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Abstract

In the current paper, we study the structure of Jordan ideals of a 3-prime near-
ring which satisfies some algebraic identities involving left generalized derivations
and right centralizers. The limitations imposed in the hypothesis were justified by
examples.
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1. Introduction

A right near-ring (resp. left near-ring) is a nonempty set N equipped with two binary operations +
and such that (i) (N, +) is a group (not necessarily abelian), (ii) (N, -) is a semi group, (iii) For all x, y,
ze N, we have (X +y)-z=xz+Yy-z(resp. z-(x +y) = z-x + z:y). We will denote the product of any
two elements x and y in N ,i.e.; X-y by xy. A right near-ring (resp. left near-ring) is called zero
symmetric_right near-ring (resp. zero symmetric left near-ring ) if X0 = 0 (resp. Ox = 0), for all xe N.
Recall that in a right near ring ( resp. left near-ring ), 0x = 0 (resp. x0 = 0) for all x€ N. The symbol
Z(N) will denote the multiplicative centre of N and usually N will be 3-prime, that is, for x, y € N,
XNy ={0} implies x = 0 or y = 0. Any pair of elements X, y € N, [X, y] = Xy - yx and Xe y = Xy + yX
stands for Lie product and Jordan product, respectively. Recall that N is called 2-torsion free if 2x = 0
implies x = 0 for all x € N. For terminologies concerning near-ring theory and its applications, we
refer to Pilz [1]. An additive mapping d : N — N is a derivation if d(xy) = xd(y) + d(x)y for all x, y €
N, or equivalently as noted earlier [2], d(xy) = d(x)y + xd(y) for all x, y € N. Let d be a derivation of
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N, an additive mapping F : N — N is said to be a left generalized derivation associated with d if F(xy)
= d(x)y + xF(y) for all x, y € N. In case where d = 0, F will be called right centralizer (i.e., an additive
mapping F : N — N satisfying F(xy) = xF(y) for all x, y € N).

The commutative property of 3-prime near-rings with some suitable constraints on derivations and
generalized derivations was established by various authors (see [2-5] and [7-11] ). Some comparable
results on appropriate subsets of near-rings were also obtained. Boua, et al. (2014) [3] initiated the
study of the concept of Jordan ideals on near-rings; ‘An additive subgroup J of N is said to be Jordan
left (resp. right) ideal of Nifneoje J (resp.jen€J) foralljeJ, n€ N, and J is said to be a Jordan
ideal of NifnojeJandjonel forall jeJ, neN’. The authors proved very interesting results,
that is, if Jordan ideal satisfies suitable conditions, then the near-ring must be a commutative ring.
Afterwards, studies continued in this field [4-8]. Boua et al. studied commutativity of 3-prime near-
rings admitting suitably constrained additive mappings, as derivations, generalized derivations and left
multipliers, satisfying certain differential identities on Jordan ideals of 3-prime near-rings. It is natural
to continue this line of investigation for comparable results for 3-prime near-rings having other
additive mappings with Jordan ideals. In the present paper, we shall attempt to generalize the known
result and study the commutativity of Jordan ideal in 3-prime near-rings satisfying certain functional
identities involving left generalized derivations and right centralizers.

2. Some preliminaries

To facilitate our discussion, we begin with the following known results which will be used
extensively to prove our main results. We indicate that we used Lemmas in the context of right near-
rings which remain true in left near-rings.
Lemma 2.1 Let N be a 3-prime near-ring and J is a nonzero Jordan ideal of N
(i) [3, Lemma3] If J <€ Z(N), then N is a commutative ring
(i) [ 10, Lemma 1.2 (iii) ] If z € Z(N) \{0} and x is an element of N such that xz € Z(N) or
zx€ Z(N), then x € Z(N).
Lemma 2.2 [ 5, Lemma 2.2 ] Let N be a 3-prime near-ring. If N admits a nonzero Jordan ideal J, then
j2# 0 for all j € JI{0}.
Lemma 2.3 [ 4, Corollary 3 ] Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Jordan
ideal of N. If N admits a derivation d such that d(J) = {0}, then d = 0 or the element of J commute
under the multiplication of N.
Lemma 2.4 [ 11 , Lemma 5 ] Let N be a near-ring. If N admits a left generalized derivation F
associated with a derivation d, then

(d(X)y + xF(y)) z = d(X)yz + xF(y)z for all x, y, z € N.

