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Abstract

This paper has the interest of finding the approximate solution (APPS) of a
nonlinear variable coefficients hyperbolic boundary value problem (NOLVCHBVP).
The given boundary value problem is written in its discrete weak form (WEFM) and
proved have a unique solution, which is obtained via the mixed Galerkin finite
element with implicit method that reduces the problem to solve the Galerkin
nonlinear algebraic system (GNAS). In this part, the predictor and the corrector
techniques (PT and CT, respectively) are proved at first convergence and then are
used to transform the obtained GNAS to a linear GLAS . Then the GLAS is solved
using the Cholesky method (ChMe). The stability and the convergence of the
method are studied. Some illustrative examples are used, where the results are given
by figures that show the efficiency and accuracy for the method.

Keywords: nonlinear hyperbolic boundary value problem; Galekin finite element
method; implicit method; convergence; stability.

Bpial) cDlalaall 1 Aol ) Lol Auagant) adl) Allesa Jal dsadali— (S i

Jpala Qo g ¥ gﬁuw‘ghﬂid.m

Layal

Baiall cDlalaal) il et yual) 23l Apsganll adl) Al i) Jal slagls Gl 138 g
A G amg da o el 4l ailay W ¢ Caaeall el Angaall aall dllae LS s Gua
Bty ol Al Aeall Laplll pe AhBad) sagaad) ealiall diph zhe e e Jsenal)
Ll £ )l gy & hall 13 ey Jas Lyl (grual) IS AU s olal Alles ) Al
Gl OIS s I et () IS Ul satl Lgalasiad 5 o5 Gas Vsl sl
Cubel. Al 538 Jal Coylilly LhaaY) duhs . Salsa diph sadiul als 5 gilly Jadl)
Aapplall 8alg 5 ity Gom Slagasy JSE e Cuae) il daa al) ABQY) ey

1.Introduction

Hyperbolic partial differential equations arise in many physical problems, such as vibrating
strings, and in many other fields such as fluid dynamics, optics, and others. In general, there
are many researchers who are interested in the solution of boundary value problems, in
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particular the solution of the nonlinear hyperbolic boundary value problem (NLHBVP). In
2015, Feller used the Lévy Laplacian to solve a NOLVCHBVP [1]. In 2017, Mardani et al.
used the Moving Least Squares method for the nonlinear hyperbolic telegraph equation with
variable coefficients [2]. Ashyralyev and Agirseven, in 2018, solved a NOLHBVP with a time
delay [3]. While in 2018, Ahmedatt et a.l looked at some nonlinear hyperbolic | Gt -
Laplacian equations [4]. Adewole, in 2019, found the APPS of a linear hyperbolic (LHBVP)
[5].

The finite element method has been studied by many researchers who are interested in
this field to solve LHBVP. For example, in 2014, Quarteroni studied in his book the
numerical solution for LHBVP and some especial types NOLHBVP by using GFEME [6]. In
2018, Wick studied in his book the GFEME for solving LHBVP and NOLHBVP with
constant coefficients [7].

In this paper, we care about the study of the APPS of the NOLVCHBVP. The given boundary
value problem is written in its WEFM, and then it is discretized using the mixed Galerkin
finite element method (GFEME) for the space variable with the implicit method (IM) for the
time variable (MGFEIM). It is proved that the discrete problem has a unique solution. The
problem then reduces for solving the GNAS. In this point, the PT and CT are used to
transform the GNAS to a GLAS, which is solved by using the ChMe. The stability and the
convergence of the method are studied. A computer program is codding in Matlap to find the
APPS for the problem. Some illustrative examples are given and the results are given by
figures, which show the efficiency and accuracy for the considered method .

2.Description of the NOLVCHBVP

Let[ ® who vadt & phwith boundary? the [ @+ 11 @0
4 , T Y H then the NOLVCHBVP is given by:

0 By — & @d— wmMaw0 Qavn, | aone 1)
OVamn O @h | aévy 2

L @it 0 @h | @ (3)
O ahd T ont 4)

where 0 O @d ™ O h® @dMmad N 0 [ ,with® @M are positive
functionsand " O [ isagiven function.
Now, let w="O( )={——=N"O( ),—=0on g },0 N, thenthe WEFM of (1-4)is:

G0 h-6 Govh Q0 h-,) =N @areon Q (5)
O mh 0 Rl eI NG 6)
Amh O R V@ [ RO N D e )
where ¢ o) h- By & @&@dp—— mMaDd L -

3. Assumptions
(i) Let x; and x, be two positive constants such that the following are satisfied:
a) Wwovh <k 0y — 1, OV

D) AV > 67 1O G
(ii) The function "Qis defined on ¢ x a , continuous with respect to 0 which satisfies the
following:

a)s'Qdm‘v‘:'v) s mfg 1 9swhered>0,0 N « ATIAN O « 8 §
b) SQahoh Qadh) s 0 0 g where O is a Lipchitz constant and 0 h) ™
a.

