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Abstract 
      This paper introduces a generalization sequence of positive and linear operators 

of integral type based on two parameters to improve the order of approximation. 

First, the simultaneous approximation is studied and a Voronovskaja-type 

asymptotic formula is introduced. Next, an error of the estimation in the 

simultaneous approximation is found. Finally, a numerical example to approximate a 

test function and its first derivative of this function is given for some values of the 

parameters.   
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 معلمتين على معتمدةتكامل  نمطمتتابعة جديدة من ل متعدد تقريب
 

علي جاسم محمد
1
*خليل حسن امل,

2  

.العراق البررة، جامعة البررة، التربية لمعمهم الررفة،كمية  قدم الرياضيات،ا1  
.العراق البررة، جامعة البررة، العمهم، قدم الرياضيات، كمية2  

 
 الخلاصه

عمى معممتين لتحدين  امعتمدتكامل  نمطمؤثرات مهجبة وخطية من من لمتتابعة  اتعميم هذا البحث قدم 
 خطأ التقريبلتخمين  ، وجدثم .وقدم صيغة مذابهة لفرونهفدكي المتعددتقريب ال درس ،أولا .رتبة التقريب

  المتعدد.
                  .اختياارية لبعض المعممات لتقريب دالة اختبار ومذتقتها الأولى لقيم اعددي مثالا اعطي ،أخيرا

 
1. Introduction 

Szasz, in 1950, defined and studied the sequence of operators   (   ) [1]: 

  ( ( )  )  
 

   
∑

(  ) 

  
 .

 

 
/ 

    .              (1) 

where,   ,   ) and     *     +. 
 After that, several researchers modified many sequences of operators [2, 3, 4, 5, 6].  

Rempulska et al., in 2009, studied another modification for the sequence (1) in polynomials weighted 

space [7]: 
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          (2)      

for      , where   ( )  ∑
   

(  ) 
 
    .               

Clearly,   ( )             (   )    (   )        ( )       ( ).  
After that, Mohammad and Abbod [8] introduced a general form for a sequence of positive and linear 

operators based on four parameters. Also, Mohammad and Muslim [9] studied the simultaneous 

approximation of a new sequence of integral type operators with parameter   .  

Recently, in 2019, Mohammad and Hassan defined and studied a new sequence of positive and linear 

operators of integral type [10], as follows: 

    (   )  
 

  (  )
∫   

 (  ) ( )  
 

 
,        (3) 

where          ,   )         ,   ), such that 

  ,   )  *   ,   ) | ( )|   (   )             +  and ‖ ‖  ,   )  

     ,   )| ( )| 
   . 

In our present work, we generalize the sequence in (3) for      ,   )         and   ,   ), 

as: 

      (   )  
 

  (  )
∫   

 (  ) (  (   ) )  
 

 
                  (4) 

such that       (   )      (   ) . We denote     ( )  ∑
     

(    ) 
  

          * + , and 

    ( )    ( ). 
Then, we study the properties of approximation for the sequence (4). Also, we discuss Voronovskaja 

formula and the error estimate by using the modulus of continuity. Besides, we give a numerical 

example to approximate the test function  ( )      (   ) and its first derivative.     

2.Preliminary Results 

 In this section, we present some preliminary results which are used in the main results.  

Lemma 1 [7,10]   Let                 we have: 

1.    
   

    (  )

  (  )
    

2.    
   

  
( )

(  )

    (  )
  . 

By Lemma 2 for   ,   ), we get: 

( )       (   )  (  
 

  (  )
)            

(  )       (   )   (  
 

  (  )
)  

(  ) 

  (  )
 

(  )   
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  (  )
            

(   )       ( 
   )    (  

 

  (  )
)  

(  )   

  (  )
 {   

  

  
    (  )}

 
 

  (  )
8      

(  ) 

   
     (  )9             

Proof.  We can easily prove this lemma by using direct computation. So, by applying the theorem of 

Korovkin [11], we get that: 

             ( ( )  )   ( )                                                                                              

Definition 3. Let       , then we define the  -th order moment       
 ( )  for the sequence 

      ( ( )  )  which is given as follows   

      
 ( )        ((   )   )  

 

  (  )
∫   

 (  )(   )     
 

 
     (5)

  

Lemma 4. For the  -th order moment       
 ( ), we have:  

( )        
 ( )    

 

  (  )
  

(  )        
 ( )  

(  ) 

  (  )
{
  

  
    (  )    }   



Mohammad and Hassan                           Iraqi Journal of Science, 2021, Vol. 62, No. 5, pp: 1666-1674 
            

 

1668 

(   )       
 ( )  

 

  (  )
{
(  ) 

   
     (  )     }   

(  )       
 ( )   

(  )  

  (  )
{
(  ) 

   
     (  )     }       

Further, we have 

( )       
 ( ) is a polynomial in   which does not exceed      for sufficiently large     

( ) for each   ,   )       
 ( )   (    )  

Proof. Using lemma 2 and the direct evaluations, the proof of this lemma is immediate 

Lemma 5. Let      then we obtain: 

      ( 
   )  (  

 

  (  )
)    

(  )  

  (  )
4
      (  )

  
   5      (    )  

Proof. The proof is immediate by using lemma 2 and direct computation.                                      

Lemma 6. For  ,     and ,   -  (   )  we get: 

   
  ,   -

|∫
  
 (  )

  (  )
     

     
|   (   ), for    . 

