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Abstract

The aim of this paper is to study the asymptotically stable solution of nonlinear
single and multi fractional differential-algebraic control systems, involving feedback
control inputs, by an effective approach that depends on necessary and sufficient
conditions.
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1. Introduction

The nonlinear fractional order differential-algebraic control systems appear in a variety of theories
and applications. The theory of fractional descriptor ordinary and fractional partial differential
equations, with different types of derivatives, have recently been addressed by several researchers for
different problems. It is well known that descriptor systems or differential-algebraic systems are the
major research fields of the control theory. During the past two decades, differential-algebraic systems
attracted much attention due to the comprehensive applications in economics singular systems, not
only those containing differential or difference equations as normal systems but also algebraic
equations. Thus, their description is considered as being more general. Their class of systems has been
widely studied, not only because of theoretical interest but also because of its extensive applications in
areas such as robotics and power systems. The necessary and sufficient conditions for the solvability,
positivity, and asymptotic stability and stabilization of the fractional descriptor linear systems were
established [1-7, 8, 9]. Earlier works [10, 11] studied the partial eigenvalue assignment for
stabilization of descriptor fractional discrete-time linear systems or by derivative state feedback. In
other investigations [12, 10], the stabilization problem of singular fractional-order systems with
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fractional commensurate fractional order, via static output feedback, was studied . The stability
problem of descriptor second-order systems was also considered [13]. Lyapunov equations for
stability of second-order systems were established by using Lyapunov method. The robust
admissibility problem in singular fractional-order continuous time systems was also studied with a
static output feedback controller that is designed for the uncertain closed-loop system to be admissible
[14]. Other articles studied the robust stability and stabilization of uncertain fractional-order
differential-algebraic nonlinear systems [15, 13].

Our intersect in this paper is to study the asymptotic stability of nonlinear fractional order
differential- algebraic control systems, involving feedback input controls. Also, we aim to study
single-fractional (15-16) and multi-fractional (21-22) order differential — algebraic control equations .

The following definitions and results are needed later on.

Definition (1.1), [16]
Let f be a function such that f: [0, ) — R. The a fractional order Caputo derivative is defined as

(D) F(t) = — fot(t —s)" e 1fM(s)ds , n—1<a<n, where T denotes the gamma

'n—-a)

function.

Lemma (1.1), [17]

The degree polynomial a, A" + a,_;A""1 + --- + a, = 0 is asymptotically stable if it holds

the following condition: |argA;| > a%for all zeros A;,i=1,...,n .

Definition (1.1), [18]
The following fractional order system

(§DF)x(1) = Ax(t)

x(0) =xp, 0<a <1,
where x=(x1, X3, ..., x,)T and xo = (X109, X205 -» Xno) T, AER™ ™ is
a) stable if for any x, there exists € > 0 such that ||x|| < e fort > 0.
b) asymptotically stable if lim;_|/x]|| = 0.

Lemma (1.2), [18]
Consider the linear fractional control system
(D&)x(t) = Ax(t) + Bu(t)

x(0) = x5, 0 < a < 1, where X=(xq, X5, ..., x,)T and xy = (X109, X20, --» Xno) " »
u € L([0,],R™), AeR™"BeR™ ™. The system is stable if and only if |argA;| > ag ,

for all zeros 4;, i =1, ...,n.
2. Nonlinear Fractional Order Differential-Algebraic Control Systems
The following two types of nonlinear fractional order differential-algebraic control systems are
presented.
2.1. Single- Fractional Order Differential -Algebraic Control Equations
Consider the nonlinear single fractional order differential -algebraic control system:

(§DF)x1(t) = Xy ayix;(£) + Xicy byjuy(t) + fi (61, %2, %3)81(§DF 21, §Df x5, §DF x3) (1)
§DE)x (1) = Xi_q azix; () + 2?:1 by ju;(t) + f2(x1, %2, x3) g22(6D{ x1, 6D} x2, §D{ x3) (2)
x3(0)=%7 azix; () + 212'=1 bs ; u;(t) + f3(x1, X2, x3) g3(§DPx1, §DP x3, §DP x3) (3)

where a4;, a,;, as;, by, by, and b are constants, x; € R are state vectors, i=1...3,0 < a,B,y,§ < 1
u;(t) € R, j =1,2 are control input functions, and f;, g; , i=1...3 are varying nonlinear time values .
The linear system of (1-3) is:

(6D, (8) = Xioq aqix; () + X3oy by ju;(t) 4)
(6DM)x2(8) = Xioq azix;(t) + X321 by j u; () 5)
x3()=X7-1 azix;(6) + Xi=y bs; u;(t) (6)

