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Abstract

A Module M is called cofinite J- Supplemented Module if for every cofinite
submodule L of M, there exists a submodule N of M such that M=L+N with
N N L «; N. Initially, we gavethe main properties of cof-J-supplemented
modules. An R-module M is called fully invariant-J-supplemented if for every fully
invariant submodule N of M, there exists a submodule K of M, such that M =N + K
with N n K «;K. A condition under which the direct sum of FI-J-supplemented
modules is Fl-J-supplemented was given. Also, some types of modules that are
related to the FI-J-supplemented module were discussed.

Keywords: cofinitely J-supplemented modules , fully invariant J-supplemented
modules , fully invariant @-J-supplemented modules .

FI~® —J balll oy dlaSall clalial)

PP R FRr
Ghall, dars, daas daals, aglall LS, Gluzalyyll ol

il

Gl Chupat a3 Cises . ldle Cipaae ol Lulie M (S5 dlae juaie il ) dila R oSl
Al laalall Lpuasiyl) ailadl) elae) o J Jaaill (o oS ulial preniS COF-J Jaaill (po JaSall
Fl=J Laaill o ALl cilaliall Lol ot LS . cluliall sda (ailad (e aally cOF-J Laail) (g
Sluliall alal) g ganall G5 Lnser (U Jagyal Fl=d haatll e ALK sl Geags Janss
Aal) b Gl lgl s A ¢ Fl=J Ll (e Al cilulie Liayl Fl=J daail) o0 AL
g A (il ¢ Fl-J el (e JeSall ulially

1. Introduction
Throughout this paper , an arbitrary associative ring with identity is denoted by R and all modules

are unitary left R-modules . Assume that C and D are submodules of M, a submodule C is called small
submodule of M (C« M), if whenever M = C + D, we have M = D [1]. A submodule C of a module

M is called J-small submodule of M (C «; M) if whenever M = C + D , with J(%) = % implies M =

D , were J(M) denotes the Jacobson radical of M [2]. A submodule C is a supplement of D in M if
C is minimal with respectto M = C + D . Equivalently, M = C + D with C N D «< C [3]. A module M
is called supplemented module if every submodule of M has a supplement in M [4] . A Submodule C
is called J-supplement of D in Mif M=C + D and ND «; C . M is called J-supplemented if every
submodule of M has J-supplement in M [2]. A module M is called @&-supplemented module if every
submodule of M has a direct summand supplement in M [5]. A Submodule C is called a @-Jacobson-
supplement of D in M (for short @-J-supplement ) if M = C + D, and C is a direct summand of M
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with C N D «; C . Itis called a @-J-supplemented if every submodule of M has a @-J-supplement in
M [6] . A submodule C of a module M is called cofinite submodule of M if % is finitely generated . A

module M is called cofinitely supplemented if every cofinite submodule of M has supplement
submodule [7]. As a generalization of cofinitely supplemented , we define the cofinitely J-
supplemented (for short cof-J-supplemented ) as follows . A module M is called cof-J-supplemented
module if for every cofinite submodule C of M , there exists a submodule D of M such that M=C + D
and C N D «; D . A submodule C of a module M is called a fully invariant submodule if f(C) < C for
every f € Endz (M) [8].
In section 2, we prove some properties of cof-J-supplemented and we show that any factor module of
cof-J-supplemented module is cof-J-supplemented and any finite sum of cof-J-supplemented is cof-J-
supplemented .
In section 3, we introduce the concept of fully invariant J-supplemented modules ( for short FI-J-
supplemented ) as a generalization of J-supplemented, as follows . The module M is said to be FI-J-
supplemented , if for every fully invariant submodule C of M , there exists a submodule D of M such
that M =C + D and C N D «; D . Clearly, the supplemented modules are J-supplemented and the J-
supplemented modules are FI-J-supplemented . As a generalization of a @-J-supplemented module ,
we introduce the concept of fully invariant @-J-supplemented modules ( FI-@-J-supplemented ) . A
module M is called FI-@-J-supplemented , if for every fully invariant submodule C of M , there exists
a direct summand D of M such that M = C + D and C n D «; D . Clearly, FI-&-J-supplemented
modules are Fl-J-supplemented .
2. Cofinitely J-supplemented modules

