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Abstract

We define skew matrix gamma ring and describe the constitution of Jordan left
centralizers and derivations on skew matrix gamma ring on a I' -ring. We also show
the properties of these concepts.
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1-Introduction

The linear ring mapping 9 from R onto R is called a left derivation (LD ) (resp., Jordan left
derivation (JLD)) if 9 (xy)=x9 (y)+y 9 (X) V x,y€ R . (if 9(x?) = 2x9(x) Vx€ R)[1]. Bresar and
Vukman [2] introduced the concept of left derivation .We refer the readers to several references [3,4,
5, 6] for results concerning Jordan left derivations. A linear mapping S from R onto R is called Jordan
left centralizers (JLC) (resp., left centralizers (LC)) if S(a?) = G(a)a (resp.,S (ab) =
S (a)bV a,b € R). A linear map G from R onto R is called a Jordan centralizer (JC) if G satisfies ©
(ab+ba)=S (a) b+th S (8)=S (b)ataS (b) Va,b € R [7]. In [7,8,9], some results about left
centralizers were presented. In [10 ], Hamaguchi provided the sufficient and necessary conditions for J
on a skew matrix ring being Jordan derivation. He proved that there exist many Jordan derivation
maps of it, which are not derivations maps. He also studied the characterization of derivation on skew
matrix ring (M,(R; 4,4 )) and Jordan derivation of M, (R) with invariant ideal. Nobusawa [11]
introduced the concept of gamma ring, which was generalized by Barnes [12], as follows.

Let R and I" with +, . be abelian groups,R is called a gamma ring if forany a,b,z € Rand a, 8 €

T, then the following conditions satisfied
Daab€eR
(2) (a +b) az =a az+baz

a(l@+pB)z=aaz+af z
aa(b+z)=aab +taaz
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(3) (aab)p z =a a(bfz)
Hamil and Majeed [13] studied the cocomutativity preserving right centralizer on a subset of a gamma
rings. In [14], Majeed and Shaheen described a form of Jordan left derivation and centralizers on
M, (R; 4, g). In this article, we define the skew matrix gamma ring and describe the constitution of
Jordan left centralizers and the derivation of Skew matrix gamma ring on a I -ring M . We also show
the properties of Jordan left derivation and centralizers on this ring.
Now, we shall introduce some definitions which are preliminaries in this paper.
Definition 1.1: [15]
Let M be a ring r,q € M, and the endomorphism 4:M — M, such that A(g) = g and (r)qg = gr
Vr € M.
Let M, (M; £, g¢) be a set of square 2x 2 matrices on M with multiplication
[a b] [e i] :[ae+bf4 ai + bg
c dllf g ch(e) +df cha(i)g +dg
and the usual addition M, (M; h, ¢) is said to be a skew matrix ring over M.
In this article ,we define the skew matrix gamma ring as follows.
Definition 1.2 : Skew Matrix Gamma Ring
Let M be a gamma ring r and g € M with ¢ from M to M, where 6(q) = qandvre Manda € T
o(r)a q = qar. Let M, (M; T, o, q) be the set of square 2x 2 matrices over M with multiplication
[a1 az] a [b1 bz] _ [alabl + a,abzaq a;ab, + a,aby,
a3 Ay bs by azao(by) + asab; azac(by)aq+ asab,
and the usual addition M, (M; T, 0, q) is said to be a skew matrix I' —ring over M. Note that the matrix
a b
[c d
2 - On Skew Matrix Gamma Ring with Jordan Left Derivation
We shall describe the constitution of JLD on skew matrix gamma ring .
Let D be a JLD of M,(M;T,0,q) . First, we set
8:(@) 82(a) _[62(b) & (b)
Plen ®) 1[6(3 @, ?4)@] Dlesz) Q[z(g o Qa((db))]
_[11(€)  12(C _ [ 2
D= [l0) Lol Pz o) i)
where 8;, Q;, §;,1;: M — M are linear mappings .
Lemma 2.1: The mappings 84, 8, , 65 and 85 satisfy the following conditions for every aeM, a € T
1—6,and §, are JLD of M .
2 —63(aaa) = 0.
3 —64(aaa) = 0.
Proof: Since D(e;;(aaa)) = D(e;jaaes;a )
and since D is JLD, then
D(e;(aca)) = 2e;;a a D(eq;2)
[51(30“1) 82(30“1)]:2[3 0] a [51(3) P (a)]
S3(aaa) 64(aca) 0 017 [83(a) 84(a)
[Sl(aaa) 8, (aaa) :[Zaa61(a) 2aad, (a)]
63(aaa) 84(aca) 0 0
Then 8, (aaa) = 2aad,(a), 6, (aaa) = 2aad,(a),d3(aaa) = 0 and §,(aca) = 0.
Lemma 2.2 : The mappings Q4,Q,,Q3, and Q,satisfy the following conditions for every deM
anda € TI':
1- Q; and Q,are JLD of M.
2-Q,(dad) = 0.
3-Q,(dad) = 0.
Proof: Since D(e,,dad) = D(e,,dae,,d)
and since D is JLD, then
D(e,,dad) = 2e,,d aD(e,,d
Q,(dad) Q,(dad) :2[0
Qs;(dad) Qu(dad)| “lO