From (6), it is given that :
x5 (t) _z1%1(t) | azaxa(t) F1baiu(t)
3 1-ass 1-az; 1-asz3

Hence,
t t) |, Tiibsaw®
(§DEIM1(0) = @1xa(6) + anp(0) + g 2220 4 20D | HoabaitiO] 5 0

1-az3 1-as3 1-as3
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az1x1(£) | aszx,(t) Ziz=1 b3 ju;(t)

(6DE)x2(8) = az1%1(£) + azpx5 () + a3 [ + 2?:1 b,ju;(t)

1—a33 1—a33 1—a33
then,
by it
(§0E0 () = [ans + 2252 1,0 + [asp + 2255y (1) + [y, B2O) 4 52 b (1)
Ayaa azsa Yi=1 b3 iui(t) 2

(§DE)%2(0) = [an + 2292 1, (0) + gy + 225203, (0) + | 22O 4 52 by i) (8)
For more simplicity, let d;; = a;; + 225 g, = a,, + 282 G, =q,, + 281

1- ass 1- as 1- —aszs

~ _ Az3032 ~ _ Q3 ~ _ Qa3 T _ a13b31 __Qi3bz;

»Gap = T2 031 = 17— W3y = — b =T +bi b1 =5 “ay, T b1z

= _ Gz3b3q T _ Gz3b3; 7 _ b3y T i _ _b3sx T
by = o T by1,by, = o T by, b3y = —=2%T_yak; b3, = —=Yi-0 als
33 ass 1-az3

1-as3
Equations (7) and (8) become ,

(6D)x1 () = @q1x1 (L) + dg22x,(L) + Z§=1B1j u;(t) 9)
(6D)x2(t) = G121 (1) + Appx,(t) + Z§=1 Ezj w;(t) (10)
x3(t)=l3121 (£) + Az, (t) + Z?=1 BBj u; (1) (11)
Now, we consider the following related linear feedback control system
Dal)x1p(t) + ( Daz)xm(t) = A11pX1p () + A12px2,(E) + bllpxS (t)+b12px3 (®) (12)
((C)Dfl)xz,o(t) + ((C)Dgz)ley(t) = Op1pX1p(t) + AazpXo, (8) + b21px3(t)+b22px3 (®) (13)
uq (t) = prlp(t)uz(t) = prZp(t) (14)

where x;,,%;, € R, G11p, @12p, A21p, 822, and K, are constants.
For the nonlinear multi-fractional order differential -algebraic control system in equations (10-11) with
equations (12-13), we obtain:

[ (6DF)x1(6)
(§DO%(O |
(5081, (0|
| (§D8)x2, (1)
a1 aq2 —b’jlle ?12Kp ] x4 (t)
dzq ay; b,1K, b,,K, x5 ()
a31(b11p + b12p)  A32(b11p + BlZp) 212'=1 byijpb31K, + dq1p Z§=1 bijpbs2K, + a2 leP(t)J
[ 831 (b21p + ba2p) aSZ(bZIp + b22p) 212'=1 byjpb31Ky + dz1p Z§=1 b;jpb32K, + azsz X2,p (1)
[ filx1, x2,x3)81 (oD X1, CDsz'SDfxs) |
f2(x1,%2,%3)82 (oD X1, CDsz' 6D5x3) (15)
b12pf3 (%1, %2, X3)83 (oD X1, oDsz' SDfx3)‘
bz 2pf3 (X1, %2, %3)83 (oD X1, oDsz; 8D5x3)
[ x1(0) ]
x(t)=[d a b;.K, b K] x2() + f3(x1, %2, x3) (DxCDBx CDﬁx) (16)
3 31 @3z U3afp D32fpfly ,(@® 3(X1,%X2,X3)83 (o 1 20Vt X3
xz,p(t)
Thus,
(6DH)x(t)=Ax + F(x)G(5D{ x) (17)
x3(6)=Bx + f3(x)g3 (5D x) (18)
where
[ aiy aiz b11K, b12K, ]
yq s b;1K, b, K,

d31(511p + ElZp) d32(511p + BlZp) Z?=1 EljpESIKp + dy11p 212'=1 EljpESZKp + d1zp
l&31(b21p + bazp)  Az2(b1p + ba2p) 2?:1 byjpb31Ky + Ga1p 212'=1 b,jpbs2K, + azsz
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[ fi(x1, x2,%3)81 (gDﬁxb(C)DBvaSDf’%) ]

B, cpb
- X1,%X2,X Dx,Dx,Dx
B=[as s Bk, b32K] F(x)G(SDtx)—I f2(x1,%2,%3)82 (§ ;0 ZO Z Z’) |
|b12pf3(x1:x2:x3)g3 (6D¢ x1, 6Dy %2, 6Dy x3)|
I.bZpr3(x1'x2'x3)g3 (oD X1 Df"z: (C)Dfx3)J
f3()g3 (6D x) = f3(x1,%2,%3)83 (§ D X1 CDﬁxz» CD X3).
Lemma (2.1.1), [19]
The Mittage-Leffler function E, g(At®) satisfies the following
i. Eq1 (At < Kg, [leA%], a > 1.
ii. Eq o (At) < Kg_[leA™], o> 1,
where A € R™" , Kg_ Kg, , are finite real constants such that Kg,, > 1, Kg, > 1.

