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Abstract:

The major target of this paper is to study a confirmed class of meromorphic
univalent functions X (g, 7, a, 8, v). We procure several results, such as those related
to coefficient estimates, distortion and growth theorem, radii of starlikeness, and
convexity for this class, n additionto hadamard product, convex combination,
closure theorem, integral operators, and ¢ neighborhoods.
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1- Introduction

We have studied the geometric function theory of the blending of geometry and analysis. Its radix
has begun from the 19th century, but it uninterrupted and permanent is applicable at present.
Geometric function theory is a paramount department of complex analysis, which studies the

geometric results of the analytic functions.
An univalent function is meromorphiic function f in a domain of expanded complex plane, so that
f(z1) # f(z,) for z; # z,, where z; and z, are members of the domain.
One of the fundamental troubles in the treatise of univalent functions is whether there exists an
univalent mapping of plain linked domain onto a given plain linked domain. Nevertheless, at view of
Riemann Mapping theorem [1] over trouble reduces to a trouble of mapping a unit disk onto a given
plain linked domain, such as like stairlike, convex, close-to-convex etc.
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Let & denotes the analytic and meromorphic univalent class form functions in the
punctured unitdisk U* = {z € C:0 < |z| < 1} = U — {0} and let A(4) indicates the subclass of N
made up of functions of the form:

oo

f)=7"1- Z 079, (0 20,7 €N={1,2.}), 1)
i=1
which are analytic functions and meromorphic univalent functions in U*.
A function f € A(y) is said to be meromorphically starlike of order y if

Re{—zf(—g)}>%(zeU=U*u{0},0Sy<1), 2
and a function f € A(4)is said to be meromorphically convex of order y if
Re{—<1+z;(,((zz))>}>y,(ZEU=U*U{O},OS]/<1). 3

We indicate by 6*(y) and 6(y), respectively, the classes of univalent meromorphiic starlike
functions of order y and univalent meromorphic convex functions of order y. Such classes have been
extensively calculated previously[2- 7].

The differential operator (£, 5) [8] below will be used for this paper:

Lopfd) =771 Z (@G +2DBEG + D+ D =G+ + (1 —a+ P17

Z}f(a B, @

such that #(a, B, 7) = [a(F + 2)(ﬁ(,¢ +D+1)-BG+2D+A—a+p)], 0<

B<ajeN={12..}

Definition (1): A function f € A(4) is in the class K (g, 7, a, §, v) if the following condition is met:
1 z (La,gf(Z)) 1(z (ﬁa,mf(z))

Re{i1l+—-|(1+——F—-c|>v|1+—-| ———F||, zeU", (5

T\ (Lapf@) T\ (Lapf@)

suchthat —1<v<e<1, teC\({0}

2- Coefficient Estimates

The theorem below provides a sufficient condition for a function in K (g, 7, a, 8, v).

Theorem (1): A function f € A(§) is in the class K (g, 1, a, B, v) if and only if

Zf[(i +TDA-v) + (v -] H(a, B, Pa; <A1 -v)A +[t) +(e-v), (6)

suchthat —-1<v<e<1, teC\({0}
The outcome is sharp for the function
A-v)A+]tD+ (e —v)

— =1 _ :
= i Grma-vre-om@pps N O
Proof: Suppose that (6) is true for |z| = 1. Then
Lg, Lg
Rel1+ (1 +_Z( .BJ((Z))’ P | G P —Z( 'BJC(Z)), >0,
T\ (Lapf@) T\ (Lapf@)
if
((1 +e) = 2217 — H(a, B, :f)a,>
| | 1 Zyzlf}[(alﬂlf)ay
_y [1 + _<2 — 25217 — 1)}[(a:ﬂ'f)a;>] >0
ITl -1- ;ilf}[(a'ﬂ'f)a;’ '
that is if
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sz G+1tDA-v)+ @ -alH (@B, Ha; < (1 —v)A +t]) + (e —v).

Conversely, presume that f € K (¢, b, a, 5, V), then

Re{1+l 1+M—5 }>v‘1+l —Z(La’ﬁf@)” ‘

N\ (Lapi@) "\ (Lapf@)

1(A+e)—X217G — H(aB,§)a;
R"’{”?( —1- X7, 49 (e, B, )y >}
1.1 ( Z;, 174G = DH(a, B, 7)‘1#)

-1- Z;:1fj{(a!ﬁrf)ay .