This section is devoted to introduce the cofinitely J-supplemented modules as a generalization of J-
supplemented modules , and illustrate this concept by remarks and properties .
Definition(2.1): A module M is called cofinitely J-supplemented module ( for short cof-J-
supplemented ) if for every cofinite submodule L of M, there exists a submodule N of M such that
M=L+NandNNL<K; N.
Remark(2.2): It is clear that every J-supplemented module is cof-J-supplemented . The converse in
general is not true . For instance , Q as Z-module is cof-J-supplemented module , but Q is not J-
supplemented .
Proposition(2.3): Let M be a finitely generated R-module. Then M is J-supplemented module if and
only if M is cof-J-supplemented.

Proof: Let L be a submodule of M. Since M is a finitely generated R-module , then % is finitely

generated , hence L is a cofinite submodule of M . But M is cof-J-supplemented , therefore L is J-
supplemented in M. Thus M is J-supplemented module . The converse is clear .

Proposition(2.4): Let M be a cof-J-supplemented module , and let B be a submodule of M , then % is
a cof-J-supplemented .

Proof: Let B be a submodule of M and let % be any cofinite submodule of % , then % =

m|><|w|z

Therefore % is finitely generated , then K is cofinite submodule of M . Since M is a cof-J-

supplemented, then there exists a submodule C of M suchthatM =K +C, K n C «; C. Now, % =
K+C _ K C+B K C+B _ KN(C+B) _ B+(KNC)

5 -C?+ = F N = - = (by modular law), but K n C «; C, then
% n "];B & C:TB [2] . Therefore % is a cof-J-supplemented.

The converse in general is not true . For example, Z as Z-module % = 7, is cof- J-supplemented,

but Z is not cof-J-supplemented .

Corollary(2.5): The homomorphic image of a cof-J-supplemented module is a cof-J-supplemented
module .

Proof: Since every homomorphic image is isomorphic to a quotient module .

Corollary(2.6): The direct summand of a cof-J-supplemented module is cof-J-supplemented .

Proof : Clear .
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Proposition(2.7): Let M = M;@®M, , then M; and M, are cof-J-supplemented modules if and only if
M is cof-J-supplemented .

Proof : (=) Let L be a cofinite submodule of M , then M = L+ M;+ M, . Now , Mo =

Myn(L+My)

M
MotlMy — M~ _L_  which is finitely generated , hence M, n (L + M,) is a cofinite submodule
L+M, L+M, — LFM1

L

of M,. Since M, is a cof-J-supplemented , then there exists a submodule H of M, such that M, = H +
[Myn(L+Mp)] with Hn(L+M,)<;H . We have M=L+M,+M,=L+M, +M,n
(L+M;)+H =M, + L+ H and since M; n (L + H) is a cofinite submodule of M; and M; is a cof-
J-supplemented , then there exists a submodule G of M, such that M; =G + [ M; n (L + H)] and
GN(L+H) «H . Then M=G+M;Nn(L+H)+L+H=L+H+G and (H+G)NL<
[HN(L+M)]+[Gn(L+H)] K H+ G . Therefore M is a cof-J-supplemented module .
(<) by Corollary(2.4).

