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Abstract

The theory of Multi-Criteria Decision Making (MCDM) was introduced in the
second half of the twentieth century and aids the decision maker to resolve problems
when interacting criteria are involved and need to be evaluated. In this paper, we
apply MCDM on the problem of the best drug for rheumatoid arthritis disease. Then,
we solve the MCDM problem via the A-Sugeno measure and the Choquet integral to
provide realistic values in the process of selecting the most appropriate drug. The
approach confirms the proper interpretation of multi-criteria decision making in the
drug ranking for rheumatoid arthritis.

Keywords: Choquet integral, A — Sugeno measure, Multi-criteria decision making,
Rheumatoid arthritis disease
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Introduction
Multi-criteria decision making (MCDA) is a branch of decision theory where acts or

alternatives are chosen considering several points of view or criteria, assuming that the decision maker
has all the information at his/her disposal concerning the alternatives, i.e. they are fully described by a
vector of attributes which is supposed to be known without uncertainty. Over the years, many
approaches and underlying theories have been developed for solving decision problems with multiple
criteria. In [1], there is a comprehensive coverage of the latest research on MCDM problems that were
applied in different scientific fields. Also, there exist some multi-criteria decision making problems in
medical applications, especially in medical diagnosis. According to fuzzy decision making models [2]
based on utility theory in medical diagnosis, Rakus-Andersson and Jogreus facilitated the choice of the
drug, especially in the diagnosis of coronary heart disease [3, 4].
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In this paper, we apply multi-criteria decision making on the optimal drug for rheumatoid arthritis by

taking the drug values as measures and a special aggregation function to obtain realistic values.

Section two introduces the basic definitions needed in our research. Section 3 discusses the MCDM

problem on the optimal drug for rheumatoid arthritis. In section 4, we give a study case with results.

Lastly, the paper is finished with some conclusions.

Basic definitions

A capacity [5] or fuzzy measure [6] is a generalization of classical measure by means of using non-

additive property instead of additive property. The definition of the capacity is as follows.

Definition 1. [6] Let S be a finite set and 25 is the power set of S. A capacity is a set function

u: 25 - [0,1] that satisfies:

1 u@ =0, u(S) =1,

2.forall A€ B c S, u(d) < (B).

There are many types of capacities, one of which is the 4 —Sugeno measure [7]. The definition of the

A —Sugeno measure is as follows.

Definition 2. Let S = {s;, 55, ... s, } be a finite set, then a function wu,: 2% - [0,1] is called

A — Sugeno measure if it satisfies the following requirements:

L) =1

2. 1fA,Be25then (AU B)=pu (A)+ s (B) + Auy (A u,(B)

with AnB = 0.

In general, it can be shown that

1 r n

:ul({sl 182 58 }) =1 ZE 1_[(1-'_3/'[)1({51}))_1] , A#0 (1)

[i=1

This givs a polynomial equation with respect to 3
n

14+1= r:(1 + 3w (s). )

i=1
Moreover, the values of u;({s;,..,s, })for 1 <i<n maybe computed recursively as
pasisrsn D = palsn D) + palsi, s sp-1 D+ Auasn D paldsis s ) (3)
The value of A can present the following three kinds of interaction between the elements of S:
V A, B € 25,

a) whenever X > 0, the interaction is supper-additive, that is,
pa (AUB) > py (A) + py (B)
b) whenever 3 < 0, the interaction is sub-additive, that is,
pr (AUB) <py (A) +py (B)
c) whenever X = 0, the interaction is additive, that is,
pa (AUB) = u; (A) +uy (B)
A special type of nonlinear integrals is the Choquet integral [5, 6], with respect to capacity. The
Choquet integrals are appropriate tools to represent the weights of criteria with non-additive
characteristics as the capacities.
Definition 3. Let u be a capacity on S, then the Choquet integral of f: S - RT w. r. t. the
capacity f : S » Rty is defined by

n

Chff du = Z[f(s(i)) — fGa-)u(Ap) )

i=1
where f(s(;) is permuted so that 0< f(s(y)) < -+ < f(s)) <1, with
f(s@) =0 and Ay ={S), S -

MCDM on the optimal drug for rheumatoid arthritis

Consider an MCDM that depends on n criteria (or attributes) described by the alternatives Dy ,... , D,
and a set of criteria S = {s,,.., s,;,}. The alternatives