Proof.  We can get the proof of this lemma by using the expansion of  Taylor, (2), and Schwarz  

 inequality.           

Lemma 7 [12] 

1) Let      and assume that   and   have  -times derivative of    then: 

 
  

   
(  ( ))  ∑.

 
 
/

    

     
( ( ))

 

   

  

   
( ( ))  

2) Let  ( ) be a real or complex-valued and has  -times derivative, then we obtain that: 

  

   
(

 

 ( )
)  ∑(  ) .

   
   

/
 

( ( ))
   

 

   

  

   ( ( ))
 
  

Lemma 8 [13]. Suppose that the function  ( ) is defined by: 

 ( )  ∫  (   )   
 ( )

 ( )
 Then, its derivative is given by:  

  ( )    ( ) (   ( ))    ( ) (   ( ))  ∫
 

  
 (   )   

 ( )

 ( )

 

3.Main Results  

This section introduces the main results for the sequence       
( ) ( ( )  )  beginning with the 

following: 

For      we have       
( ) ( ( )  )   ( )( )             

Theorem 1. Let          ,   ) and if    has (   ) derivatives at a point   (   )   then: 

            
( ) ( ( )  )   ( )( )                           

  (6) 

Further, if      exists and is continuous on (       )  (   )      then the limit (6) holds 

uniformly on ,   -. 
Proof. The expansion of Taylor to the function   is given by: 

 ( )  ∑
 ( )( )

  
 
   (   )  (

 (   )( )

(   ) 
) (   )   , where   (   ) 

By operating the sequence       , and then derivative  -times, we get that: 
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 ( )( )
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Using lemmas.1, 5, and 7, we get: 
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Using lemmas 7 and 8, we have: 
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Applying Schwarz inequality for integration, we obtain: 
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Lemmas 7 and 8 give the following: 
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Hence, 

     (   (   ) ) 
       ( ) as    . 

Since                                                                                              

Theorem 2.  Suppose that          ,   )  and   has (   )-times at a point   (   )  then: 

   
   

  (      
( ) ( ( )  )   ( )( ))  (  )    (   )( )                                                       ( ) 

Further, if      exists and is continuous on (       )  (   )      this limit holds uniformly 

on ,   -. 
Proof. By using Taylor's formula for the function   , we get: 
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Using the same technique of Theorem 1, we obtain: 
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By using lemmas 5 and 7, we get: 
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Now, using lemmas 1:   
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Theorem 3. Suppose that     ,   )  for some     and        . It has    -times 
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for sufficiently large    where       are constants independent of    and    
Proof. By a finite Taylor expansion of  , we have 
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By applying the same manner in theorem 1(      ), we get: 
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By choosing   
 

   and applying (9), we are led to: 
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For      , there exists a constant     such that | (   )|       and |
  

    (   )|        By 

applying Lemma 6, we obtain  |  |   (   )    . 

Then, the proof is complete.                                  

 4. Numerical Example 

Here, we offer a numerical example for the sequence       (   )          and the first derivative, 

by using the function  ( )      (   ),   ,   -. We compare the error of the test function and the 
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first derivative on the interval ,   -,  and we discuss the results in figures 1 and 2  for some values of 

      and      . 

 

Example  

For      and       respectively, the comparison between  the error functions of the sequences 

      (   ) at s=1,2 converge to the test function  ( )     (   )   ,   -  
when     (Fuchsia) and     (Gold).  

  

 
                                   (a)                                                                          (b) 

Figure1-The error function for the test function  ( ),    ( )  |      (   )   ( )|, when    

             for     in (a) and      in (b). 

  
                                   (c )                                                                       (d) 

Figure 2- The error function for the one derivative of the test function  ( ) , 

  ( )  |
 

  
      (   )  

 

  
 ( )|, when                 for     in (c) and      in (d). 
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5. Conclusions 

From the above numerical example, we observed that the error of approximation becomes lower 

whenever    becomes higher for a fixed  . This fact is clear from the graphs of the error functions 

demonstrated in figures (1) and (2). Hence, the sequence       (   ) is more appropriate than the 

other sequences applyied to the functions in the space   ,   ). 
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