Lemma (2.1.2), [19]
Let o> 0 v(t) be a nonnegative function that is locally integrable on [0,T), let a(t) be a

nonnegative,nondecreasing continuous function that is defined on [0,T), and let a(t) <M . Suppose

that z(t) is nonnegative and locally integrable on [0,T) with z(t) <v(t)+a(t) fot(t— ) 1z(t)dr. If

v(t) is a non-decreasing function on [0,T), then we have

z (t) <v(t) E, (T'(w)a(t)t™).

Theorem (2.1.3)

Suppose that the following nonlinear fractional order differential-algebraic control system

(17-18) with feedback control (14) satisfies the following conditions:

1. Re(eig (A))<0 and  -max Re(eig (A)) >I'(a)

2. IFCOGEDE N = lIfs()ll = o(llxIl) as [lx]| - 0.

f1(x1, x2,%3)81 ((C)Dﬁxp CDﬁxz; (C)Dfxs)

f2(%1, %2, %3)8 (oD X1 oDﬁxz; (C)Dfxs)
where F(x) = by pfs (X1, %2, X3)E3 (oD Xy, cDsz, CDBx3) and K, ,i=1,.3 are the nonnegative

b1 2,0f3 (%1, %2, %3)83 (oD X1, CDﬁxz' oDﬁx3)

continuous function, and ug, are the continuous non-decreasing positive functions , such
that l|g;(t, §DEX) < Ky, (¢) g, (IEDEXID, i=1,..3.

Then, the system (15) is a locally asymptotically stable.

Proof

By taking the Laplace transformation to (17), we get

SUX () — s Vxo=AX(s) + L{F ()G (§DP)} , thus
X(s) = (Is* = 4)” ( a1y +L{F(x)G(8DBx)})

(19)
By taking the Laplace inverse transformation to (19), we obtain

X()=Eq1(AE)%0 + [y (¢ = ) B oAt = 1)) FR(D)G(ED x(D)d T

From lemma (2.1.1), we have

(@l =Ly e [llxoll + Ls f (¢ = D {40 | F GG (§p x(m) || d =

From condition (1), the matrix 4 is stable and there is a constant L, > 0 such that ||e4t“|| < L,e~**,
hence,

(1] < LiLye ™ %ol + LoLy fy (¢ = 1) 7"
From condition (2), we get

F(x(r))G(SDth(T) ” dt

||F(x(r))G(CDBx(T)|| =
||f1(x1' X2,X3)81 (8Dfx1, (C)Dﬁle oD; x3)|| + ||f2(x1,x2,x3)g2 (ODBXL Dfxz,SDfxg)” +
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||BZ,2,pf3 (1, %2, x3)83 ((C)Dfxv 6D5x2: 5D5x3)|| +

||El,2,pf3 (%1, x2,x3)83 ((C)Dfxl, (C)Dfxz; (C)Dtﬁx3)||

< fi(x1, %2, x3) 1Ky, (6 pg, (IEDEXID) + f2(x1, X2, x3) 1Ky, (Oug, (16D x])

+|b2,2,p|”f3(x1' X2, %X3) | Kg, (t) pg, (IGDExID) +|b1,2,p|”f3(x1v X2, X3) | Kg, (t) g, (IGDE XD -
IF ()G (§DEON _

Since ||F(x)G(§DEx)|| = o(llx])) as ||x|| = 0, thus lim”x”_)OT = 0, which implies that

IF ()G (§DEX) I <L
[l L3Ly

1
||F(x(r))G(8Dfx(r)|| < oL, [Kgl(t)ﬂgl(”SDgx”) + 1201, %2, x3) 1Ky, (D g, (IGDE X)) +
(|52,2,p| + |51,2,p|)Kg3 (t)ﬂg3(||(c)Dtax||)]||x|| :
Now,we set thaE Ls = [lfgl(t)ﬂgl(”(CJDf{x”) + 1f2(x1, x2,%3)11Ky, (t)ﬂgz(”ng‘x”)]
+(|b2,2,p| + |b1,2,p|)Kg3 (t)y93(||SDf‘x||)]

, therefore

We have

(Ol < LyLye™ [lagll + Ls [ (t — )%t =D |lx(2)|d 7, thus

e lx(O)l < LiLse = llxoll + Ls [, (t — )% e [lx ()|

By using Gronwall inequality and lemma(2.1.2), we have

et Ix(OIl < LiLallxollEq,1(LsT(@)t) < LiLylixolletsT @ then

(D)1l < €1Ly Lyllxolle@7EsT @)L

As — o, ||lx(t)|| — 0 for w > LsI'(a) /a.