To show that the arbitrary sum of a cof-J-supplemented is cof-J-supplemented , we need the
following standard lemma .
Lemma(2.8): Let L and N are submodules of a module M such that L is a cof-J-supplemented , N is
cofinite submodule in M, and L + N has J-supplement Hin M . Then L n (H + N) has J-supplement G
in L. Moreover, H + G is J-supplement of Nin M .
Proof : Let H be J-supplementof L+ NinM . ThenM=(L+N)+Hand (L+N)NnH<«<; H.Now,

L _L+N+tH M o
LN(N+H) — N+H _ N+H 2
L is a cof-J-supplemented , then there exists a submodule G of L suchthat L=[LNn(H+N)]+G
and (H+N)N G «; G. To prove that H + G is J-supplement of Nin M, we have M=L+N+H =L
NH+N)+G+N+H= N+H+G,thenM =N+ (H + G) . One can easily show that N n (H +
G)c[(G+N)NnH+(H+N)NG]<K; H+ G. Therefore H + G is J-supplement of N in M .
3. FI-J-supplemented and FI-@®-J-supplemented modules

In this section , the concept of FI-J-supplemented modules as a generalization of J-supplemented
and some properties of this type of modules are given . Also, as a generalization of FlI-J-supplemented
modules, FI-®-J-supplemented modules are introduced .
Definition(3.1): An R-module M is called fully invariant-J-supplemented ( for short FI-J-
supplemented) if for every fully invariant submodule N of M, there exists a submodule K of M, such
thatM=N+Kand NN K «K.
Examples(3.2):
(1) Every semi simple is FI-J-supplemented , for example Z as Z-module is FI-J-supplemented .
(2) Q as Z-module is not FI-J-supplemented, by [2, proposition(2.5)]
(3) It is clear that every J-supplemented is FI-J-supplemented.

The following proposition gives a condition under which the J-supplemented and FI-J-
supplemented are equivalent .
Proposition(3.3): Let M be a duo module . Then M is J-supplemented if and only if M is FI-J-
supplemented .
Proof: Clear .
Proposition(3.4): Let M be Fl-J-supplemented module and let N be fully invariant submodule of M.

Then the factor % is FI-J-supplemented .

= & , which is finitely generated , hence L n (N +H) is cofinite in L . But

Proof: Let M be FI-J-supplemented, and let % be any fully invariant submodule of % , then B is a fully
invariant submodule in M, by [9, Lemma(2.2)] . Since M is Fl-J-supplemented module , then there

existsasubmoduIeCofMsuchthatM:C+B,CnB<<]Cand%=%=%+%¢et(%n
C+N )+l= C+N with J(c+N )= C+N , BN(C+N) _N+(BNO (by modular law), then N+(B n C)
N N N \' \' N N N

+— == andN+(BNC)+V=C+N,andNcV,then (BNC)+V=C+N,and J(-—)
C+N

== But BN C «;C<C+N and by [2, Proposition(2.6(4))], BNC <3 C+ N, thusV=C+N
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\% C+N C+N . B. M C+N . B. M
and — = . Then — is J-supplementl of — in —, —is Fl-J-supplement of — in — .
N N N N N N N N

Therefore % is FI-J-supplemented .

Proposition (3.5) : LetM; and U be fully invariant submodules of M , and let M, be FI- J-
supplemented module . If M;+ U has Fl- J-supplement in M, then so does U .

Proof : Since M;+ U has FI- J-supplement in M, then there exists a fully invariant X € M, such that
X+ M+ U)=M,and X n (M;+ U) < X . Since M, is FI- J-supplemented module , then there
exists Y € M; such that (X +U) N M; +Y =M; and (X + U) NY «; Y . Thus we have M = M;+ U
+X=X+U)nM; +Y+U+X=X+U+Y ,and(X+U)NY K Y, thatisY is Fl- J-
supplement of X + U in M. Itis clear that (X + Y) + U = M, so it suffices to show that (X + Y) n
UL X+YsinceY+UCSM; +U,thenXn(Y+U)SXn(M; +U) K Xand XN (Y +U) K X
by[2, Proposition(2.6(1))] . Thus by [2 ,Proposition(2.6(4))] , (X+Y)nU S Xn(Y+U)+Y N (X +
U)K X+Y.,

Proposition (3.6) : Let M = M;@® M, , then M;and M,, are Fl-J-supplemented modules if and only if
M is Fl-J—supplemented module.

