the first derivative,
by using the function f () = sin(107), T € [0,2]. We compare the error of the test function and the
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first derivative on the interval [0,2], and we discuss the results in figures 1 and 2 for some values of
n=10andr = 1,2.

Example

Forn = 10 and r = 1,2 respectively, the comparison between the error functions of the sequences
M, . s(f;y) at s=1,2 converge to the test function f(z) = sin(107),7 € [0,2]

when s = 1 (Fuchsia) and s = 2 (Gold).

0.7
0.7
0 .61
0.67
051 07
’ |
0.4 0.4
034 0.3
02 021
|
{} T T T T {} L) T L
0 05 1 15 2 0 05 1 15 2
[— 1 1.1) — 7 (M 1.2) — 1] [— (a2, 1) — 1] (M1 2,2) —A]
(@) (b)

Figurel-The error function for the test function f(t), E,(y) = |Mnms(f V) —f (y)|, when n =
10,s =1,2,, forr=1in(@ andr = 2 in (b).

3 3
2 2
1 1
0 | i 1 | 0 T T T 7
0 05 1 15 2 1] 05 1 15 2
[— (DM 1. 1) — D (DM 1. 2) — Dff| |—— (DM 2. 1) — Df (DM 2. 2) — Df]|
(c) (d)
Figure 2- The error function for the one derivative of the test function f(z) ,
E (y) = |dinn,,,,s(f; y) — diyf(y)|, when n=10,s =1,2,, forr = 1in(c)andr = 2 in (d).
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5. Conclusions

From the above numerical example, we observed that the error of approximation becomes lower
whenever s becomes higher for a fixed n. This fact is clear from the graphs of the error functions
demonstrated in figures (1) and (2). Hence, the sequence M,, , ;(f;y) is more appropriate than the
other sequences applyied to the functions in the space C, [0, ).
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