From condition (2) , we have that x —» 0 ast — o, x3(t) =Bx + f3(x)g;(§D{ x). We get

llxs N < 11BxIl + I3l g5 (6 6DF ()| - Now, since [If;(x)lI=o(llx|l) as [lx|l =0, this
implies that im0 ”’ﬁi’ﬁ)llzo, so that % < &, ,and since |l gs(t, §DE))|| < K,, (0
g, (I16DF x]I), therefore

3 (ON < 1Bl + 81 Ky, () pg, UIGDExID) ]I

Hence, ||x5(t)|| — 0, which implies that system (17-18) is asymptotically stable.

Example (2.1.2)

The following single-fractional order differential-algebraic equations (19-20) with Caputo
derivative are asymptotically stable, as follows

[ (CDl/Z)x (t) i
ot 1
(CDI/Z) x (t)
0+t 2
(CDI/Z) x (t)
0+t 1,p
(CDl/Z) x (t)
(0D ") %2, (8))]
a1 aq2 Elle BlZKp ] x4 (t)
(% dzz b,1K, b,,K, x5 ()
d31(b11p + b12p)  d32(b11p + b1zp) Z?=1 byjpbs1K, + dq1p Z§=1 byijpbso K, + dyzp [xlp(t)J
. -~ . - x oz o =z - t
[31(b21p + bazp)  Az2(ba1p + bazp) Z?=1 byjpb31K, + @31, Z§=1 byjpb32K, + ‘122pJ *2p(8)
[ filx1, x2,%3)81 ((C)Dtﬁxp SDfle SDfxs) 1
f2(x1, %2, %3)8> ((C)Dtﬁxp SDfle SDfxs) (19)

E12f3 (%1, %2, X3)83 ((C)Dz;ﬁxb (C)DthZ: (C)Dtﬁx3)

lBZpr3 (%1, %2,%3)83 (SDthL SDthz» (C)DthS)J
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[x1 ()
x2(t)
x®)=[1 0 0 o] |1, (®) | + £330, %3, X3)83 (§Df 21, §DF x5, §DF x3) (20)
leP(t)J

[ dip iz b11K, bi2K, 1

| o s by 1K, bs,2K, | ~
ld31(b11p + b12p)  G32(b11p + b12p) Z§=1 bijpb31K, + a1y 212'=1 bijpbs2 K, + dy2p J
a31(ba1p + ba2p)  32(b21p + bazp) Z§=1 bsjpbs1K, + dz1p 212'=1 byjpb32 Ky + Gazp

2 0 0 O

0 2 0 O

0 0 2 0

0 0 0 2

fi

[ fia e (§D¢ x1, §Df x2, 6Df %) | [ ek, O g, AIEDEXD
| fo (%1, %5, %3)82 (§DF xl, DPx,, 6DF x5) | _ I x1x3 Kg, () ug, (116D x| I
|512pf3(x1,x2,x3)g3 6 D X1, Dfxz, 8D5x3)| | 12p%X2%3Kg, (1) #g3(”8D1€1x”)|
cNna
lb22pf3(x1:x2'x3)g3 (th X1, (C)Dfxz' (C)Dtﬁx3)J l 22p%2%3Kg, (£) kg, (lloDe XH)J
To compute condition (1):

2 0 0 O
. _{0 2 0 0 ; —
Since A = 00 2 0 and the eig(4) has values suchas A4;,3; = —2 then
0 0 0 2
Re(eig(A) ) < 0 and w = —maxRe(eig(A)) =2 > TI'(a) = 1.772.