D = D; X... X D, are the set of potential alternatives. For any d,,d, € D, d, = d,, the Decision
Maker prefers an alternative d, to d,, where > is the preference relation of the Decision Maker. Thus,
by employing an overall utility function u: D — R (1), we obtain:
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vd,d, €D, dy =d, < u(dy) =u(d,). (5)
A classical way to construct u is to consider one-dimensional utility function u; on each criterion and
then to aggregate them by a suitable function:

u(d) = F(ul(dl), ~-~,u(dn)) vdeD, (6)

where F is called an aggregation function.
Aggregation functions (AFs) are mathematical functions to collect helpful data in multi criteria
decision making. The input of AFs is several numerical values and its output is a single value. A
special type of aggregation functions is the Choquet integral w. r. t. capacity. These integrals have
been studied and applied in diverse fields (see, e.g. [8-16]).
Based on the overall score by means of an aggregation function which takes into account the
importance of the criteria interaction, the alternatives can be arranged and the best alternative selected.
In this paper, we consider that the alternatives d, ..., d,, € D act as medicines for patients, while the
set of criteria sq,..., S, € S are symptoms that are typical of the disease. When a rational DM makes
a decision d; € D, i =1..,n (a space of alternatives), concerning states-results s; € S (a space of

symptoms), j = ,m. Hence, we have the ordered triplet (S,D,U), where S is a space of
symptoms, D is a set of alternatives, and U is the ut|I|ty matrix [4].

S1 Sy Sm

dy [u1r U1z - Yam

y="z|tzn tez o tam @

dplUnt Unz ... Upm
In this matrix, each value of u;;, i = 1,..,n, j = ,m, belongs in the unit interval [0, 1].
Hence, we associate with each symptom s], ] = 1,..,m, a value (its importance) by using the
following rule.

o If the number is higher, then a greater significance of symptom will be s_j.

Hence, we give wy,wy, ..., w,, as powers-weights t0 sq,s;,...,Sm, w; € W, j = 1,2,...,m, where
W is a space of weights,

then we get the following weighted matrix.

Wl.ull Wz.ulz Wm-ulm
wi. U Wo. U o WhpUom

u, = 15 21 25 22 N : (8)
Wi.Up1 Wa lUpz ... WpolUpm

By employing the quantity U,, (d;) given in [2], we can approximate the common decisive power of
alternative d; .

m
Uw(d;) = Z W)+ Uj
Thus, for a final optimal alternative d*, we choose this d; that satisfies

Uw(d") = Max Uy (d;)- )

For defining the effectiveness of medlcmes each of the following terms determines a linguistic
variable, named medicine effectiveness with respect to symptom: {E; = none, E, = almost none,
E; = very little, E, = little, E; = rather little, E; = medium, E, = rather large, Eg = large, Eq =
very large, E;, = almost complete, E;; = complete}, with all sets being defined in the interval
Z=[0,100], as an index set for supports of E; to E;;.

Rakus-Andersson and Jogreus [4] introduced the membership function M(z) for the fuzzy set. We
summarize the representatives of effectiveness in the following table (Table 1).
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Table 1- The representatives of medicine effectiveness with respect to symptoms

non | almost | very | little | rathe | mediu | rathe | large | very almost | complet
e none little r m r large | complet e
little large e
z-value 0 10 20 30 40 50 60 70 80 90 100
M(z)
= 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

To compare symptom j with symptom [, we can assign the values c;; and ¢;; to the pair (s;, s;). Hence,
forall j,l = 1,2,...,m:
1

° (;lj_a

e If symptom j is more important than symptom [, then c;; gets consigned with one of the numbers
1,3,5,70r9, due to the difference of importance being equal, weak, strong, demonstrated, or
absolute, respectively. While, if symptom [ is more important than symptom j, then we will assign the
value of c;. Hence, we construct a mxm square matrix C = (c)Yi=1 - The weights

Wqi,Wo, ... ,wy are decided as components of the eigenvector corresponding to the largest in
magnitude eigenvalue of the matrix; for more details see [4].

For total effectiveness, we solve the MCDM problem by using the A-sugeno measure and the Choquet
integral for the medicines ranking.