Proof : (=) Let K be a fully invariant submodule of M , then since M;+ M, + K =M, it trivially has
FI- J-supplement in M, by Proposition (3.5), then M, + K and K have FI-J-supplement in M. Also, by
Proposition (3.5) again, K has FI- J-supplement in M , so M is FI- J-supplemented module .

(=) M, = % , since M is Fl-J-supplemented module, and by Proposition (3.4), TM is FI- J-
1 1

supplemented module . Thus M, is FI-J-supplemented module . Similarly, M, is FI-J-supplemented
modulel .

Corollary(3.7): Let M = @1 ; M; be a direct sum of Fl-J-supplemented R-modules . Then M is FI-J-
supplemented.

Proof: Let n be any positive integer and let M; be FI-J-supplemented R-module for each 1 < i < n.
Let M = M, ®..0M,. To prove that M is FI-J-supplemented R-module, it is sufficient by the
induction on n to prove that this is the case when n = 2. Thus suppose that n = 2.

Let A be any fully invariant submodule of M, then = M; + M, + A . Then since M;and M, are FI-J-
supplemented , then by proposition(3.5) , we have M, + A has Fl-J-supplement in M, and by
proposition(3.5) again, A has FI-J-supplement in M . Therefore M = M, @M, is Fl-J-supplemented .
Corollary (3.8) : Let M =M; @ M, be a duo module , N and L are fully invariant submodules of M, ,
if N is FI- J-supplement of L in M, , then N @ M, is FI- J-supplement of Lin M.

Proof : Let N be Fl-J-supplement of L in M, , then M; =N+ L and N n L «; N. Since M =M;® M,
,thenM=(N+L)® M, ,hence M=L+(N@® M,). BUNSM,)NL=(NS®M,)nM;NnL=NnN
L <y N,then NN L «; N® M, [2], hence N & M, is FI- J-supplement of Lin M.

Proposition (3.9) : Let U and V are fully invariant submodules of an R—module M and let V be FI- J-
supplement of Uin M. If K <«; M, thenV is FI-J-supplement of U+ KinM .

Proof : Let V be FI- J-supplementof Uin M ,thenM =V +Uand VN U V. LetV + (U +K) =

M, and let V0 (U+K)+ X =V with] () =— , M=V+(U+K)=Vn(U+K)+X+(U+

_ _ . M _ V+(U+K)+X _ V+(U+X) _ \4 _ \

K)=X+(U+K)=(U+X)+K,since U+X U+X T (U+X) =Vn(U+X)_X+(UnV)'by
. . . Vy_V _ \4

the second isomorphism and modular law . Since J( Y) = — » We get J( T ) = XY [

M _ M . _ _
ox ) = oax - Since K< MthenM=U+ X, butM=U+V, XcV,

and J( %) = % , then V =X . Thus V is FlI-J-supplement of U + Kin M .

Proposition (3.10) : Let M be any R—module, V be FI-J-supplement of W in M , and K be fully
invariant of M such that K €V .Then K <y M ifand only if K «; V.

Proof : (=) Let K+ X =V with J(—) = — . Since V+W =Mand V n W «; V , then M= (K + X)

_ Mo . M _ VH(X+W) _ \ _
+ W. Hence M = K + (X + W) to show that J( X+W) = Sow SN o T T oaw) S VoW -
\%

——————— by the second isomorphism and modular law. But J( - )= ~ , then we get
X+(VNW) X X

Proposition(2.2)] , hence J(
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' _ s . M ,_ M . _
( TR )= TV AW) [2, Proposition(2.2)] . Hence J( W )= W Since K «; M then M =

X+W.NowM=V+W, XSV, andJ(~)=—,then V=X Hence K «; V..

(<) Clearly by [2 ,Proposition(2.6(4)] .

Proposition (3.11) : Let M be any R—module and let V be Fl-J-supplement of U in M, Kand T are
fully invariant submodules of M such that K, T € V. Then T is FI-J-supplement of K inV if and only
if T is FI-J-supplementof U+ KinM .