3. Some polynomial identities in left near-rings

The present section is motivated by two previous works [8, Theorem 3.3, and 9, Theorem 2]. Our
aim in the current paper is to extend these results of Jordan ideals on 3-prime near-rings admitting a
nonzero left generalized derivation.
Theorem 3.1 Let N be a 2-torsion free 3-prime near-ring, J be a nonzero Jordan ideal of N, and F be a
left generalized derivation associated with a derivation d . If F(J%) ={ 0}, then d = 0 or the element of J
commute under the multiplication of N.
Proof: By our hypothesis, we have

F(ij) =0 forall i, jeJ. (3.1)
By replacing i by 2i%in (3.1), we get F(2i%) = 0 for all i, je J. Therefore F(i(i + i)j) = 0 for all i, je€ J.
By using the definition of F and our hypothesis, we can easily arrive at d(i)(i + i)j =0 for all i, j € J,
that is d(i)(2i)j = 0 for all i, j € J. By replacing j by jen in the last equation and using it, we obtain,
d(i)(2i)Nj = {0} for all i, j € J. Since T # {0}, then by 3-primeness of N and 2-torsion freeness of N, we
get
d(i)i=0 forall i€lJ. (3.2)

Since j(j o n)i = (j o jn)i, then by using our hypothesis we obtain F(j(j o n)i) = 0 for all i, je J, n€ N. An
application of the definition of F together with (3.1) in the last equation gives d(j)(j o n)i = 0 for all i,
J€ J, ne N. From (3.2), we get d(j)Nji = {0} for all i, je J. Since N is 3-prime, we arrive at d(j) = 0 or ji
=0 forall i,j€J. If there exists an element j, € J, such that joi = 0 for all i € J, and by putting ion for i,
thereby obtaining joNi = {0} for all i € J. Since N is 3-prime and J7= {0}, we get j,= 0, which forces
that d(J ) = {0}. Then d = 0 or the element of J commute under the multiplication of N by Lemma 2.3.
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Corollary 3.1 [7,Theorem 3.3] Let N be a 2-torsion free 3-prime near-ring and J is a nonzero Jordan
right ideal of N. If N admits a nonzero derivation d such that d(J%) ={ 0}, then J is commutative.
Theorem 3.2 Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Jordan ideal of N. If N
admits a left generalized derivation F associated with a derivation d such that F(nj) = F(n)F(j) for all
j€ J, ne N, then d = 0 or the element of J commute under the multiplication of N.
Proof :  Assume that

F(nj) = F(n)F(j) forall jeJ, neN. (3.3)
By replacing n by jn in (3.3) and using the definition of F with Lemma 2.4, we get d(j)nj + jF(nj) =
d()nF(j) + jF(n)F(j) for all j € J, ne N. From (3.3) we can simplify the last expression as follows:
d(j)nj = d(j)nF(j) for all j € J, n € N. Equivalently, d(j)N(j - F(j)) = {0} for all j € J. By 3-primeness of
N we obtain

d(G)=0 or F(j)=j forall jeJ, neN. (3.4)
Suppose that there exists an element j, € J such that F(jo) = jo. We have F(jojo) = d(jo)jo + joF(jo) =
d(jo)jo + jo°. On the other hand, F(jojo) = F(jo)F(jo) = jo’, and by comparing the two last expressions
forces, we have

d(i0)jo=0. (3.5)
By replacing n by jo and j by (jo o n) in (3.3), we get F(jo(jo © n)) = F(jo)F(jo o n) for all n € N. We use
the definition of F and the fact that F(jo) = joto getd(jo)( jo ° n) + joF(jo © N) = joF(jo o n) for all n € N.
Hence we conclude that d(jo)( jo e n) = 0 for all n € N. It is immediate from (3.5) that d(jo)N jo = {0}.
Since N 3-prime, we conclude that d(jo) = 0. In this case (3.4) yields d(J) = {0}, then d = 0 or the
element of J_.commute under the multiplication of N by Lemma 2.3.
Corollary 3.2 Let N be a 2-torsion free 3-prime near-ring and J a nonzero Jordan ideal of N. If N
admits a nonzero derivation d such that d(nj) = d(n)d(j) for all j € J, n € N, then the element of J
commutes under the multiplication of N.
The following example proves that the ’3-primeness of N”” in Theorem 3.1 and Theorem 3.2 cannot be
omitted.
Example 3.1 Let S be a 2-torsion left near ring which is not abelian. We define N, J, d, F by