Case study

In this section, we will study the case of rheumatoid arthritis disease. The clinical data, with respect
the medical diagnosis, treatment, and symptoms of rheumatoid arthritis, were collected from Al
Kindy Teaching Hospital, Baghdad, Irag.

We take the most substantial symptoms, which include s;="joints pain” , s, ="swollen joints",
s3 ="joints stiffness” , s, ="fatigue” , sz ="fever”, sq ="loss of weight” , s, ="rheumatoid nodules
under the skin”.

The drugs recommended for improving the patient’s state are d; =non-steroidal anti-inflammatory
drugs (NSAIDy), d, =corticoids, d; =cyclo oxygenize, d, =disease-modifying anti-rheumatic drugs
(BMARDy), and ds = biological factors. The relationship between the medicine action and the retreat
of symptoms is shown in Table 2.

Table 2- The relationship between the drugs action and the retreat of symptoms

mptoms
S1 Sy S3 Sy Sg Se Sy
drug actio
complete rather almost almost almost almost almost
dq u;; =038 large, none, none, none, none, none,
u1,=0.4 | u43=0.3 u14=0.1 | u5=0.1 | u44=0.1 | u4,=0.1
Very large | Very little, little, almost almost almost
d, Uy = 0.8 large Uy3 = 0.3 Upy = none, none, none,
u628= 0.3 Uy5=0.1 | uy6=0.1 | u,,=0.1
large,us; = | large, very rather little, almost almost
ds 0.7 Ugy = large, little, Ugs = none, none,
0.7 | u33 =08 | Usa =04 0.3 U36=0.1 | u3,=0.1
large, rather | very large, very large, rather little,
d, Uy = 0.8 large, | uy3 = 0.7 large, Uys = little, Uy7=0.3
Uyp = Ugg = 0.8 Uge =
0.7 0.8 0.7
rather large, large, very almost almost very
ds large,us; = | us, = | us3 =0.8 large, complet | complet large,
0.8 0.9 Ug, = € Uss = | BUgg =
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0.7 0.8 0.7 Usy

= 0.6
Next, we note that the physical status of a patient is subjectively better if the symptom s; ="joints

pain” disappears. The case is assigned to s, ="swollen joints", s; ="joints stiffness” , s, ="fatigue” ,

ss ="fever” , sq ="loss of weight” , and s, ="rheumatoid”. Thus, we construct the following matrix

C, which represents the comparison of symptoms.

[1 3

1

3

11 1 5 7 7 9

5 3

111y 5975

C=[5 3 5

111159

7 7 7 5

11111,

7T 7 7 7 7

111111,

(9 9 9 9 9 3 |
The largest eigenvalue of C is 8.5179, and the corresponding eigenvector

V = (0.7656,0.4601,0.4740,0.2117,0.1183,0.0489,0.0307) . Hence, the coordinates of V are the
weights w4, wy, ws, wy, ws, we , and  w, . Therefore, we have the following single A-sugeno
measures:  u;({s1}) = 0.7656, u;({s,}) = 0.4601, u;(s3) = 0.3740, ui({ss}) = 0.2117,
pa({ss}) = 0.1183, p;({s6})=0.0489, p;({s;}) = 0.0307.

Using equation (2): 1+ X = [T%,(1 + 3 ua({s;})), we obtain
A+1=(0.76561+ 1)(0.46011 + 1)(0.37404 + 1)(0.21171 + 1)(0.11831 + 1)
(0.04891 + 1)(0.03072+1).
Thus,
A =1{0,-0.9282,-10.78869, —20.1590,—32.6007, —3.9384 — 3.9308i,
—3.9384 + 3.9308i}
Since, 1 € (—1, ), we choose 1 = —0.9282 only.
If 2 =-0.9282, then we can calculate other A-Sugeno measure values from equation (3):

H .u/l({SiJ """ ’ Sn}) = :ull({sn}) + ,U.A({Si, ey Sn—l}) + AM,’[({Sn}) :u/'l({siﬁ ey Sn—l})
en,

#A({SLSZ}) = 0.8987, /.1.1({51,53}) = 0.8738, .ul({SZ'SS}) = 0.6727,
pa({s1,54}) = 0.8269, up({s3,54}) = 0.4782, p;({s;,54}) = 0.5814,
M/l({leSS}) =0.7998, MA({SZJSS}) = 0.5279, “A({SB'SS}) = 0.4512,