> v ®)

By letting z — 1~ along the real axis, we get
N <(1 +8) = 514G - S)H(a,ﬁ.zf)a,)
|7l —1-=222, 7 (a, B, gy
1+_<2 s 1#(# 1)}[(a,ﬁ’f)a;>].
W\ —1-22, 77 @B Dy

>v

Thus, by the theorem of maximum modulus, the simple math operation drives the required variation
Zi[(f +ITDA -v)+ W -] H(a, B, 7)a; < (1 —v)(A + |7]) + (e —v),

This completes the proof.
Theorem (1) immediately gives the next result.
Corollary (1): Letf € K (g, T, a, B, v). Then
1—-v) A+t +(e—v
g s GV E-Y o, ©)
HG+1tDA —v) + v —]H(a,B,7)

The equality in (9) is obtained for the function f given by (7).
3- Distortion and Growth Theorem
We now mention the following distortion and growth of class K (¢, 7, a, 8, v).
Theorem (2): Let the function f € K (g, T, B v) Then
1 (1-v)(1+|tD+(e-v) (1-v)(A+|tD)+(e-v)
T areha-vre-omasn 12 < F@I = |z| T - o-om@aD 2
The outcome is sharp for the function

f@)=2""~-
Proof: Of the function

(10)

A-v)A 4+t +(e—-v)
[(A+ DA -v) + @ — oK (e, p 1)

f@) =z~ z a;z?
=1

1 < 1 A=—v)A+ 2D + (e —v)
)l < 2 " ; ajlel? = 2 T+ D —v) + (v = &)H (e, B, 1) i (n
Likewise
= 1 1-v)A+ D)+ (e —v)
o = o7 D e e e o ey L

Plural (2.11) and (2.12), we get (2.10).
Theorem (3): Let the function f € K (g, 1, a, B, v). Then
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1 A-v)A+Ith)+(Ee—-v) <1f ()|
22 [A+1DA-v)+@-H@p D "
I (1 =)+ 2] + (e — v) 13
TzI2 [A+ A=)+ @ - 8)]H(a,B,1)
The outcome is sharp for the function
() =7 - A=-v)QA+z)+(—-v) .
[(A+1tDA-v)+ w—-9e)]H(a,B,1)
Proof: Of the function
fz)=z"1- z Y
=1
A-v)A+Ith+(E-v)
W@l <1 +Z’“ 2 < |2 AT+ -o@pD Y
Likewise
1 v . 1 A-v)A+ ) + (e —v)
@)l = W_;M'ZV AT a0 oH@hD D

Plural (14) and (15), we get (13).

4- Radius of starlikeness and convexity

Next, we get the region of univalency; in particular, starlikeness and convexity
forthe class X (¢, 7, @, B, v).

Theorem (4): Letf€ K(g,1,0,B,v).Thenf is starlike of order y,(0<y<1) injz|<r=
(&7, a,8,v,7), where

1

(6T, a B ,Y) = inf{(l -G+ I1ThA -v) + (v - 6)]%(06,[3,7’)}#_1
T i G+2-y)A-v)A+ 1) + (e =) '

i=12,... (16)

is a must for every |z| is sharp for each 4, with the extreme function of form (7).

Proof: Letf € K (g, 71, a, B, V), then by Theorem (1)

AG+1TDA —v) + (v —€)]
A-v)A+ )+ (e—v)

For0 <y < 1, we need to show that

H(a B, a; < 1. (17)

zf (z)
@)

—Yi21G + Dayzi
1-%7 a,78%1

- +2— .
D (e <
This inequality is enough to consider

12+t < A -p7lG+1tDA -v) + (v - OIH (a, B, 7)
T G+2-nNA-vA+lh+E-v)

+1

<1l-y,

we have to show that
zf (2) + §(2) <
(@)

- Y210 + Daylz)7+?
1-3¥2q a2%!

<1l-vy.

Subsequently

Therefore

1
2] < {(1 — G+ ITDA =v) + (v — O)]H (a, B, f)}m | )

G+2-y)A-v)A+|tD+(-v)
Let |z| = r (s, 7,a,B,v,7) in (18), We obtain the radius of the starlikeness, and from it the proof of
Theorem (4) is complete. m
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Theorem (5):Letf € K (s, 7,a,8,v). Then, fisconvex of order y,(0<y<1)in |[z|]<r=
ry(e, T, @, B, v,y), where

1
T@Taﬁv)=m%u_WW+WMLﬂO+W—MHmﬁﬁyﬁ
206, T,4,p,V,Y 7 (7+2—y)(1—v)(1+|T|)+(£_v) )
7=12,... 19

is obligatory for each | z | sharp per j, with the extreme function of the from (7).
Proof: Letf € K (g, T, a, ,v), then by Theorem (1)

iﬂ@ﬂmm—w+w—m
=1

(1_v)(1+|'[|)+(£—17) :H‘(a,ﬁ,#)agl (20)

For 0 <y < 1, we have to show that
zf'(z)
f(@)

—2i=14G + 1)%‘2#1
1- Z;.;1fajzy‘+1

= P+ 2 — .
ZM—Y)GAZVH <1
= Y

+2

<1l-y,

We need to show that
zf"(z) + 2f (z)

_ IR04G + Daz
f(@)

< :
1-¥72 70,7871

<1-y.