0 x vy 0 x O
N=4{0 0 0},xy,z0€S; J=3(0 0 0],x,0€S
0 z O 0 0O

0 x y 0 x vy
F(O 0 0)=(0 0 O) and d=F.
0 z O 0 0 O

Then N is a left near-ring which is not 3-prime, J is a nonzero Jordan ideal_of N, and F is a left
generalized derivation associated with the derivation d of N. We easily can see that
0] F(ij) = 0 for all i, je J.
(i) F(nj) = F(n)F(j) for all je J, ne N.
But neither d = 0 nor J is commutative.
Theorem 3.3 Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Jordan ideal of N. If N
admits a left generalized derivation F associated with a derivation d such that F(jn) = F(n)F(j) for all
j€ J, n€ N, then (d(J))* = {0}.
Proof : Assume that

F(jn) = F(n)F(j) for all je J, ne N. (3.6)
By replacing n by jn in (3.6) and using the definition of F with Lemma 2.4 , we get

d()jn + jF(n) = d()nF() + jF(n)F() forallj€ J,n € N.
By using (3.6) the last equation gives

d(j)jn = d(j)nF() forall je J, n € N.
By putting tn instead of n, where t € N, we obtain d(j)N[F(j), n] = {0} for all j €J, n€ N. By 3-
primeness of N we obtain

d(j) =0or F(j) € Z(N) forall j € J. (3.7)
Suppose that there exists an element j, € J such that F(jo) € Z(N). By the assumption we get F(jon) =
F(n)F(jo) for all n € N. By replacing n by jn, where j € J, in the last equation, we get
F(@oin)= F(n)F(jo)

= F(NFG)F3o)
= F(jon) F(G)
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= d(jo)nF() + joF(n) F(j)

= d(jo)nF(j) + joF(jn) forall j € J, n € N. (3.8)
Also
F(jojn) = d(jo)jn + joF(jn) forall j€ J, n € N. (3.9

By combining (3.8) and (3.9), we obtain d(jo)nF(j) = d(jo)jn for all j € J, n € N. By putting tn, where t
€ N, instead of n in the last equation, we conclude that d(jo)N[F(j) , n] = {0} forall j € J, n € N and 3-
primeness of N, implies that d(j,) = 0 or F(J) € Z(N). Hence from (3.7) we conclude that

d(J) = {0} or FJ) < Z(N) (3.10)

Now, if FJ) € Z(N), we get
FG(kn)) = F(kn)F()

= F(n)F(K)F()

=F(k) F(n) F()

= F(k) F(n)

=F(k)d()n + F(k)jF(n)

=d(j) F(k)n + jF(kn) forall j, k € J, n € N. (3.11)
Also
F(j(kn)) = d(j)kn + jF(kn) for all j,k € J, n € N. (3.12)