To compute condition (2):

| £1Ger x205)81 (§DF21,§DF x5, §DF x3) | VG2 Kg, (O g, (IEDEXI) _

lim 5 — = lim ¢
I%l-0 EGl Izl=o [
= lim llz]l~0 Vx5 =1lim IZ]|-0 1/ xl 0

i ”fz(xp X2,%3)82 (6 Dﬁxl' CDsz' 6D5x3)|| i V (1x3)2Kg, (1) pg, (1EDExI)
im im
I1Zll=0 lZ (O]l llxl—~0 VX2 + x2 + x2

. Vx1x3 . 2 . 2
< im, = = i g = m g xe =0
x| X\ X||—
X1

lim |£2Cen x2,x)ga (07 30 6D x2, 607 x3)| i Y G2xs)Ke, (8) b, (IEDE )
Izli~o (@)l Ixli~o 37+ %2+ x2

o xExi . 3
< m, = = im s = m g xe =0
X||— X||— X||—
X2

and ||x3|| = 0. Then, by theorem (2.1.1) we show that the zero solution of the system (19-20) is
asymptotically stable
2.2. Multi - Fractional Order Differential —Algebraic Control Equation

Consider the following nonlinear multi-fractional order differential — algebraic control system:
((C)Dal)x1(t) + ((C)Daz)x1(t) = Z L ayxi(0) + XA by A + f1(xq, %2, %3)81

ODfxl' thﬁxz' onx3 (21)
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(6D )x2(8) + (§D72)x2(8) = XFoq aix;(8) + Xoq by wi () + f2(%1, X2, X3) 82

(6D xl,Dﬁxz,D X3) (22)
x3 (=51 @zixi(£) + oy bay wi(6) + fa(x1, %2, %3) 8a(§DL %1, §Df %z, §DL x3) (23)

where ay;, ay;, az;, by i, by;, and by; are constants, x; € R are state vectors, i=1..3

u;(t) € R, i=1, 2 are control input functions, and f;, g; , i=1...3 are varying nonlinear time values .
System (21-23) yields a linear dynamical system, as follows

((C)Dal)x1(t) + ((C)Daz)x1(t) =Y ayx;(0) + Xioy by uy(8)

(6D )x2(8) + (§DF2)x2 () = By apexy(£) + iy by wi (£)

x3(8) =X7_q azix;(t) + oy bayug(t)

We get

((C)Dtal)xl(t) + ((C)Dtaz)%(t) = a11%1(t) + 2%, () + ag3 [
+ X5 by u(t)

((C)Dz?l)xz ©+ ((C)Dtaz)xz (1) = az1x1 () + azx2(t) + ay3 [

+ X ba ui (1)
X3 (t) [a31x1(t) azx5(t) le:1 bsiu;(t)

2
az1x1(t) | azax2(t) | Yi—q bsiui(t)
1-ass 1—-as3 1—-aszs

az1x1(8) | aszpx,(®) | ¥i, b3iui(f)]
1—-az3 1—-as3 1-as3

1—-az3 1—-azs 1-aszs3
Assume that
~ a13031 x a13432 - az3A431 x az3032 x
R R £a12 + —1_a33] ) a;l 1t e, :lez [az2 + —1_a33]b »A31
asq ~ __ Q3 T _ 3,1 T _ b32 7 _ Q23031 7 __Qz3b3>
Tay; ‘232 = 1a, '511 T + by11,b12 = T—da + b1z by = Ledas + by1,bp1 = . + by
T . 3,1 T _ 3,2
' b31 - 1—‘133‘b32 T 1-as;s
Therefore
((C)Dfl)xﬂt) + (Ssz)xl(t) = 1121 (t) + A22%2(0) + + 2oy by i (0)
a a ~ ~ T
6D l)xl(t) + ((C)D 2)x1(t) = @y121 (t) + Ap%,(8) + + X7y by uy(t)
x3(t) =031%1 () + Az X2 (8) + XFoq by uy(0).
Now, consider the following related linear feedback control system
((C)Dgl)pr(t) + ((C)D;:Z)xm(t) = dy1pX1p () + d12p%2, (1) + +l311px3(t)+li12px3 ®)
oD, 1)x2,p(t) + (éD; 2)x2p(t) = Ap1pX1p(t) + Ao2p%2,(t) + +ba1px3(E)+byzpx3(E)
w (t) = prlp(t) , U () = prZp(t)
where x;,, x5, € R, and dq1p, @12, G21p, d22p, and K, are constants.
We have that
6D )x1 (1) + (§D)x1(0) ]
((C)Dtal)xz )+ ((C)Dtaz)xz(t)
((C)Dtal)xl,p(t) + ((C)Dtaz)xl,p(t) |
-((C)szl)xz,p(t) + ((C)D;lz)xz,p(t)J
[ a1 a2 Elle BlZKp ﬂ xq (t)
% Gy b, 1K, by K, [| x2 ()
d31(b11p + b12p)  Gz2(b11p + b12p) Z?=1 byijpb31K, + a1, 212'=1 byijpbsoK, + dszp
l dz1b,p dzz2bzp Zf=1 byjpb31K, + Gz1p 212'=1 b,jpbs2K, + azsz
f1(x1, %2, %3)81 (oD X1, DBXZ: SDfxs)
(24)