4. Discretization of The Continuity Equation (COE)
By setting 0 1 in the WEFM of (5-7), then it is discretized by using the GFEME as

follows: let the domain < is divided into sub regions e [ O, let T be a
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triangulation of [ , and let O be a subdivision of the interval “@into ¢Xn) intervals,
where 'O "Oh o6 R  of equal length Ab= —. Also, let > O O T ) be the space

of continuous piecewise affine functions in| . The discrete equations (DES) are written as
follows:

&) n h-&6 3000 h 30Q0 h ,J Vo (8)

O 0 30 )

Comh 0B e (10)

n mh- O h- | a@nT (12)

where0) @0 NO [ and 0 0O «d® M [ @M N ®,!''Q mips o
p8

5. The APPS of the NOLVCHBVP

To find the APPS 0 O R MR for the DES (8)-(11), using the MGFEIM, the
following steps are used:

1) Let {- DQ pikfB &ihx EQEd mH TH be a finite basis of @, with using the
GFEME, let

0 @ with 0 @ Nr@hd  bean APPS  of (8-11), then one has

0 @ B 1 —andnl @ B 6 -1 -~ @,
wherei 1 6 and 6 & 0O hforeach™Q tipf8 hd p are unknown constants.
2) Using the APPs in (8-11) toget ! 'Q tipt8 hd p:
0 300 'Y 0'Y 300 33O ®Pohbd'yY (12)
% — Y Y) (13)
0 Y i (14)
07y i o ) (15)
where b & R S S R N
® 0 , 0 Qb'Y h ,
Y iR BAR Y 6 BRH
i i L 0 h), i i and i 0 h- ! "BQ pkehB H).

3) System (12)-(15) is GNAS and has a unique solution. To solve it, first we solve the GLAS

(14) and

(15) to obtain Y and Y, then the PT and the CT are utilized to solve (12) for each "Q
Q mipMB hd  p) as follows:

In the PT, we suppose that Y 'Y in the components of @ in the R.H.S of (12), then it
turns to a GLAS, solving this system to get the predictor solution Y . Then, in the CT, we
resolve (12) with setting Y Y (in the components of @ of the R.H.S of it) to get the
corrector solution Y . Then we substitute 'Y  in (13) to get Y . We can repeat this
procedure if we want more than one time; this repetition can be expressed as follows:

0 h- 30 WO h- 0 h- 30 1 h- 30 QoM h-

(16)

n — 17)
Equation (17) tells us the iterative method which depends only on 0 . Thus, equation (16)
is reformulated as 0 1 0 , Where ais the number of the iterations. And this

leads us to the following theorem.
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Theorem (1): The DES (8-11), for sufficiently small A and for any fixed Qm  Q &

p hhas a unique solution 0 0 B & hand the sequence of the corrector solution
converges on si.
Proof: Let 0 O B &D and
0 U W mB&an
where 0 and 0 are two solutions of (16), so

0 R 30 OO0 K 0 - sOR R 30 Qo A (19
and
0 K 3000 h 0 - 30n K 30 Qo h- (19)
By subtracting (19) from (18), and putting — [V} 0 in the obtained equation,
we get

0 0 ho 0 3000 0 ho 0

30 QU Q0  hU 0 (20)
From Assumption 3 (ib), the ¢ term in the L.H.S of (20) is positive. Then by applying

Assumption 3 (iib) on "Qin R.H.S of (20), and by using the Cauchy Schwarz inequality on
this side, we deduce that

10 1 0 0 0 _ U 0 (22)
where _ 30 0 p, for sufficiently small Aa
which implies that] is contractive. Also, since {0 N al ¢chthen] 0 0 N
al h'@] 0 N a hhence, by theorem (1) in [8], the sequence {0 converges to a
pointin 28
6. Stability

Lemma (2): For sufficiently small Y6, the following are satisfied:
0 ch 1 hB 0O 0 ChAT B n N o}
for each 'Q Tipf8 hohwhere ‘Grepresents a various constant.