] is denoted by e;; a+ e ;b 4+ eyc+ eyyd.

)
0] o [01(d) 2 (d)
dl 7 1Q3(d)  Q4(d)
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Q (dad) Q,(dad)]_ 0 0

Qs;(dad) Qu(dad) _[Zdaﬂg (d) 2daQ,(d)

then Q;(dad) = 2daQ;(d), Q,(dad) = 2daQ,(d) ,Q;(dad) = 0 and Q,(dad) = 0.
Lemma 2.3: If a,be M and a € T, then

1- &1 (aab) = 2aat; (b) + 2bad;(a)aq
2- &, (aab) = 2aat,(b) + 2bad,(a)
3- &(aab) =0

4- &(aab) =0

PFOOf Since €12 = €11€12 + €12€11, then
D(gugf)lb) :(D(giﬂaeub + ejzbae;qa)
aa aa
[2 (aab) gi(aab) =2e;1aaD(eq;b) + 2 e;;b a D(eqq2)
_ o[a 071 _[8(b) &(b) 0 by [6:1(@) 62(a)
= 2[5 gl [zg o aml 2l ol [83<a) 84(a)
:[Zaa §.(b) 2aaf, (b)] n [Zba 63(a)aq 2b a84(a)]
0 0 0 0
:[Za ai(b) + 2b ad;(a)aq 2aa &, (b) +2b a64(a)]
0 0
Lemma 2.4: The mappings l4,1,,15, and 1, satisfy the following condition for every ¢ and de M and
aeI:
1-l;(dac) =0
2-1,(dac) =0
3-13(dac) = 2dal;(c) + 2cac(Q4(d))
4-1,(dac) = 2dal,(c) + 2caoc(Q,(d))aq
Proof: Since €1 = €32€51 + €71 €22, then
D (e, dac) = D(e,, daey i + ey cae,, d)
l;(dac) I(dac)] _
[13 (dac) 14(dac)] = 2e,, daD(ey;c) + 2e,,caD (ey, d)
_ [o 0 ] [11(0) L(O] [0 0] a [Ql(d) (> (d)
0 2d I5(c) I4(0) 2c 0 Qz(d) Qu(d)
7 o 0 0 0
_[Zdal3 (© 2da14(c)] + [2ca0(ﬂl (d)) 2caoc(Q, (d))aq]
0 0

- [2da13 (c) + 2cac(Q4(d)) 2daly(c) + 2cac(Q, (d))aq]
Theorem 2.5: If M isagammaringand D isaJLD of M,(M,T;0,q),
then D [a b] _ [81 (@ + &) +1;(c) +Q:(d) 8;(a) +§2(b) +1,(0) + Q, (d)]
) thaf d 83(a) +&3(b) +15(c) + Q3(d)  84(a) + & (b) + 14(c) + Qu(d)
suc

1-85(aaa) = 0,8,(a®) = 0,8;, 8, are Jordan left derivation of M.