+| f2(x1,%2,%3)82 (oD X1, oDﬁxz» (C)Dtﬁxs) |
|E12pf3 (%1, %2,%3)83 (CDBxp CDBxZI CDth3)|
15,

2pf3(x1,%2,%3)83 (oD X1, CDBXZI Dfx3)J
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x1(t)
- ~ ~ = | x,(¢) [ cnB., cpnf cpnh
x3(t) = [a31 dsz; b31K, b32KP]|x1p(t) | + f3(x1, X2, %3)83 (t, 6D; X1, 6D; X2, 6D x3)  (25)
EO]
Then
§D{)x(t) +(§D;?)x(£)=Ax + F (x)G (t, CDfx) (26)
x3(t) =Bx + f3(0)g3 (t,, §DF %), x = (21,%2,%3) (27)
where
[ a1 s, b11K, bi,K, ]
% Ay by1K, b, K,

a31(511p + ElZp) a32(511p + Elzp) z:?=1EIJ'/JE311!<[) +a11p Z§=1 EleBSZKP +izp
ld31(521p + EZZp) ‘732(521;) + EZZp) 2?:1 szp531Kp + dz1p 2?:1 szpESZKp + dZZpJ
fr(e1, %5, %381 (6D¢ %1, D %3, 601 x3) ]
f2(x1,%2,%3)82 (ngxlr (CJDtﬁxz; (C,Dfx3) |
|512pf3(x1rx2rx3)g3 (6Dfx1, (CJDfo: ngxS) |
lBZpr3 (1, X2, X3)83 (SDtBXL thﬁxZI ngx3)J

f2(0)8a(§DEX) = fa(x1, %2, %3)8s (6D 21, §D! x2, §Df x3).
2.2.3 The stable equivalent system

Theorem (2.2.1), [11]

Consider the following system of fractional differential equations
(C)Dtalxll(t) = f1(%,t))

(C)Déxzle(t) = f2(%,t) l

B=[dy G buK, bsukK,) FO)G(§Dfx)=

(C)Dgzxnl ) = fa(X, t)J
(28)

x19(0) = 2 , i=1, 2,..., n; k=0,1,..m; — 1, t>0 ,
(29)

£ = [x1,(8), %2, (0), ., xn, (O] f; ER,
Where f; , i =1,2,..., n are continuous functions , the fractional orders defend by m; — 1 < a; <m; €
Z,, i=1,2,..., also n means the N- dimensional system of the following fractional differential
equations
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6D x1, (8) = x1,(8),
cNo ._
oDt X1 my-1M ) = 1 (my—D)M4+1 ®),

ngxlalM (t) = fl (55! t)!
SD(()):tle (t) = x22 (t),

§DE 0, () = 12y, )
D2 () = X2 (O [ (30)
DG s (D) = Fo5,0),

6D8 e %n, (t) = Xp, (1),
§DE 5y (8) = iy,

cNno ._
oDt XN mp-1)M ) = X mp-1)M+1 (®,

SDg:txlanM (t) = fn(f' t),
where ai=% , g.c.d(c;, d;)=1, and i=1,2. Also, M is a lower common multiple of ¢; and d; ,
o= % , N=(a; + az)M.
k) . _ =
X;, = {xio ] = kM + 1,k =0,1, e, My — 1’ i:1,2,...,1’1. (31)
/ 0 otherwise .
whenever [xy, (£), 1, (6), .., X1,y (6, %2, (£), X5, (), s Xz 4y (6), X, (6), X, (8), oy 2y ()]
is a solution of system (27-28) and [xll(t),xlz(t), ...,xnl(t)]Tele [0,b] x C™2[0,b] X ... %
C™n[0, b], solved system (28-29).
Whenever [xll(t), x1, (), ...,xnl(t)]Tele [0,b] x C™2[0,b] X ...x C™n[0, b] is a solution to system
(28-29) : then
T
[xll (t), xlz (t), e xlalM (t), x21 (t), x22 (t)' e x2a2M (t), xnl (t), xnz (t)' e xnanM (t)] =
|1, (6, §DZx1, (©), .., §DEM D% (6,32, (8), §DZ 2, (©), .., §DF Dy (B), .,

T
X, (8, §DF X (), e, §DSM D, (t)] satisfies system (27-28).

