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Abstract

In this paper we Proved other properties of essential and complement submodules to
an arbitrary submodule of an R-module M .We prove that for a family {M,}, e, of
modules . If T,and N, are submodules of M, with N , +T ;<7 ... M,V 0, then

Boer (Ng +T)<@ ¢ er Tu— Daes M,. Also we show that for submodules T, A, B and C
of amodule M suchthat T<A<C.IfBisT-cforAinMandCisT-cforBinM,
then C is maximal T- essential extension of Ain M .
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1. Introduction
In this paper, all rings are. Associative with. identity and all modules are unitary left R-modules.
Recall that a submodule A of an R-module M is essential submodule of M{denoted by A <, M},,if for
every B<M, AN B=0impliesthat B =0.
A submodule B of a module M is called complement for a submodule A of M if it is maximal. with
respect to. the property that A N B = 0. More details about essential submodules and complement can
be found in [1-4].In [5], the authors introduced the definition of T — essential (complement)
submodules as follows:
Let T = M, a submodule A of M is called T — essential submodule of M {denoted by A<r. M},
provided that A < T and for each submodule B of M,AN B< T implies that B< T.A submodule B of M
is called a T —.complement for a submodule A in M if B is maximal with respect to the property that
ANB<T.
In section 2,we develop the properties of T- essential submodules and we introduce the definition T —
essential monomorphism. We show that, A<y, M iff vV Rx <M, Rx £T implies that A N Rx< T, see
Proposition 2.5.Also we prove that, if every T —essential submodule A of M with T<A is finitely
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generated, then %is Noetherian, seeTheorem2-15.In section3, we develop the properties of T-

complement submodules. We prove that. For submodules A, B and C of a module M. If A <, M and C
is a complement for B in M, then A+ C <c_. M, see proposition 3.9 .

2.The T — essential submodules

In ,this section, we proved basic properties of the essential submodules with respect to an arbitrary
submodule T of an R-module Mand we introduced the definition of T- essential monomorphism.
Definition2.1.[5]Let T be a proper. submodule of a module M. A submodule A of a module M is
called .T-essential submodule , denoted by A<t M, provided that A<T and for each submodule B of
a module M, ANB <T implies that B<T . Clearly that when T = 0,then A <;.Miff A<M .

The following .proposition gives the basic properties of T — essential submodules, see [5].

Proposition 2.2 [5]

Let T,A and B be submodules. of a module M. Then

1 IfA<re M, then® ;T)se%

2- If T <A, then A<r M iff 2<,.

3- A< Miff vXe M -T, 3re R such that r xeA—T.

4- If Aand B are T — essential submodules of M, then AN B<r.. M.

5- Let A< B < M such that T < B. Then A<t M iff A<r, B and B <;.M.6- Let h: M;— M, be

epimorphism. If A<r..M,, then f *(A)<; '1(T)_eM1, where Mjand M, are left R-modules .
Remark2.3. Let T and Abe submodules of a module M.

1- LetT=M.ThenANB<TandB<T,VB<M.
2- LetT=M.Then A<t Miff VB<M,ANB<TimpliesB<T.

Proof:1-clear.
2-clear.For the converse, we only need to show that A £ T. Assume A<T and let B = M. Then
AN B =A<T, but B=M< T, which is a contradiction, thus A <T.
Hence we see that the condition T is a proper submodule of M is not necessary. Thus, in this paper by
a T — essential submodule we mean let T be a submodule of M (not necessary proper) and let A be a
submodule of M. A'is T — essential submodule of M if¥ B<M, AN B <T implies that B<T .
Cleary that when T = M, then every submodule of M is T — essential in M .
Propositio2.4
Let T and A be submodules of a module M. Then A<;. M iff for every submodule B of M\B£ T
impliesthat AN B£ T .
Proof: The proof is clear and hence is omitted .
Proposition 2.5
Let T and Abe submodules of a module M. Then A<r, M iff V Rx< M ,Rx £T implies that
ANRX£T.
Proof: clear by proposition 2.4.For the converse, let B< M such that B£ T . We want to show that
ANB £ T. Let x eB— T,then Rx<£ T, By our assumption A N Rx «£T and hence A N B< T .Thus
A<re M.
Proposition 2.6
Let T, A, A, B and B; be submodules. of a module M such that A <7 A; ,and B <B; , then
A ﬂ B ST-e Alﬂ Bl.
Proof: Let A <r.A; and B <1.B;. To show that A N B <r..A;N By letxe (A;N B;)—T. Since A <r.A;,
then3re Rsuchthatrx e A —T.
Butr xe B;— T andB <7.B; , then 3r;e R suchthat ri(rx) e B-T.
Hence rirx € (A N B)—T. ThusA N B <r,A; N B;.
Proposition 2.7