2-Q4(dad) = 0,9, (dad) = 0 Q5 and Q,are Jordan left derivation of M.

3-

¢, (aab) = 2a a&; (b) + 2ba 65(a)aq,&, (aab) = 2a a&,(b) + 2bad,(a),é3(aab) =
0 and & (aab) =0

4-1, (dac) = 0,1,(dac) = 0,13(dac) = 2dal;(c) + 2cac(Q,(d))and

l4(dac) = 2dal,(c) + 2ca0(ﬂz (d))aq.

Proof: Since D [2 3] = D(eq1 @) + D(e12 b) + D(ez;¢) + D(ey, d)

:[51(3) 8,(a) + §1(b) & (b) + [11 (© 1(0) + [91((1) Q, (d)]
83(a) 84(a)] " [E3(b) &u(b) 3(c) L] 1Q3(d) Q.(d)
=[51 (@) + & () +1;(c) + Q;(d) 8;(a) +§2(b) +15(c) + Q,(d)

83(a) +&(b) +13(c) + Q3(d)  84(a) +84(b) +14(c) + Qy(d)
Then, by the assertion Lemmas 2.1, 2.2, 2.3, and 2.4, we shall get the result .
Lemma 2.6 : If M is a gamma ring with 1 and D is a JLD of M, (M, T; o, q), then there exist additive
mappings &8s, 84, &3, &4, 11, 15, 4, and Q, :M->M
and elements u,9,w,1,y, X, p, € in M, such that for all a,b,c,d in M, we have
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aa . aad
e [ZSS @ 824 gia)(]b’) 2b 26,4(b)

_ aw + 2 03(b)aq at + 204 ]
D2 )= B0 ),

_ 1(¢ 2(€ _[Q(d) Qx(d)
D(e210)= [2cay + 20(Q4(c)) 2caX + 20'(.9.2 (c))aq]’ D(e22 d)= [ dap dae
Proof : By Lemma 2.1.1, we have

61 (aaa) = 2aad,(a)
then
6:(aab + baa) = aad,(b) + bad,(a)
By putting b=1, we get
§:(@) = aa 6;(1)
And since 8, (aaa) = 2aad,(a), then §,(a) = aad,(1).

We choose u=2:8,(1),9 =468,(2), then we have
6;(a) = aa u

and
6,(@)=aad

By the same way, we get from lemma 2.2 that Q3 (d) = daQ3(1), Q,4(d) = daQ,(1).
We choose p = Q3(1) and € = Q,(1), thenQ;(d) = dap, Q,(d) =dac.
And from lemma 2.3, we have
¢, (aab) = 2a a&; (b) + 2ba 85(a)aq, and by putting a=1 ,we get
§(a) = 2aafy (1) + 2 83(a)aq
and
&, (aab) = 2a at;,(b) + 2bad,(a) also by putting b=1,we get &, (a) = 2a @ &,(1) + 28,(a)
By putting T = &,(1) and w = &, (1), and from lemma 2.4, we have
I3(dac) = 2dal;(c) + anc(ﬂl(d))

Also, we put c=1,15(d) = 2dal;(1) + 26(Q,(d))
and 1,(dac) = 2dal,(c) + 2cac(Q,(d))aq. Furthermore, we put c=11,(d) = 2dal,(1) +
20(02 (d))aq. We then put y = 15(1) and 1,(1) = K. Then, we get the result .
Theorem 2.7: If M is a gamma ring with 1 and D :M,(M,T;0,q) = M,(M,T; 0,q) is an additive
mapping .Then, D is a JLD if and only if there exist additive mappings 6s,1;, Qq, ,&3, 84,8,
and elements u, w, Y, 7,7, p, X, € satisfying the four conditions in Lemma 2.6 with the following
conditions, for all a,b,c,d in M.
(i) 85(aaa) = 0.
(i))84(aaa) = 0.
(ii)Q; (dad) = 0.
(iv) Q,(dad) = 0.
(V)& (aab) = 0.
(vi)¢4(aab) = 0.
(vii)l; (dac) = 0.
(viii) 1,(dac) = 0.
Particularly, a Jordan left derivation of M,(M,T; o, q) is given by