Consider the following multi- fractional differential equation:
§D{™x(t) + by §D;/ " x(t) + - + bp_q §D " x(t) + -+ + by = f(x(6)), t >0 (32)
x®(0) = x, k=0,1,...,m,-1. (33)
where x(t) € R, f:D — R isa continues function D € R and b; , i=1,...,n are constant numbers.
The order a;,i = 1,2,...,n are rational numbers such that m; —1<a; <m; € Z, , i=1,2,..., n,
ay > ap_q > >aqy and x(t) € C[a,b] is asolution of system (27-28).
Corollary (2.2.2), [11]
Suppose that f(x(t)) is a real valued continuous function such that f(x(¢t)) = box(t) and
equation (32-33) has a unique solution x(t) € C[a, co]. Then, the zero solution to equation (32-33) is
asymptotically stable if |arg(1)| > VZ—” , Where A is a solution to the characteristic equation det( Al —

A):0.y=% , and
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/o 1 0 0 .. 0 \

0 0 1 0 .. 0 by j=1

A=| : oot o |and ay;={-bp jEaM+1i=12,..,n-1
0 0 0 0 0 0 otherwise
ayi Ayz Anzdyg o ANN

Theorem (2.2.3)
Consider the nonlinear multi-fractional order differential-algebraic feedback control system (26-27),

such that it satisfies the following conditions:

1. larg(A;)| > % , Where A is a solution to the characteristic equation det( A,I — A;) = 0.
0 1 0O o0 .. o0
. 0 0 1 0 .. 0
y=— and A, = : : : o ,k=1,2,3,4
M 0 0 0 0 - 1
ani Anz ay3ayg -+ ANN
( —ad;; j=1
=y, j=2
—byK, j=3
and ay; =4 Pt J For A,
_blzKp ] = 4
-1 j=aM+1,i=12,..,n—1
( ary j=1
dyy j=2
by K, j=3
aNj = < ~ 2170 ] For Az
bzzKp ] = 4
-1 j=aM+1,i=12,..,n—1
( d31(b11,p +b12p) j=1
d32(b11p + b12p) J=2
2 T F = -
aynj = A Zf:ibl’j’io,bg’l[(p Ty J=3 For A3
Yio1b1jpbs oK, + 812, J=4
-1 j=aM+1,i=12,..,n—1
6~1311;2,p j=1
d32b2,p j=2
2 7§ T ~ -
ay; =4 Zj=1~bz,j,;ib3,1Kp +az1,) J=3 For A4,
(XF=1b2,jpb3aKy + 822,p) =4
-1 j=aM+1,i=12,.,n-1
\
2. IF GOl = o(llxIl) as [|x]| — 0.

[ fi(x1, X2,%3)81 (SDthlr SDthzi SDthS)
f2(x1,%2,%3)82 (SDthlr SDthZ: SDthS)
where F(x) = Bz,z,pf3(x1:x2:x3)g3 (ngle SDfxz, ngx3) and K, ,i=1,.3 are the nonnegative

El,Z,pfS (%1, %2,%3)83 (SDthlr SDthz» SDths)

continuous functions and ug are the continuous nondecreasing positive functions, such
that || g; (¢, 6DEON < Ky, () ug, (115D x (1), i=1,..3. Then, the system is a locally asymptotically stable.
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Proof
From theorem (2.2.1), we can transform the system (24-25) which defined as folows:

(6D )x1(8) + (§D?)x1(£) = @121 () + @22 (1) + 511pr1,p(t) + 512pr2,p(f)
into a system of a single fractional order equations
oD¢ x1, () = x4, (8),

6D x1,,(8) = xq,,,,(®),

cNno —
oDt X1 ny-1)m ® = xl(ml—l)M+1(t)’

(C)Dgx1a1M (t) = —a11%1 () — Ay2%2(t) — b11Kpxq () — b12Kpx, ,(E)
such that
[ 0 1 0 0 0 ]
| O 0 1 0 0 |
A =] ¢ : : : [, and
lo o0 o0 o 1 |
laNl ay, Qn30ng - aNNJ
( —a;; j=1
—Q;; j=2
anj = ~b11Kp ] =3
_blzKp ] = 4
-1 j=aM+1,i=12,..,n—-1

Now, we transfer equation
(6D)x1 () + (§D)x1 (1) = a1 21 (£) + 822 () + by1 Kpxy 5 (8) + by Kpx, (1)
into
6D x2, (1) = x2, (1),
SDngM (t) = x2M+1 (t)a

cno —
oDt X2(my—1)m ) = X2 (my )M 41 ®,

(C,D{?xzalM (1) = A%, (1) + Appx2(t) + 521pr1,p @)+ BZZprZ,p (®)

such that
0 1 0 0 .. 0
0 0 1 0 .. 0
AZ = E S E E ‘., S y and
0 0 0 0o - 1
ayi Anz An3Qys - ONN
( a1y j=1
dy, j=2
_ bZle ] =3
anj = ~ .
bZZKp ] = 4
-1 j=aM+1,i=12,.,n-1