Combining (3.11) and (3.12) implies d(j)F(k)n = d(j)kn for all j, k € J, n € N. Replacing n by F(n) in
the previous equation and using the hypothesis gives d(j)(F(kn)- kF(n)) = 0 for all j, k€ J, ne N. It
follows that d(j)(d(k)n - kF(n)- kF(n)) = 0 for all j, k € J, n € N, hence we get d(j)d(k)n =0 for all j, k
€ J, ne€N, and 3- primeness of N, implies d(j)d(k)= 0 for all j, k € J. By returning to (3.10) we
conclude that (d(J))*= {0}.
Remark 1: We tried to use (or treat) (d(J))* = {0} in Theorem 3.3 to determine the structure of J, but
unfortunately, we cannot find the required formulation of our theorem. This naturally allows us to ask
questions that will help the reader in the future to obtain better results.
Open question 1: Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Jordan right ideal of
N. If N admits a nonzero derivation d such that (d (J)) > = {0}, then J is commutative.
Open question 2: Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Jordan right ideal of
N. If N admits a left generalized derivation F associated with a nonzero derivation d such that F (jn) =
F (n) F (j) for all je J, ne N, then J is commutative.
4. Some results for Jordan right ideals involving right centralizers in a left near-ring
In this section, our objective is to establish similar preciously reported results [6, Theorems 3.1 and
3.11] and explore the commutativity of a 3-prime near-ring N admitting a nonzero right centralizer T
satisfying any one of the identities: (i) T(J) < Z(N), (ii) T(j o n) € Z(N), (iii) T([j, n]) € Z(N).
Theorem 4.1. Let N be a 2-torsion free 3-prime near-ring and J a nonzero Jordan right ideal of N. If N
admits a nonzero right centralizer T, then the following assertions are equivalent:
() TE)SZN);
(i) TGon)eZ(N)foralljeJ,n€eN;
@iy  T([,n) e Z(N)foralljel,neN;
(iv) N is a commutative ring.
Proof. It is easy to see that (iv ) = (i), (iv) = (ii) and (iv) = (iii).
(i) = (iv). Assume that
T(j) € Z(N) forall je€J. 4.2)
It follows that T(j(2))) € Z(N) for all j € J, which implies that jT(2j) € Z(N) for all j € J, so that (4.1)
together with Lemma 2.1(ii)give either T(2j) = 0 or j € Z(N) for all j € J. By using the 2-torsion
freeness of N, we get
T(G) =0 or je Z(N) forall jel. (4.2)
Suppose that there exists j, € J such that T(jo) = 0. By using our hypothesis, we have T(j, o n) € Z(N)
for all n eN, which gives joT(n) € Z(N) for all n € N. By putting jon in place of n and using Lemma
2.1(ii), we obtain joT(n) = 0 or jo € Z(N) for all n € N. By substituting yt instead of n, where y, t € N,
we arrive at joNT(t) = {0} or jo € Z(N) for all t € N. Since T # 0, the last expression leads to jo € Z(N),
and (4.2) can be reduced to J € Z(N), which forces that N is a commutative ring by Lemma 2.1(i).
(ii) = (iv). Assume that
T(Gon)eZ(N) forall jeJ,neN. (4.3)
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By substituting jn instead of n, we arrive at T(j(j e n)) € Z(N) for all j€J, n €N. Then jT(j o n) € Z(N)
forall j €J, n € N. From (4.3) with Lemma 2.1(ii), we obtain

T(on)=0 or jeZ(N) forall jeJ,neN. (4.9)
Suppose that there exists j, € J such that
T(@Joon)=0 forall neN. (4.5)
By substituting jo instead of n in (4.5) and by 2-torsion free of N, we arrive at:
JoT(jo)=0 (4.6)

By substituting T(jo)n instead of n in (4.5) and using (4.6), we obtain T(jo)NT(jo) = {0}. Hence T(jo) =
0 by 3-primeness of N. By returning to (4.5), we get joT(n) = 0 for all n € N. By substituting nm
instead of n, we get joNT(m) = {0} for all m € N. Since N is 3-prime and T # 0, we conclude that j, =
0. Therefore (4.4) can be reduced to J < Z(N), which forces that N is a commutative ring by Lemma
2.1(i).
(iii) = (iv). Suppose that
T([j, n]) € Z(N) forall jeJ,neN.