a by _
b [c dl
aa i+ 2baw + 2 85(b)aq +1,(c) + Q,(d) aad + 2b at + 28,(b) +1,(c) + Q,(d)
[ 83(a) + &5(b) + 2cay + 20(Q,(c)) + dap  84(a) + &4(b) + 2cak + 206(Q,(c))aq + da e |
Proof: Assume that D is A Jordan left derivation of M,(M,T;0,q). Then, D satisfies the above
condition for some additive mappings, by Lemmas 2.6 and 2.4.
Conversely, if the mappings 85,11, Qq, Q,,83, 84, &, and elements u, w, 9, 7,y, p, X, € satisfy the

above condition, then we can show that, for any Az[i g] inM,(M,T;0,q),

D(AaA) = 2D(A)) aA,
by direct calculation.
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3- On Skew Matrix Gamma Ring and Jordan Left Centralizer
LetJbeaJLC of M,(M,T; 0,q). First, we set
_[81(@) 82(a) _[l1(®)  12(b)
New2)= [33((3)) lf;;((a))]’“‘(elz b)‘[lgaggi) Lo
3 :[1C ZC],J =[N P ]
€297 1u© k@2 D [ny@) na(a)
where §;, ki, n;, 1j: M — M are linear maps.
Lemma 3.1 : The mappings 6;, 8, , 63 and &5 satisfy the following conditions for every aeM
anda € T.
1- 84is JLC of M.

2- 6,(aaa) = 0.
3-63(aaa) = 85(a)ac(a).
4-84(aaa) = 0.

Proof: Since J(ej;aaa) = J(e;1aae;1a)
and since J is JLC, then
J(ei1aaa) =](eq1a)ae;qa
[51(aaa) 6, (aaa) =[51(a) 82(3)] o [a 0]
6z(aaa) fi(aaa)] [65(a) 64()] L0 O
S1(aaa) &y(aaa)]_[ 81(@)aa O
83(aaa) 84(aaa)]_ 83;(a)ao(a) 0]
Then 8, (aaa) = §;(a)aa, §,(aaa) = 0,85(aaa) = 65(a)ac(a)and §,(aaa) = 0.
Lemma 3.2 : If deM and a € T, then the mappings n4,n,, N3 and n, satisfy the following

1- N2, M4 are JLCs of M .
2- Ny (dad) = 0.

3- ns;(dad) = 0.

Proof: Since

J(ezzdad) = J((ez2d)a (e;2d))

and since J is JLC, then
H;(dad) n,(dad) ny(d) nz(d) 0 0 0 mny(d)ad
ezadad) = Iz e o) ey veaaad] = I ma) Mol =lo mi@aal
Thenn,(dad) = 0,n3(dad) = 0 & n,,n, are JLCs of M.
Lemma 3.3 : The mappings 1;,1,,13 and 1, satisfy the following condition for every a, be M and
ae I
For every a, be M,
1-1; (aab) = [, (b)aa.
2-1,(aab) = §;(a)ab.
3- I3(aab) = I35 (b)ac(a).
4-1,(aab) = 85(a)ac(b)aq.
Proof: Since J(e;,aab) = J(e;;aae ;b + e,bae ;1a)
i; Ezzgg tgzg]: J(er1@)ae ;b +](egzb ) aeqqa
6;(@) 62(a)] [0 b L) ()] ra o
85(a) 84<a)] aly ol* [13<b) 14(b)] «[5 ol
_[0 6,(a)ab l;(b)aa 0
_[0 83(a)a0(b)aq] [13 (b)ao(a) O]
[ L(b)aa 6;(a)ab
_[13 (b)ao(a) 53(a)a0(b)aq]’