Proof: By substituting — 1} in (8) and rewriting the p term in the L.H.S of the obtained
equation, it becomes

n n n n 300 0 ﬁ‘] 30 QU Fr‘] (22)
Since,
W0 M -®0 0 h 0 Ou OL (23)

and by substituting (23) in the L.H.S of (22), then by summing both sides of the obtained
equation, £1'® nOTQ & p,andsetting & | A @h— Fhthe result leads to the inequality

oE) £ OB N g o) £ OB 0 0 m A
—mA £ B 300 ) (24)
Now, we use the assumptions on "Qto get that

COTV I I _0 M h ' _ p (25)
But 0 coL 0 coL
and 1 ¢ N N ¢ N
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By substituting this equality in (25), then substituting the obtained inequality in the R.H.S. of
(24) after applying the Cauchy-Schwartz inequality, assuming that Q 1 A @ h [, we
conclude the inequality as

o) £ 2 BOB n A o) £ © ®BOB 0 0
M) A

—A) £ AE Q30 B 0 Q30 B n (26)
Now, let Yo ¢)Chandthe ¢ and T terms in the L.H.S of (26) are positives, by using
the discrete Gronwall’s (DGs) inequality [10], we deduce

clen £ A £ P oQ @

whered A £ —A) A AEK

which implies 5

A0 £ Q -,and £n &  Qhforany arbitrary index &

Therefore, 20 £ Qand&n & Q,foreach 'Q mipt8 &hd p.
Thus,

300 @A £ 3000B m & c¢QQzon A d8
We return to (26) with substituting & ¢ The 1% and the 3 terms in the L.H.S are positives.
Then by using the above results in the R.H.S. of it , keeping in mind that the first three terms
in this side are bounded, we obtain

B 0 0 a (27)

B A N d (28)
7. Convergence
The following definitions for the functions "almost everywhere on| " are useful in the proof
of the next theorem, so let o
O o0 D 0 hov Oh! Q mipkB drdh
O 0D O hov OH Q mip8 & ph
n 6 Dn hov 'O Q ripMB & ph
n 6 DA M~ Ohl Q mipB doh
Let 0, O be an affine function on each 'O, suchthat 0, 6 D 0 ! hQ TipM8 gy,
AT i 0O bean affine function on each O, suchthatry, 6 D n | hQ tipM8 g
Theorem (3): The discrete solutions0 6 v 6 PAT & 0O converge stronglyin & «
as € Hoh ) o
proof: From Lemma (2), we have for any 'Q TipH8 grohthat
0 dAT K ch
which makes
A £ el £ ;b £ ;hm &£ hm £ PATA &£  arebounded.
From the inequality (27), we get

30B 0 0 3000 Tmas3z0 T,
0 O isstrongly (ST)in 0 @b andin0 « . (29)
Also, by using the same way into the inequality (28), we get
n N isSTinD e (30)
By using theorem 3.2 in [9], there are subsequencesof (O , 0 , O, andof 1 ,

n , N ). Using the same notations again, they converge weakly to some 0 in 0 "@w , to
somefin0 e ,which means that
0 0 ho 0 ho, 0 EOAABEITL @» and
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n N m Ny nEOAABEITW - h

By using the first compactness theorem[9], we get , 0, 0 STinO ¢ .Also, 0 0
and U OSTinD « 8

Now, let be a sequence of subspaces of w, where @ is as defined above. Then by
using the Galerkin approach, for each —N @, there exists a sequence — , with — N @
for each €, such that — —-STin0 « 8

Consider that , o ¥ & THYh for which Y Y mAT Anm , om

ng A0 o be a piecewise continuous (CP) interpolation of , O with respect to ‘O, and
let — —, 0, with - -, 0,with

~

- D -, oMYy 'OhQ nipB&d ph M wh

-~ D -, ohov 'OhQ mpB &b ph M @ h

~ D -, ohovy - N~ @h

By substituting — —  in eq.(8), then summing both sides of the obtained equation for

QO mto’Q & p,and by using the discrete integrating by parts (DIBP) for the p  term in
the L.H.S., eq.(8) one can get that
. N h- QO . OO0 h- Qo . Qo h Qo f h ,m (3
On the other hand, from (9), one has
0, B, R
By integrating both sides on TH'Y, and by applying the DIBP for the p term in the L.H.S of
the obtained equation, we have

.0 h, 0 Q6 _ 4 h, Q0 0 h , m (32)
Also, since
, 0 , 0 in6d 000 O- — ST ind "@» andin O [ hthen we get that
- -, —, — STind "®&> andind « A, T —, 7T ST in0 = ,
-~ & -, -, — ST in) &w.
And since 0 0O STind O 0 hO ho, O ST ind « , 0 0 ST in
wand n O ST in0 [

one can passage to the limit in (31)
and in (32), then we get

nh-, Q6 . ®O0h ,Q0 _ Qo K ,Q0 0 h , m (33)
and
o 0h, 0Q0 . nh, 0Q0 0 h, m (34)
The following cases appear: 3
Case (I): Choose , 0 N 6 mhY, with , Y , Y , m , m T and put