M/l({séld SS}) = 0.3068, .u/l({51'56}) = 0.7798, “A({SZ'SG}) = 0.4881,
ta({s3,563) = 0.4059, p;({s4,56}) = 0.2510, uy({ss,s¢}) = 0.1618,
ta({s1,s7}) = 0.7745, u; ({s2,s7}) = 0.3478, u;({ss3,s,}) = 0.3940,

l’l/l({séld 57}) = 0.2364, .u/l({55157}) = 0.1456, .ul({s& 57}) = 0.0782,
M/l({leSZJSS}) = 0.9607, .ul({51152154-}) = 0.9338, :u/'l({sllSZISS}) = 0.9183,
:ul({SI'SZ'SG}) = 0.9068, .ul({51152157}) = 0.9038, #/1({51153154}) = 0.9138,
:ul({slls&SS}) = 0.8962, .ul({sllSBISB}) = 0.8830, MA({51,53,S7}) = 0.8796,
l’l/l({lesél-l SS}) = 0.8544, .ul({sli S4o 56}) = 0.8381, #)l({51154'57}) = 0.8340,
MA({51J55J56}) = 0.8124, HA({51,55,S7}) = 0.8077, :u/'l({51156157}) = 0.7883,
[1/1({52,53,54}) = 07522; .ul({SZJSSISS}) = 071711 #A({SZIS3'S6}) = 06911):
Mﬂ({52'53's7}) = 0.6842, .ul({SZISAI-J SS}) = 0.6359, Ha ({52154156}) = 0.6039,
[1/1({52,54,57}) = 0.5955, .ul({52155's6}) = 0.5528, ,U/'l({SZ,S5,S7}) = 0.5436,
/'Ll({SZ'SG' 57}) = 0.5049, .ul({SBISAI-J SS}) = 0.5440, #A({S3154156}) = 0.5054,
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ﬂl({53,54, 57}) = 0.4953, HA({53;55;56}) = 0.4796, :u/l({s3'55'57}) = 0.4690,
#A({S3ls6' 57}) = 04250' .ul({s4»; 55:56}) = 0.3418, #/1({541 55v57}) = 0.3288,
I'l')l({Sl}' 56157}) = 027451 Hl({55,56,57}) = 0.1879, MA({51152'53'S4}) = 0.9836,
#A({51152's3'55}) = 0.9735, MA({SIISZ'S3'S6}) = 0.9660, .ul({51!52v53157}) = 0.9640,
#A({SLSZ'SAI-' 55}) = 0.9496, #A({51'52'54) 56}) = 0.9403, #A({SI!SZISM 57}) =0.9379,
({51, 52,85, 56}) = 0.9255, py({s1,52,5,57}) = 0.9228, us({s1, 2,56, 57}) = 0.9117,
({51, 53,54, 85}) = 0.9318, py({s1,53,54,56}) = 0.9212, py ({51, 53,54, 57}) = 0.9185,
#A({51153155'56}) = 0.9044, MA({SIISB'SS'S7}) =0.9014, .ul({51!53v56157}) = 0.8885,
#A({Sllsél-' 55'56}) = 0.8645, #A({51'54' S5,S7}) = 0.8608, .ul({slis4-l Se 57}) = 0.8449,
({51, 55,86, 57}) = 0.8200, py({s2, 53,54, 55}) = 0.7879, up({s2, 53,54, 56}) = 0.7670,
({2, 53,54, 57}) = 0.7615, py({s3, 53,55, 56}) = 0.7335, w3 ({sz, 53,55, 57}) = 0.7274,
#A({52153'56' 57}) =0.7021, #A({SZ'S4' SSIS6}) = 0.6559, .ul({SZ!S4-I 55v57}) = 0.6485,
#A({SZISAI-' Se 57}) = 0.6174, #A({SZ'SS'S@ 57}) = 0.5677, Mi({53!54—l 55v56}) = 0.5682,
a({s3,54,85,57}) = 0.5592, py({s3, 84,56, 57}) = 0.5217, py({s3, s5, 56, 57}) = 0.4966,
({54, 55,86, 57}) = 0.3628, py({s1,52,53,54,55}) = 0.9939, w;({s1, 52,53, 54, S63) = 0.9879,
#A({51152153'S4IS7}) = 0.9863, M}.({51'52r53r55'56}) = 0.9782,
pur({ s1, Sz, 83,55, S71) = 0.9765, u({ s1, Sz, S3,86, 57}) = 0.9692,
:ul({ S1, S2, S4» Ss, 56}) = 0.9554, .ul({ S1) S2, Sa, Ss) 57}) = 0.9532,
/'l-l({ S1, S2) S4» Se» 57}) = 0.9442, .u'l({ S, S2, S5, Se» 57}) = 0.9298,
/'l-l({ S1, S3, S4, S5, 56}) = 0.9384, /-’lﬂ.({ S1, §3, S4, S5, 7}) = 09359;
:ul({ S1, S3, S4» Se» 57}) = 0.9257, .ul({ S1, 53, S5, Se» 57}) = 0.9093,
:ul({ S1, Sa» S5, Se» 57}) = 0.8706, .ul({ S2, S3, S4 Ss, 56}) = 0.8010,
/'l-l({ $2, S3, S4, S5, 57}) = 0.7961, /-’lﬂ.({ $2, 53, S4» Se» 57}) = 07758;
/'l-l({ $2, S3, S5, Se» 57}) = 0.7433, .u'l({ S2, S4, S5, Se» 57}) = 0.6679,
pa({ s3, sS4, S5, Se, S73) = 0.5827, ua({s1, 52, $3,5 4, S5, S63) = 0.9977,
:ul({ S1, S2, S3, S4, Ss, 57}) = 09963! l’l/'l({ S1, S2, S3, S4, Se 57}) = 09905:

pa({s1, 52, 53, S5, 56,5 7}) = 0.9810, s ({ 52,5 3, S4» S5, S, S73) = 0.8089, w,({S}) = 1.
Now, we apply Choquet integral (Equation (4)) for the choice of an optimal drug for the rheumatoid
arthritis disease. The Choquet integral of non-steroidal anti-inflammatory drug (NSAID;) is

4= © [ rau

dy = f(s4) . ua({s1, 52, S3, S4, S5, Se, S71) + (f(53) - f(54))-li/1 ({s1, 82,83 +

(f(s2) = f(s3))-ua({s1,52) + (f (1) = f(52)). ua({s1})
di =01%1+4+0.2%0.9607 4+ 0.1 *0.8987 + 0.4 x 0.7656

d, = 0.68825.
Also, we can apply the Choquet integral on corticoid drug, as follows

& =@ [ fu

dy = f(s7) .ua({s1, 52, S3, S4 S5, Ser S7}) + (f(54.) —f(Ss))-#A({ S1, S, 53, S4}) +

(f(s2) — f(s3)) -2 ({51,52})
d, =0.1x1+0.2%0.9836+ 0.5 % 0.8987

d, = 0.74607.

Similarly, we can apply Choquet integral for other drugs.
Results and Discussion

The results of Choquet integrated values are shown in Table 3.

Table 3-The results of Choquet integral in the drug ranking

No. s; S, S3 S4 S; Sg Sy Choquet Integrated Values
1 08 04 03 01 01 01 01 0.68825
2 08 08 03 03 0.1 01 0.1 0.74607
3 0.7 0708 04 03 01 01 0.72275
4 0.8 0.7 0.7 0.8 0.8 0.7 0.3 0.78452
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5 08 09 08 0.7 08 0.7 0.6 0.84313

The interpretation of Choquet integral for the drug ranking confirms that the preference relation of
the Decision Maker is ds > d, > d, > d5 > d,. Therefore, the drug 5 is the optimal drug according
to the ranking of drugs used to treat rheumatoid arthritis.

Conclusions

In this paper, we applied multi-criteria decision making on the optimal drug for rheumatoid arthritis
to provide realistic values in the process of selecting the most appropriate drug. The basis of the
application is based on the decision of the effect of the drug on the medical symptoms of the disease.
For total effectiveness, we solved multi-criteria decision making problem by using the A-Sugeno
measure and the Choquet integral, which confirmed the optimal drug ranking of rheumatoid arthritis.
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