By substituting jn instead of n, we obtain jT([j, n]) € Z(N). According to Lemma 2.1(ii), we conclude
that T([j, n])=0 or j € Z(N) forall j € J, n € N, which means that

T([j,n])=0 forall jeJ,neN 4.7
By substituting [i, n] instead of nin (4.7), we can easily arrive at
[i,n]T(G) =0 forall i,jeJ,neN (4.8)

By taking j e m, where m € N, instead of j in (4.8), we obtain [i, n]T(jm) + [i, n]T(mj) =0 foralli, j €
J, n €N, and using (4.7) lastly gives 2[i, n]T(mj) = 0 for all i, j€J and n, m € N. The 2-torsion
freeness of N implies that [i, n]mT(j)=0 for all i, j € J, n, m € N. Equivalently, [i, n] N T(j) = {0} for
all'i,j € J, n € N and by 3-primeness of N, we get

i€ Z(N) or T(j)=0 forall i,je€J.
If T(j) =0 forall jeJ,then (4.7) produces jT(n) =0 for all j € J, n € N. Putting mn, where m € N in
place of n in the last result, implies that jNT(n) = {0} for all j € J, n € N. By the 3-primeness of N, we
get either J = 0 or T = 0, which contradicts our assumptions.
Therefore we conclude that J € Z(N), which forces that N is a commutative ring by Lemma 2.1 (i).
The following example proves that the 3-primeness hypothesis in Theorem 4.1 is not superfluous.
Example 4.1: Let S be a 2-torsion free left near-ring. We define N,Jand T by :

o

It is easy to see that N is a 2-torsion free left near-ring which is not 3-prime, J is a nonzero Jordan
right ideal of N, and T is a nonzero right centralizer such that:
() TE)SZ(N);
(i) TGon)eZ(N)foralljeJ,n€eN;
@iy  T([,n]) € Z(N) forall jeJ,neN.

But N is not a commutative ring.
5. Results in right near-ring involving right Jordan ideals and right centralizes
Theorem 5.1. Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Jordan right ideal of N.
Then there is no nonzero right centralizer T satisfying T(i o j) =0 for all i, j € J.
Proof. Assume that

T(ioj)=0 forall i,j€J.
Fori=j,we have jT(j) = 0 for all j € J by 2-torsion freeness of N. By substituting ieni instead of j and
using i o ni = (i o n)i in the last equation, we can easily arrive at (i o ni)iNT(i) = {0} foralli € J, n € N.
By 3-primeness of N, we get
(ioni)i=0 or T(i)=0 forall ieJ,neN (5.1)
Suppose that there exists an element iy € J\{0}, such that (i © niy) i, = 0. Then iy ni% = -ni$ for all
n € N. By substituting nm instead of n in last equation, we get
i, nmi3 = —nmi}
= (—n) (—i, )mi3 for all n, m € N.

So we get [—1i,,n]Ni3 = {0} for all n € N. By the 3-primeness of N and Lemma 2.2, we obtain
[ —ip,n] =0 for all n € N, which means that —i, € Z(N). By returning to the hypothesis and
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substituting —i, instead of i, we conclude that 2jT(—i,) = 0 for all j € J. The 2-torsion freeness of N
leads to jT(—ip) = 0 for all j € J. By replacing j o n instead of j in the last equation, we get
jNT(—1ip) = {0} for all j € J. Since J # {0}, then 3-primeness of N implies that T(—i,) = 0 and
hence T(iy) = 0. Therefore, from (5.1) we obtain
TG =0 forall jel (5.2
By substituting j o n instead of j in (5.2) and using it, we get jT(n) = 0 forall jeJ, n€N, and by
putting nm instead of n, we obtain JNT(m) = {0} for all j € J, m € N. Since T # 0, by 3-primeness of
N, we conclude that J = {0}; which is a contradiction.
Theorem 5.2 Let N be a 2-torsion free 3-prime near-ring and J is a nonzero Jordan right ideal of N. If
N admits a nonzero right centralizer T, then the following assertions are equivalent:
0] T([j,n)=0foralljeJ,neN;
(i) N is a commutative ring.
Proof. It is easy to see that (ii) = (i)
(i) = (ii). Assume that T ([j, n]) =0forall j€ J,n € N. Then
T(@{n)=T(NJ) forall jeJ,neN (5.3)
By substituting nm instead of n in (5.3) and using it, we get jT(nm) =nT(mj) =nT(jm) forall j€ J, n
€ N.
It follows that
jnT(m) =njT(m) forall jeJ,n meN (5.4)
By substituting mt instead of m in (5.4), we get [j, n]NT(t) = {0} forall j € J, n,t € N. Since T # 0, the
3-primeness of N implies that J€ Z(N). Therefore N is a commutative ring by Lemma 2.1(i).