Proof : (=) Let T be FI-J-supplement of KinV ,thenV=T+Kand TNK <« T.Let(U+K)+

_ . T _ T . V _ T+(K+L) _ T _ T
L—MforLgTwth(—L)——L.NowK+L§V.Slnce KL= KL = Tkl - LrRnT)
. . T,_ T _
by the second isomorphism and modular law) , and J(—L)——L,We get J( RN )= LKA T) [2]

. Hence J( KZL )= KZL and because V is Fl-J-supplement of U in M, then M = U + V, and by [2] , K

+L=V.Since L € Tand T is FI-J-supplement of K in V, then T = L . Hence T is FI-J-supplement of
U+KinM.
(=) Let T is Fl-J-supplementof U + Kin M .Then T+ (U+K)=Mand TN (U+K) «; T. LetT +
K=V.Since TNnKcTn (U+K) < T,then by [2,Proposition(2.6(1))] , T N K «; T . Hence T is
Fl-J-supplement of KinV .

Let U, V be submodules of a module M . We will say that U and V are mutual FI-J-supplements, if
U is FI-J-supplement of V in M and V is Fl-J-supplement of Uin M.
Corollary (3.12) : Let M be any R—module and let U and V be mutual FI-J-supplements in M . Let L
be
Fl-J-supplement of S in U and T be FI-J-supplement of K in V , then L + T is FI-J-supplement of K +
SinM.
Proof: Since U =S + L and V is Fl-J-supplement of U in M, then by Proposition(3.11), T is FI-J-
supplement of S+ L + Kin M and then (S + L + K) NT «; T. Since V = K + T and U is FI-J-
supplement of V in M, then by Proposition (3.11) , L is J-supplement of S+ K + T in M and then (S
+K+T)NL <« L.BecauseU=S+L,V=K+T,andM=U+V  thenwehave M=S+L+K+
T=S+K+L+T.Thenby[2 ,Proposition(2.6(2)] ,(S+K)Nn(L+TESLN(S+K+T)+Tn(S+
K+L) <« L+T.Andsince L and T are fully invariant in M, then L + T is fully invariant in M [10] .
Therefore L + T is FI-J-supplement of K+ Sin M.
Definition(3.13): An R-module M is called fully invariant @-J-supplemented ( for short FI-@-J-
supplemented) if for every fully invariant submodule N of M, there exists a direct summand K of M,
suchthat M=N + Kand N N K ;K.
Examples(3.14):
(1) 1t is clear that every FI- @-J-supplemented is FI- J-supplemented . But the converse in general is
not true , for example Z as Z-module .
(2) Zg as Z-module is FI-@®-J-supplemented .
(3) It is clear that every a @-J-supplemented is FI- @-J-supplemented .
(4) Q as Z-module is not FI-&-J-supplemented .

The following proposition gives a condition under which the @-J-supplemented and FI- &-J-
supplemented are equivalent .
Proposition(3.15): Let M be a duo module. Then M is a @-J-supplemented if and only if M is FI-&-
J-supplemented module .
Proof: We have to show that M is a @-J-supplemented module . Let A be a submodule of M . Since
M is a duo module , then A is a fully invariant submodule of M . But M is FI-@-J-supplemented
module . Hence A has a @-J-supplementl in M . Therefore M is a @-J-supplemented module . The
converse is clear .
Proposition(3.16): Let M be an R-module . Then M is FI-&-J-supplemented module if and only if for
every fully invariant submodule N of M, there exists a direct summand K of M such that M = N + K
andNNK<«;M.
Proof: See [2, Proposition(2.7)] .
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Proposition(3.17): Let M be FI-@-J-supplemented module and let A be fully invariant submodule of
M . Then the factor % is FI-@®-J-supplementedl module .