, Tt T1in eq.(33) and , m Ttin eq.(34), then using IBP for the p term for each
resulted equation, we have

O h, 0Q6 _ Ah-, 0Qd O nh
0 h, Q0 ®GOh , Q0 _ QO h,Qp (35)
Then
0 h- @0~ QAL h- h-v wAsld T8
Case (II) : Choose the, 0 N O mhY, with , 1 mh, Y 1 and use IBP for the p
term in the L.H.S of (35), we obtain

. 0h ,Q0_ ®O0Oh ,Q0_ Qo0 K ,Q00 mh-, m (36)
Letn 0 ineq.(33), we subtract the resulting equation from (36) to yield
O mMh, T 0 h-, T O mh 0 h-H-

then 0 TU O 18
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Case (I11): Choose the , 6 ™ OThHY, such that ,eex mh, m 71 and , Y
, Y  TU Using twice the IBP for the 1% term in the L.H.S. of (35), we get

Oh-, Q0 OOh , Q0 Qo0 h-, Q0 0 mh,eaat (37)
We rewrite (34) in the following form
nNh-, 6Q6 _ 0h, 0Q0 0 h, m (38)

By substituting (38) in (33), with, 1 11, then subtracting the resulting equation from (37),
we get

Omh,eat 0 h-, m Omh 0 h- foreach—,then O m 0 ™
That is, the limit point 0 is a solution to the WEFM in the COE.
8. Cholesky Factorization
The Cholesky decomposition is used to solve the GLAS with two conditions, in which the
coefficient matrix 6 must be a symmetric and positive definite. Then the matrix 6 can be
factorized into the product of an Upper triangular matrix “Yand Lower triangular matrix Y
[8], and "Ycan be determined as shown in the following steps:
Step 1: 6 ©w B 6 T AEI'®pkMBrR
Step 2: 6 w B o6 6 To for’Q Q pfsFE.
9. Numerical Examples
The problems in the following examples are coded by Matlap software:
Example 1: Consider the following NOLVCHBVP:

6 Bp — & @d— wmadO Qe h

with the variables coefficients are:

O o p © QJ K o p o QJ Mol p Q8
where e 7 Qr p rip h'O ip
0 @ 0O @hin T

OVad mmon B 17 O

Q& ATO o p © p ®Q | P CwQ p
OO p C¢cQ w p ww p cQ © p © p
® Q1 jc p ww OEhbo ATO o p o p 0 OE(d

The exact solution (EXS) of this problem is 0 @D GO p & p ® ATO .
Using the MGFEIM to solve this problem for0  w, @ ¢ mand"Y p, then the results are

shown in Figure 1. (a) which shows the APPS, and Figure 1.(b) which shows the EXS at d-U
0.5
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0.06

0.04

0.02

=

Figure 1-(a) The APPS for the NOLVCHBVP at d-U 0.5 and (b) the EXS for the equation at
oU0.5.

Example 2: Consider the following NOLVCHBVP:

0 Br — © @n— Ma&D U Qe h
with the variables coefficients are:
where 3 . I ‘O Tip mip h'O  1ip and
0 @ O @hin T

Va@d mon B T O

Qe cow pQ ! W O p TOO P CO W
P CO ® p co p Q | COO ® p COO @ p
WO P OO TOOO P OO P ® p QT Q
OEbow @ p ® p Q ! 0 OEd 8

The exact solution (EXS) of this problemis 0 @D ww p &® ® wo Q 8 .
Using the MGFEIM to solve this problem for w, @ ¢ m@nd”Y p, then the results are
shown in Figure 2. (a) which shows the APPS , and Figure 2.(b) which shows the EXS at
oU 0.5.

Figure 2- (a) The APPS for the NOLVCHBVP at d-U 0.5 and (b) the EXS for the equation
at U 0.5.

10. Numerical Discussion and Conclusions

The MGFEIM is used successfully to solve the discrete of the WEFM of a certain type of
NOLVCHBVP. The existence theorem of a unique convergent APPs is proved. The
convergence of the PT and CT, which are used to solve the GNAS that is obtained from
applying the MGFEIM, is proved and the ChMe, which is used inside these technique, is
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highly efficient for solving large GAS. The discrete of the WEFM proved that it is stable and
convergent. The results of the considered examples showed the efficiency and accuracy of the
method.
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