The following example proves that the 3-primeness hypothesis in Theorem 5.2 is not superfluous.

Example 5.1: Let S be a 2-torsion free right near-ring. We define N, Jand T by

{5 pnes] o=l Speesemt(x 2)-(2 )

It is easy to see that N is a 2-torsion free right near-ring which is not 3-prime, J is a nonzero Jordan
right ideal of N, and T is a nonzero right centralizer such that T([j, n]) =0 forall j€ J,n € N. But N is
not a commutative ring.
Theorem 5.3 Let N be a 2-torsion free 3-prime near-ring and J be a nonzero Jordan right ideal of N.
T, and T, are nonzero right centralizers of N. If T,(i)T,(j) € Z(N) for all i, j € J, such that T,(N)J #{0}
and T, o T; #0, then N is a commutative ring.
Proof. Suppose that
T.()T2() € Z(N) forall i,jed (5.5)
By replacing i by i o ni, where n € N, in (5.5) and using the fact that i o ni = (i o n)i, we find that
(ion)Ty(i)T2(j) € Z(N) for all i, j € J, n € N. By Lemma 2.1(ii), we obtain
T.1())To(j)) =0 or (ien)e Z(N) forall i,jeJ, neN. (5.6)
If there exists a nonzero element iy € J such that iy o n € Z(N) for all n € N, we substitute nig instead of
n and use Lemma 2.1 (ii), we obtain
ipen=0 or ip€Z(N) forall neN (5.7)
For n =iy, in (5.7) and using 2-torsion freeness of N, it can be reduced to i3 = 0 or io € Z(N) forall n
€ N. Since (ig o n)ip = 0 for all n € N, we obtain iy Ni; = {0}, which cannot hold because iy # 0.
Therefore, i € Z(N). Since ig o n € Z(N) for all n € N, we conclude that (2n)io € Z(N) for all n € N.
By Lemma 2.1(ii) we obtain 2n € Z(N) for all n € N, then 2n? € Z(N) for all n € N. Since 2n* = (2n)n
€ Z(N), then Lemma 2.1(ii) and the 2-torsion freeness of N force that N < Z(N), which assures that N
is a commutative ring by Lemma 2.1(i).
Now, suppose that
T,(i)T,(j)=0foralli,j€J, neN. (5.8)
By taking ien instead of i, where n € N, in (5.8) we get iT;(n)T,(j) =0 foralli,jeJ, neN. By
replacing n by mn in the last equation we arrive at iNT,(n)T,(j) = {0} foralli,j€J, n€N. SinceJ #0,
then by the 3-primeness of N, we get
Ti(n)T,(j)=0foralljeJ,neN. (5.9)
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By putting j o t, where t € N, instead of j , we find that T,(n)(jT,(t) + tT,(j)) =0 foralljeJ,n,te N.
By replacing t by tT,(m), where m € N, and using (5.9), we get T:(n)jtTo(T:(m)) =0forallieJ, m,t,
n € N. That is, Ty(N)jNT»(T1(m)) = {0} forall i € J, m, n € N. By the 3-primeness of N, we conclude
that either T,(N)J ={0} or T, o T, = 0, which contradicts our hypothesis.

The following example proves that the 3-primeness hypothesis in Theorem 5.3 is necessary.

Example 5.2:  Let S be a 2-torsion free right near-ring. We define N, J, T, and T, by:

r 0 0 0 0 O
N={<0 s 0>,r,s,t,OES}and ]={(0 p 0),p,OES}
0 0 t 0 0 O
r 0 0 r 0 0 r 0 0 r 0 O
T1<0 S 0) = (0 S 0),T2 <0 s 0) = (0 0 0).
0 0 ¢t 0 0 O 0 0 ¢t 0 0 O

It is easy to see that N is a 2- torsion free right near-ring which is not 3-prime, J is a nonzero Jordan
right ideal of N, and Ty, T, are nonzero right centralizers of N. Moreover, T(i)T,(j) € Z(N) for all i,
J€J, Ti(N)J #{0} and T, o T; # 0. However, N is not a commutative ring.
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