then 1;(aab) =1,(b)aa,l,(aab) = §;(a)ab,13(aab) =15 (b)ac(a) and
l,(aab) = §5(a)ac(b)aq .
Lemma 3.4 : The mappings k4, k,, k3 and k, satisfy the following conditions for every ¢ ,de M, a €
I
1- k1 (dac) = n,(d) acaq.
2- k,(dac) = n,(c)ad.
3-kz(dac) = n,(d)ac.
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4- kK, (dac) = ky(c)ad.
Proof: Since
o ](ez1kda§) = J(ez2 daeyic + ey caey; d)
k; Edzg kjgdzg = J(ezz d)aeyic +J(ez10)ae,, d
_ [m(d) le(d)] [0 0] 4 [k kz(C)] [0 0]
nz(d) m4(d) kz(c) kq(c)f 10 d
Nn.(d) acaq 0 0 k,(c)ad
[ Na(d)a c ] [0 k4 (c)ad
_[n2(d) acaq kz(C)ad]
L (@ ac ky(c)ad
Ky (dac) = ny(d)acaq ,k,(dac) = k,(c)ad
k;(dac) = n.(d) ac ,ks(dac) = ks(c)ad
Theorem 3.5: If M isa gammaring and J is a Jordan left centralizer of M, (M, T; 0,q) , then
] [a b] [51(3) +11(b) + ki () +n1(d)  82(a) +1(b) + ka () +1z(d)
- 83(a) +13(b) + k3(c) +n3(d) 84(a) + L4 (b) + k4(c) +14(d)
such that

1- 8, is JLC of M, 6, (aaa) = 0,8;5(aaa) = 63(a)ac(a),and 6, (aaa) =O0.
2-M,,1M4 are JLCs of R, n;(dad) = 0,and n;(dad) = 0.

3- 1, (aab) = [;(b)aa, I,(aab) = §;(a)ab, l3(aab) = I3 (b)ac(a), and
l4(aab) = §5(a)ac(b)aq.

4- ky(dac) = ny(d)acaq and k,(dac) = k,(c)ad.

k3 (dac) = n4(d) ac and k,(dac) = k,(c)ad.

Proof: Since ] [‘2 b] = J(e1y ) +J(e1z D) + J(e216) + (€22 d)

:[51(3) 52(3)] [11 (b) 1(b) [k1 (© k; (C)] + N1 (d) n(d)
83(a) 84(a)] " llz(b) L) Lk3(c) ku(c)l " Inz(d) ma(d)
:[51(3) +1;(b) + ky(c) +ny(d)  8z(a) +1(b) +ky(c) +1y(d)
83(a) +13(b) + k3(c) + n3(d) 84(a) + 14(b) + ku(c) + nu(d))
then by lemmas 3.1, 3.2, 3.3 and 3.4, we have the result.
Lemma 3.6 : If M is a gamma ring with 1 and J is a JLC of M,(M,T; o, q), then there exist additive
mappings &8,, 84 , N1 , N3:M—=M
and elements u, 9,1, X, p, €, 0in M, such that forall a, b ,c ,din M,

[ eaa  8,(a) _[ unab eab
New2)= [pao(a) 51(3)113(612 b)‘[eao(b) pac(b)aq]
_[tacaq €ac _[m(d) tad
Ie210)= [ dac Nac]"](ezz d= [T];(d) dad.

Proof : From lemma 3.1, we have 6, (aaa) = §,(a)aa for all ain M.

Then, 6, (aab + baa)=6,(a)ab + 6;(b)aa for all a,b in M . By putting b=1, we get

6,(a)=6,(1Daa.

And since 85 (aaa) = 63(a)aoc(a), then

85(aab + baa) = 63(a)ac(b) + 63(b)ac(a) . By Putting b=1,

then 65(a) = 63(1)ac(a).

We put e = 6;(1) and p = 65(1), then §, (a)=eaa and §5(a) = pac(a).

From Lemma 3.2, n,(dad) = n,(d)ad, n,(dad) = n,(d)ad

and n,(d) =1, (D ad , n4(d) = n4(Dad. By putting T = n,(1) and 9 = 1n,(1), we get n,(d) = Tad
and n,(d) = Yad.