Let T,A be ideals of aring R. If T is a prime ideal of Rand A< T then A< R.
Proof: Letx e R—Tandy eA—T. Clearly that x . y €A . Claim that y. x €T. To show that assume y.
x € T. But T is a prim ideal , then either y € T or x € T which is a contradiction . Thus y. x eA—T and
A< R.
Before we give next proposition ,we will recall the following definition.
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Let M be 'an R— module. Recall that Z ( M) ={x € M ; ann ( X ) <, R}is called ;the singular
submodule of M . If Z (M) = M then M is called singular module . If Z( M ) =0, then M is called a
nonsingular module , [6] .

Proposition 2.8

Let T and Abe submodules of a module M . If A+ T <1 M, then %is singular .

ArT eM.By[G, p.32] =D s singular . By

Proof: Since A + T<r. M, then by proposition 2.2 — 2,—— (A+T)/T)

M/ T M
(A+T)/T:A+T Then .s smgular
Wel introduce, the following ,,definition
Definition 2.9. Let M; and M, be two modules and let T be a submodule of a module M, .
A homomorphism h : M; — M,is called T —. essential monomorphism if h (M;) <{.M,.
Proposition2.10
For submodules T and A of a module M. The, following statement are equivalent.
1- A< M.
2-The inclusion map Ia:A— M is a T —essential monomorphism;
3-for each module M; and f e Homomorphism (M, M;) such that Ker (f) N A<T ,then Ker (f) <T.
Proof:1— 2)Let B < M such that I,(A) N B< T .To show B< T, since Ia(A) N\B=A N B<T ,and
since A <t.M .ThenB<T.
2— 1) It's clear.
1— 3) Let A <r¢ M and f :M —M; be a homomorphism such that Ker ( f ) N A< T. To show
Ker (f)<T,since A <t M. Then Ker (f) <T.
3—1) Toshow A <. M, let B< M such that AN B<T, To show B<T.

Define [T : M — %be a natural epimorphism , [Ie Homomorphism ( M , %). ThenKer [T N A=

ANB<T,hence Ker[[=B<T.

Remark 2.11.The sum of T — essential submodules need not be T — essential. As shown in the
following example

Example 2.12 Let R =Z , M=Z @Z, and let T = {0} , Ai=A,=2ZP(0) < M, B;= Z(0)
andB,=Z(1,1) < M. One can easily show that A; <(;B; andA; <(.B,. ButA+A; = A;=2Z @(0)
andB;+B,= Z® (0) + Z(1,1)= M ,and (2Z& (0) )N(0DZ,)=0. So A;+A, is not T - essential in M .
Theorem 2.13.Let { M, , aea }be a family of modules and T, and N, be submodules of a module

Mg,V aea If N+ T, <ty o MV aea .Then @oen Ny + T <@ wer Ta e@ wen My .
Na+Ta

third isomorphic theorem

Proof:-Assume that N, + T, <r, .. M,V ae A. Then by proposition 2.2 -2 < eT Vae A . By
Na + Ta _©® aeA(Na+Ta) [(69 aeaNa)+( D aea Ta)]

[2, corollary 5.1.7, p. 110]D e (——) <D (,EA( ) Hence B wcaTa ® ocaTa

_62 O;EA M Therefore by proposmon 2.2 -2 @uer (No + To) <o wen oD aer Mo

Corollary 2.14. Let { M, aea}be a family of modules and T,, N, be submodules of M, with T, <N,,
VGEA- If Nu STu—e Ma VU,E A, then @ae/\ Nu S@ aea Ta —e@ OEA M
Theorem 2.15. Let T be a submodule of a module M . If every T —essential submodule A of M with

T<A is finitely generated , then TMis Noetherian.