Hence

This is enough to consider
12+ < A -G+ I1TDA —v) + (v — &)]H(a, B, 7)
T GH2-nA-vA+D+(E-v)

Therefore

1
2] < {(1 —PIG +17NA —v) + (v - )]H(a, [f,f‘)}ﬁl 21)
B G+2-y)A-v)A+|t) +(e—v) '
By setting |z| = (e, T, a, 8, v,y) in (2.18), we obtain the radius of convexity, which will finish
proving the Theorem (5).
5- Hadamard product
In the subsidiary Theorem, we get the Hadamard product of the functions fand g € K (¢, 1, @, B, v).
Theorem (6): If
fz)=z7""- Z a;z/ and g(z) =z"'— z b;z?
7=1

=1
be in the class K (¢, T, @, B, v), then the Hadamard product of f and g, given by

F*xg)@ = z7 !t - Z a;bfzj.
=1
is in the class K (u, 1, a, 8, v), where

u
A -vA D+ = nPIG+ThA = v) +v] = 4[G + 1TDA ~v) + @ = OI*H (e, B AIA —v)(A + |z]) — v] _

[A=v)A +It]) + (e = ]* + 4G + ITDA —v) + (v — )*H (a, B, #)
Proof: Letf,g € K (¢, 7, @, 8, v). By Theorem (1), we get

© j[(j+|T|)(1—v)+(v_€)] '

; Q-+t v FT@hpae=1 22)
and

o0 f[(f+|‘[|)(1—v)+(v_£)] ‘

; A =v)A+z]) + (e = v) H(a,B,/)b; < 1. 23)

We must find the greatest value u, such that
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C G+ 1D —v) + (v — )] ,
; SR |T|)+(y—v) H(a,B,7)a;b; < 1. (24)
By Cauchy--Schwarzs inequality, we get
G+ It -v) + (-2 ‘
; AT s =y K @B D Jab <1. (25)
So, it suffices to show that
G +17DA = v) + (v - )] L _AGH DA -n) + @ -9 N
RIS e s B (R R E B SN e
that is
(_a,bj < [(,71 + TN =) + (v = )][1 =)@ + |z]) + (u —v)] _ 26)
[G+1eh(A =v) + (v — w)][(1 = v)A + 7)) + (e = )]
And from (25), we will get
ab, < A-v)A+1TD+(—v) @7

“HGH DA -v) + (v - ]H (@, B.4)
Through (26) and (27), it is sufficient to prove that
A-v)A+]Ith + (e -v)
AG+1TIDA -v) + - lH (a,B.7)
_G+IhA-v+ @ - OI[(1 =)+ [2]) + (1 —v)]

TG IEDA =) + (v = W][A = v)A + |z + (e = )]

To simplify that, we have

u
[(A=v)A+ 1D+ (e =»PG + 1tDA = v) +v] = 4G + [TDA —v) + (v — *H(a, B, AIA —v)(A + []) — v]
[(A-v)A+ D+ (- v)]* + 4G + 17D - v) + (v — ) H (a, B, 7)
6- Convex combination
In the theorems below, we will show that the class K (¢, 7,, 8, v) is closed under a convex linear
combination.
Theorem (7): Let §; € K (¢, 1, a, 8, v), such that

fi@=2"~ z a;i7¢ ,(a;;=0,i=12).
=1
w(z) ={h@)+A-Of@), 0=<{<1)

Also in class K (¢, 1, a, B, V).
Proof: From0 < ¢ <1, we get

o) =7 =) Ca+ 1= a7,
=1

<

Then

We note that

D G+ DA =) + 0= D@L G g0+ (1= a52)

=1
oo

= ¢ ) 41G +1BD = v) + (v = (@, B, )y

i=1
+(1 - 5)27’[(7’ +1bDA =) + (= o]H(a, B, /)a;, < (1 =v)([A+[b]) + (e = ).
7=1

Using Theorem (1), w € K (¢, 7,2, B, V).