By the same way, from lemma 3.3, 1; (aab) = l;(b)aa — 1;(a) = [;(1)aa . We put [;(1) = g, then
1;(a) = paa,

1, (aab) = §;(a)ab - 1,(a) = 8,(a),

l;(aab) =I5 (b)ac(a) = I3(a) = I3 (1)ac(a) ,putl; (1) = Bthen I3(a) = Bac(a),

and [, (aab) = §5(a)ac(b)aq — l,(b) = 63(1)ac(b)ag=p ac(b)aq .

Also, from lemma 3.4, k;(dac) =n,(d)acaq, then k,(dac) = tadacaq, and so k;(c) =
tacaq, k, (dac) = k,(c)ad, implies that k,(d) = k,(1)ad . We put € = k, (1), then we get k,(d) =
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eadks(dac) = n,(d) ac = 9ad and k,(dac) = k,(c)ad, implies that k,(d) = k,(1)ad. We put
N = Kk, (1), then we get k,(d) = Rad.
Theorem 3.7: If M is a gamma ring with 1, then J is a JLC of M,(M,T; g, q), if and only if there
exist additive mappings 8,, 6, ,n1 ,N3:M—M and elements u, 9,7, X, p, €, 0 in M, such that for all
a, b, ¢, din M, such that
1- 6, (aaxa) = 0and6, (aaa) =0.
2-1,(dad) = 0and n3(dad) = 0.
Particularly,
[a b1 _ [ eaa + pab + tacaq + 14 (d) §,(a) + eab + eac + Tad

]c dl " lpac(a) + 8ac(b) + Jac +n3(d) 8,4(a) + p ac(b)aq + Kac + Jad

Proof : Suppose that J is a JLC of M, (M, T; o, q), then by lemma 2.6, these conditions are satisfied .

Conversely, suppose that J satisfies the conditions above , then we can show that, for any A= [2 3] in
MZ (M' F; o, q)l

o2 Selt Senft el )

References

1. Bresar M. 1988. Jordan derivations on semi prime rings, Proceeding of the American
Mathematical Society, 104, pp:1003-1006.

2. Bresar M. and Vukman J. 1990 .On left derivations and related mappings , Proceeding of the
American Mathematical Society ,110, pp:7-16.

3. Deng Q. 1992.0n Jordan left derivations, Mathematical Journal of Okayama University,
34:pp:145-147.

4, Jun KW. and kim B. D. 1996 .A note on Jordan Left Derivations, Bulletin of the Korean
Mathematical Society, 33(1228),pp:221-228.

5. Vukman J.1997 .Jordan Left Derivations on semi prime rings, Mathematical Journal of Okayama
University,39(1),pp:1-6.

6. Vukman J.2008 .On left Jordan Derivations of rings and Banach algebras, A equations
mathematica,75 ,pp:260-266.

7. Zalar B.1991 .On centralizers of semi prime rings ,Comment Mathematical University of
Carolinae,32,pp:609-614.

8. Vukman J.1999 .An identity related to centralizers in semi prime rings, Comment Mathematical
University of Carolinae 40(3),pp:447-456.

9. Vukman J. 2001.Centralizers of semi-prime rings , Comment Mathematical University of
Carolinae.422(2),pp:237-245.

10. Hamaguchi N.2000. Jordan Derivations of a Skew Matrix Ring ,Mathematical Journal of
Okayama University ,42,pp:19-27.

11. Nabusawa N.1964.0n a generalization of the ring theory, Osaka Journal of Mathematics ,
1(1),pp:81-89

12. .Barnes W.E .1966 .on the I'-ring of Nabusawa, Pacific Journal of Mathematics ,18,pp:411-422.

13. Hamil S.A and Majeed A.H.2019.Generalized Strong Commutativity Preserving Centralizers of
semi prime T-rings,Iraqi Journal of Science ,60(10),pp:2223-2228.

14. Majeed A.H. and Shaheen R.C. 2015. Jordan left Derivation and Jordan left Centralizer of Skew
matrix rings, Journal of Al-Qadisiyah for computer Science and Mathematics,7(2),pp:36-45 .

15. Oshiro K.2001.Theories of Harda in artinian rings and applications to classical artinian rings.
International Symposium on ring theory ,June 28-July 3 in 1999,Korea ,Kyoungju.

1641