Proof: Let % be any fully invariant submodule of % . Then B is a fully invariant submodule of M by
[9, Lemma(2.1)]. Since M is FI-&-J-supplemented module, then there exists a direct summand C of M

suchthat M=C + B, CnB<<]C M=C®C, C<Mand— %—% ﬂ Lt(—n CJ’A)+
=R with J (A=A B0CHA) JAER0) bythemodularlaw then@ =
cta A+(BnC)+V C+A and ACV.Then (BNC)+V=C+A, and J(-——) ==~

But BNC<« Cc C+A andby [2 ,Proposition(2.6(4))], BNC K C+ A, thusV=C+A and

Vo= &2 Then ﬂ is J-supplement of % in % . Since A is a fully invariant submodule of M and M

A A
=C®C, then—_ﬂ@“*‘ ¢

% is a @-J-supplement of 2 |n , hence C"A%A is FI-é-J-supplement of % in % .Then % is FI-©-J-

supplemented .

The converse is not true in general . For example Z as Z-module, 632 = Zg is FI--J-supplemented
but Z is not FI-@®-J-supplemented .
Proposition(3.18): Let M; and K are fully invariant submodules of M , and let M; be FI-®-J-
supplemented module . If M;+ K has FI- @-J-supplement in M , then so does K .
Proof: Since M;+ K has FI-@-J-supplement in M, then there exists a direct summand fully invariant
X of M, such that (M;+ K) + X = M, and (M;+ K) n X«K; X. Since M, is FI-&®-J-supplemented
module, then there exists a direct summand Y of M, such that (X+ K) n M; +Y = M; and (X+ K) n
Y« Y.Wehave M =M+ K+ X=(X+K)NM;+Y+K+X=Y+K+X,thenM =Y+ K+
X,and (X+ K) NY «; Y, thatis Y is FI-®-J-supplement of X + K in M. Next , we show that X + Y
is FI-@-J-supplement of K in M. It is clear that M = K + (X +Y) , so it suffices to show that (X + Y) n
K &« X +Y. Since Y+KcM; +K, then Xn(Y+K)SXn(M; +K) K X, and by
[2,Proposition(2.6(1))] then X N (Y + K) «; X .Thus by [2, Proposition(2.6(5))] , (X +Y)nK € X n
Y+K)+YN(X+K) K X+Y.
Proposition(3.19): Let M = M,;®M, , and M, andl M, are FI-@-J-supplemented modules if and only
if M is FI-@@-J-supplemented.
Proof: (=) Suppose that M = M;®M, , and M, and M, are FI-@-J-supplemented modules. Let K
be a fully invariant submodule of M. Since M; + M, + K = M, it trivially has FI-@-J-supplement in
M. By proposition(3.18) , then M, + K has FI-@®-J-supplement in M, and by proposition(3.18) again,
K has FI-&-J-supplement in M , so M is FI-@®-J-supplemented module.
(<) Suppose that = M; @M, , and M is FI-@-J-supplemented module. To show that M; and M, are

FI-@®-J-supplemented modules . Since M, = and M is FI-@-J-supplemented module, then by

and %A is a direct summand of % by [5, Lemma(5.4)] .Therefore ,

1

Proposition (3.17), TM is FI-@-J-supplemented module. Thus M, is FI-@-J-supplemented module .
1

Similarity M; is FI-@-J-supplemented module .

Corollary (3.20) : Let M = M; @ M, be a duo module , and K and L are fully invariant submodules
of M, . If Kiis FI-@-J-supplement of L in M, , then K @ M, is FI-@-J-supplement of L in M .

Proof : Let K be FI-®-J-supplement of L in M, , then M; = K + L, K is a direct summand of M; and
KnNL ;K. SinceM=M;®& M, ,thenM=(K+L)®M,, hence M = L+(K & M;) but (K & M,)
NL=(K&M;)nM; nL=KnL <K K.Andby [2, Proposition(2.6(4))] , then KN L & K& M, ,
hence K @ M, is FI-@®-J-supplement of L in M.