Proof:- Letés Tﬁ , to show éis finite generated. By Zorn's Iemma%hasa complement

say,%in .By[6,proposition.1.3,p. 17]thenAeaB<eM, and then Af’r A+B Tﬁ ByProposition2.2- 2,then

A+B <1, M . Then A+ B is finite generated, and then ;@;IS finite generated. Let %EB%:
R(a;+b;+T) +---+R(a,+ b+ T), €A, bieB VvV i=1,2,--,n

Claim that %z R(a;+T)+ -+ +R(a,+ T).Let x+ Te%. Then x+ T =ry(a;+by+ T) +-- +r, (a,+ b ,+ T), a
€A, bieBY i=1,2,, n.Therefore [x—( rayt +1 a )]+ T =(ribyt+r by )+ T @N @) = T
Then[x—( ra+:--+r,a,)]+ T=T, therefore Xx— (r;a;+-- +rpa,) €T. Hence X +T= (ra+---+rpa,)+T,
hence x +T € R(a;+ T) +--- +R(ay+ T), thus %is finite generated.
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3. TheT—complement submodules

In, this section, we proved properties of the complement submodule with respect to an arbitrary
submodule T of an R-module M

Definition3.1[5] Let T be a proper ,submodules 'of a module M and let Abe a submodule of M . A
submodule B of M is called a T —.complement to Ain M { denoted by BisaT-cto Ain M },if B is
maximal with, respect to the property that A N B<T.

Let M be a module and let T = 0 . For a submodules A and B of M . Clearly that BisaT—-cto Ain M
iff B is a complement for Ain M.

Theorem 3.2. Let T and Abe submodules of, a module M , then A has a T —.complement in M .

Proof: Let T and A< M. We want to show A has a T-complement. Let F={B <M | AN B<T}. F#0,
since OeF, let{ C} .. . be a chain in F. To show that( U,., C,)eF. Clearly U .., C ,< M. Since
AN(Uwk,.Ch=Uw,(ANC,)T. Then U,.,C,eF . By Zorn's lemma F has a. maximal
element say H .Claim Hisa T — c to A in M. To show that ,let H <L < M such that A NL< T ,
therefore L €F which is contradiction . Thus H=L.

Remark 3.3Let T and A be submodules of a module M. Then a T —complement of A in M need not be
unique as the following example shows : Consider Z;, as Z-module . Let A={0,3,6,9} and
T={0,2,4,6,8,10}. Let B ={0, 6} and C ={0, 4, 8} , one can easily show that eachof B, Cisa T —
complement to A in Zy,.

Proposition3.4.

Let T, A and B be submodules of a module M, if% is a complement for% in%, thenBisa, T—cto A
.in M. The converse is true if T<ANB.
Proof: Let% is a complement for %in%, then%is maximal with, respect to the ,property (%)m(%):o .

Hence B is. maximal with respect to the property ANB= T. To show that Bisa T —c to A in M, let
B<N<Msuchthat ANN<T.NowA NN<T=ANB.ButB<N, therefore A N B<AﬂN

Thus A N B = A N N. Therefore (%)ﬂ( —) (ATOB) @-T- 0 But is a complement for —|n —, S0
N

== %and hence N =B .ThusBisaT—-ctoAin M .Forthe converse ,letBisaT—-cto Ain M and

T <A NB.
Then T =A ﬂB( ) ﬂ( y=——====0. Now let —< ?< M such that (—)ﬂ ( ) 0. Then~——=
B

and hence ANN=T .ButBisaT-c to AinM, therefore N=B. Thus X o T
Corollary 3.5. Let T ,A and B be submodules of a module M such that
%z(%)EB (%). ThenBisaT-cto Ain M.