7- Closure theorem

In the following, we prove the closure theorem.
Theorem (8): Let
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o]

fi(@) =21~ Z a;,728 € K(e,T,a,8,v), 1 €{1,2,..,m}and 0 <9, <1
7=1
So that

Zﬁ—l

Then, we select function G which is defined as
m
G(2) = Z 9, §:(2)
i=1

alsoinclass X (¢, 7, a, B, v).
Proof: Foreach+ € {1, 2 ..,m}, we have
Z# [G+ 16D -v) + (v — )] (@B, a,
=)+ BD + - ) Dge =1

since

oS nsco-F e z)z(z)
7=1\i

i=1 7=

wﬂ@+mmfw+w—a
Z A+ h) - L« ”’”(Zﬁ aﬂ)

i=1

And therefore,

N,

R G+ 1A =v) + W - o) .
=)0 ( -+ 1D + (e = )}[(“'ﬁ")%>

i=1

i=1
Then, G € K (g,1,a, B, v) and the proof is complete.
8- Integral Operators
Theorem (2.2.8): Let f € K (¢, T, @, B, v). Then the integral operator [2] defined by
1

F(z) =tf nFf(nz)dn,(0<n<1,0<t < »),
0

is also in the class K (¢, 7, a, B, V), such that

Q.

@
HG DA - ) + ][ - v)A + ) + -]~ [G+ DA - v) + v -G+ + DA —v)(A + |z]) — v] 28)
- t[A-v)A+ D+ (-] +[G+ DA —v) + @ —e)] '
Proof: Let f € K (g, T, a, B, v), and therefore we have

1 1 ©
F(z) = tf n* f(nz) dn. = tf (rla';"lz‘1 — Z noﬂ”"“’ajzﬂ) dn,
0 0 .
=1

=z1- E —a,77.
: Lij+e+177°
7=1
We suffice it to prove that

t7lG + 1T —v) + (v — )]
—=@G+t+ DA -v)A+ ) + (¢ —v)
since the function f€ K(g 1, a,B,v), then we will get
AG+1TDA —v) + (v —&)]
A-v)A+]zD) + (e —v)

H(a,B.7)a; <1, (29)

}[(a,ﬁ,})aj <
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Note that (29) is satisfied if the following inequality is satisfied

b G +1TDA —v) + (v - 9)] L _ G+ IDA-v) + W —e)]

G+e+ DA - —pyt@hy =Tq T -
v)A+ D)+ (9 —v) A-v)A+[th+(—-v)
And by rewriting the inequality, we will get
tG+1TDA —v) + @ - )1 —v)A + [t + (e — v)]
<[G+e+DA-v)A+TD + (@ =G + 1TDA —v) + (v — &)]

As a solution to ¢, we will get

Ha,B,7) .

®

HGATDA =) +o][A - n)A + D) + (e =]~ [G+ tDA - v) + v - ]G + £+ DA —v)A + [z)) —v]
B A -v)A+ D+ -]+ [G+ITDA-v) + @ -]
Thus, the right side of (30) is an increasing function of 4.
Neighborhoods

Following earlier investigations on the familiar meaning of neighborhoods of meromorphic
functions, which was first introduced by [9], a later work [10] studies this concept with elements of
many famous subclasses of analytic functions. An earlier work [11] considered a specific family of
meromorphic functions with negative coefficients. Also, other studies [2, 12, 13, 14] extended this
topic for a specific subclass of meromorphically multivalent functions or meromorphically univalent
functions.
The (j, 0) — neighborhood of a function f € A(j) is defined by the following relation:

.(30)

Njo() ={8€AG) g =2"~ Zb;,-zf' and Zﬂa; —bj|<0,0<0< 1} . (3D
=1 =1

For the identity function e(z) = z, we will get

N;o(e) = {g € A():glz)=z""1 - Z b;z? and Zﬂbﬂ < a}.
=1 =1

Definition (2): A function fe€ A(f) defined by definition (1) is said to be in the
class X (g, T, a, B,v) if there is a function g € K (¢, 1, a, B, v) such that

%—1|<1—p, (zeU,0<p<1). (32)
Theorem (10): Letg € KP(g, 1,0, 3, v) and
- o[(1+[|tD(A —v) + (v — )]H(a, 5, 1) 33)
P [(A+1TDA-v)+ @ —-]H(a,, D) - [A-v)A +[tD+ (e—-v)]
Then, N;s(g) € KP(e,1,,B,v).

Proof: Letf € N;,(g). Then, we will get from (31) that

Zﬂa;f —bj| <o,
=1

which denotes the coefficient inequality

Z|a,.—bj| <o,(7 €EN). (34)
#=1
Since the function geEX(st,,B8,v), then we get from Theorem (1) that

ib'< (1-v)(1+t]) + (e — )

p T+ DA -v) + W - 9]H (@B
and, hence, it is

o | o Sl — by

g2 1-%2,b;
_ al(1+ 12D = v) + (v — &)]H (e, B, 1) .
ST+ DA = v) + W - )]H (@ B D) — [ —v)(1 + [z]) + (e — V)] P

Therefore, by using definition (2), f € X (¢, 1, @, B, v) for o given by equation (33).
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