Theorem(3.21): Let M be a module such that M = M, @M, is a direct sum of submodules M; and
M,. Then M, is FI-&-J-supplemented module if and only if there exists a direct summand Y of M

suchthatY € M, , M=X+Yand XNY <<] Y, for every fully invariant submodule X of 2

1 1
is fully invariant

submodule of M, by[12 Lemma(2.3)] . Since M, is FI-®-J- supplemented module , then there exists a
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direct summand Y of M, suchthat M, = (X NnM,)+YandXNM,NnY =X NY «; Y Clearly, Y is
a direct summand of M and M=M; + M, =M+ (XNM,)+Y S M; +X+Y, but M;
X , therefore M = X+ Y . So we get the result .

(&) To show that M, is FI-®-J- supplemented let X be a fully invariant submodule of M,. Then

XGBMl is a fully invariant submodule of — by [12, Lemma(2.3)] . By our assumption, there exists a

d|rect summand Y of M such that Y < MZ, M=(X+M;)+Yand (X +M)NY K, Y. Since M, =
MynM=M,n[(X+M)+Y]=Y+[X+M)NM,]=Y+X+ M NM,)=X+Y, by the
modular law, and since XNY S (X+M;)NnY «; Y, then by [2, Proposition(2.6(1))] we get
X NY K, Y.Therefore Y is FI-®-J-supplement of X in M,. Thus M, is FI-@-J-supplemented
module .

Theorem(3.22): Let M, be a direct summand of FI-@-J-supplemented module M , such that for every
direct summand K of M with M = K + M, , K N M, is a direct summand of M . Then M, is FI-®-J-
supplemented module .

Proof : Suppose that M = M, ®M,

fully invariant submodule N n M, of M . Slnce M is FI-@-J-supplemented module , then there exists a
direct summand K of M such that M = (N n M)+ Kand N n M, N K «; K. By [3, Lemma(1.2)] , M
=(KnM,)+ N.Since M =K + M, , then K n M, is a direct summand of M by hypothesis, and by
theorem(3.21), M, is FI-@-J-supplemented module .

Lemma(3.23): Let X and Y be fully invariant submodules of a module M such that X + Y has a @-J-
supplement H in M and X n (H + Y) has a @-J-supplement G in X . Then H + G is a @-J-supplement
of YinM.

Proof: Let H be a @-J-supplement of X + Y in M and let G be a @-J-supplement of X n (H + YY) in X
.ThenM=(X+Y)+Hsuchthat (X+Y)NHK H,X=[XnH+Y)]+Gsuchthat(H+Y)nG
& G.SinceM=X+Y+H =XNH+Y)+G+Y+H=Y+H+G,thenM=Y +(H+G).But
G+YcX+Y,then(G+Y)nHCE (X+Y)NnHK; H,andby [2, Proposition(2.6(1))], (G+Y)n
HKGH. ThusYNH+G)S[(G+Y)NH+(H+Y)NG] K H+G

Theorem(3.24): For any ring R, any finite direct sum of FI-@-J-supplemented R-modules is FI-@-J-
supplemented .

Proof: Let n be any positive integer and let M; be FI-@-J-supplemented R-module foreach 1 < i < n.
Let M = M, & ..0M,. To prove that M is FI-®-J-supplemented R-module, it is sufficient by the
induction on n to prove this is the case when n = 2. Thus suppose that n = 2.

Let X be any fully invariant submodule of M . Then M = M; + M, + X so that M; + M, + X has a ®-
J-supplement 0 in M . Since M, is FI-@®-J-supplemented , then M, N (M; + X) has a @-J-supplement
H in M, such that H is a direct summand of M, . By lemma (3.23) , H is a @-J-supplement of M; + X
in M . Since M;is FI-@®-J-supplemented, M; N (X + H) has a @-J-supplement K in M, such that K is
a direct summand of M;. Again by lemma(3.23) , H + K is a @-J-supplement of X in M . Since H is a
direct summand of M, and K is a direct summand of M, it follows that H + K = H@® K is a direct
summand of M . Thus M = M, @M, is FI-®-J-supplemented .
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