. M_A B A By - i B A M
Proof:-Let ?—(T ) & (T).Then (T) N (T) = 0. Claim thatT is a complement for Zin -

T
Let> <X <Xsych that(A—)ﬂ(l )=O.Since£ = (A—) +(5) and =< X Thene = A X s02=Nand
T—T T T T T T T T T T T T T T

(AnB) T_ (AnN) =0,

hence%is a complement forA?in % By Proposition 3.4,BisaT—-cto Ain M.

Proposition3.6.

Let T, A, B and C be submodules of an module M with A<C. IfBisanT—-ctoAinMandCisaT —
ctoBinM.ThenBisaT—-ctoCinM.

Proof: LetBisaT-cto AinMandCisaT-ctoBinMand A<C . Then BNC<T. To show that
BisaT—-ctoCinM, let B<L< M such that LNC<T. Since (A<C), then ANL<CNL< T, implies that
ANL< T . But B is maximal with respect to property ANB< T , therefore B=L .ThusBisaT-ctoC
in M.

Proposition3.7

Let T, A, B and C be submodules of a module M suchthat T<KA<C.IfBisaT-cto AinMandC
isaT—-ctoBinM. Then Cis a maximal T —essential extension of A in M.

Proof:-LetBisaT—-cto AinM ,CisaT-ctoB in M and T<A<C .First, we prove that A <r_ C,
let K< C such that A N K< T .Claim that A N(B + K) < T. To show that, let a = b +k such that acA,
beB keK. Thus b = a—keBNC< T<A. Hence a—b= ke A N K< T and hence ae T. But B is maximal
with respect .to the property A N B< T, therefore B+K = B .Then K <B . Hence K = KNC <BNC< T.
Thus A<t.. C. Now to show C is maximal T —essential extension of A in M. Let C < N <M with
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A <r¢N.Since ANB<T ,then(ANB)NNST N N=T, and hence A N(BN N) <T .Since A <r.(N,
then BNN < T . But C is maximal with respect to the property B N C < T, therefore N= C.

Proposition3.8

Let A and B be submodules of a module M then B is a complement for A in M iff A@B<g_. M .
Proof:

.—) Let A <M and B is an complement for A in M Then by [6,prop.1.3,p.17]A@B <. M. But B is
closed in M, by[6, prop.1.4,p.18] therefore 228) @ ) o by[6 prop.1.4,p.18]. By proposition 2.2 — 2,
A®B<g..M.

«—) Let A®B <z_.M, then AN B =0 . By proposition 2.2 — 2, @ Se%.NOW, letB<Hand ANH

=O.Now—< and(A?:B)qH (AGBE)OH (Anlg)GBBby modular Iaw%w _Bm@ie%’

therefore E: 0. Hence B =H. Thus B is a complement for A in M.

Proposition3.9
Let A, B and C be submodules of a module M . If A <, M and C is a complement for B in M , then
A+ C<c_ M.

Proof: Let A <. M and C is a complement for B in M. Claim that @ —. First we prove that, let
%S% such that %n EzO.Thenwzo. By modular IawM
(A N N) + C=C .Therefore A N N<C.

Hence (A N N) N B< CN B=0, then A N (N N B) = 0. Since A <, M, then NN B=0.ButCis
maximal with respect to, the property BN C=0,s0 N=C . Thus ——— (A+ C) By proposition 2.2- 2,
A+C<c_ M.

Proposition3.10
LetT,A B and C be submodules of a module M such that T <A . If A<(t.c)-.MandCisaT-cto

BinM, then c) _(T+c)_e%

=0. Implies that

Proof : Let A s(nc),e MandCisaT-ctoBinM.To show(Azc) <r+c)- e%.Let% s%such that

A8 n S sinee ) n %:(“ CC)“N:(A”N”C then (AN N) + C < T +C, and hence
(T+C)

ANNST+C. But A<(t+c-M, therefore N<T +C and hence —
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