Now, we transfer equation
((C)Dfl)xl ) + ((C)D;ZZ)% ® = 531531(51,1,;7 + Bl,Z,p)xl(t) + d32(51,1,p + El,z,p)xz ®) +
(Z?=1 Bl,j,pB3,1Kp + dl,l,p)xl,p )+ (Z?=1 Bl,j,pBEB,ZKp + dy,2,p)%2,5(E)
into
6D x3,(8) = x3,(t),
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6Df x3,, () = x3,,,, (D),
cNno —
ODt x31(‘m1—1)M (t) - x3(m1—1)M+1 (t)l

SDfxzalM(t) = d31(51,1,p + E1,2,p)x1(t) + 532(51,1,;) + Bl,Z,p)xZ )+ (2?:1 El,j,pES,le +
81,1,p)%1,p () + (X521 by jpbs 2Ky + 815 )%, 5 (t) , such that

[0 1 0 0 .. 0
| O 0 1 0 .. 0 |
A =] : : N | and
lo o o0 o ... 1 |
|-aN1 nz  Anzang - aNNJ
( a31(b11p +b12p) j=1

d32(51,1,p + El,Z,p) j=2

2 T T ~ L
aNj = Zj:abl,j,eb&le + a1,1,p ] = 3
Z?:l bl,j,pb3,2Kp + C~ll,2,p j=4

~1 j=aM+1,i=12..,n—1
Now, we transfer equation
((C)Dgl)x1 (t) + (Ssz)xl (t) = Ag1by px1 () + dgzby px5(8) + (212'=1 by,jpb31K, +
Az,1,0)%1,p(t) + (ZJZ'=1 by j b3 2Ky + @2 p) %5 ,(E)
into

6D x4, () = x4, (1),

0DF x4y, (©) = x4,,,,(0),

cNno —

ODt x4’(m1—1)M (t) - x4(m1—1)M+1 (t)’

(C,D{?x4a1M @) = 53152,px1 ®) + d3252,px2 ®) +
(Z?:l by, pb3 1Ky + Gz1,p)%1,,(8) + (Z?=1 by j pb3 2Ky + 83 2p)%2,5(E)

such that
0 1 0 0 .. 0
0 0 1 0 .. 0
Ay =] : ! o
0 0 0 0 - 1
ayi Anz An3Ang o ONN

( C~lslbz,p j=1
d32b2,p j=2
2 7 7 ~ -
and ay; ={ 2j=1P2jpP31Kp+821p) j =3

(Z?:l EZ,j,pE&ZKp +az2p) j=4
-1 j==agM+1,i=12,..,n—1

\
From condition (1), we have that|arg(1,)| > =, then A, , k=1, 2, 3, 4 are stable, and from condition

2, we have that ”F(x(r))G(CDBx(T)” = |AG x2x3)es (§DF 1, §DE 3z, §DF )| +
||f2(x1,x2,x3)g2 (oD X1 CDBXZ» oD x3)||

+ ”bz,z,pfs(xpxz;xs)gs (OD X1, 0 CDB

+ ||b12pf3(x11 X2,X3)83 (oD X1, oDﬁxZ: ngx3)||
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< |l f1(xq, xz,x3)~||Kg1(t) g, (16D 3 |2 (1, x2,x3) |1Kg, (£)
tg, (lGDExI) + |b22p|||f3(x1; X2, %x3)|[Kg, (1) tg, (IGDE XD +|b12p|”f3(x11 X2, %3)|[Kg, ()

tg, (IGDE XD -
IF ()G (GDEON

since |[F(x)G({DEX)|| = o(llx]))  as|lx|| = 0, thus lim"x”ﬁOT— 0 , implies that
IFC)G(EPEDN _ 1 ,
il < . Wwhere L3, L, > 0. Then, we can complete the proof as in theorem (2.1.1).
3h4

Moreover, [lx3(O)|l < (B + L3LaKg, (€) pg, (IGDExID)NIxII, hence [[xz ()] - 0.
Then, the solution of (24-25) is asymptotically stable.

Example (2.2.4)
Consider the following nonlinear multi-fractional order differential- algebraic with feedback control

system

[ (§D5)x, () + (§D%)x1 (D) ]
(6D{1)x,(8) + (§D52)x2 (D)
(6D¢)x1p(®) + (6D )21 () |
(8D )22 (8) + (§D;2)x2 (1))

[ dyq A1z b11K, b1,K, ﬂ x1(t)
azq dyz b, 1K, b, ,K, [| x2(®)
C~l31(£11p + B12p) 532(511p + BlZp) Z§=1 BljpE31Kp +a11p Z?=1 EljpB32Kp + a1zp le’p(t) l
_ld31(521p + EZZp) C~132(521p + BZZp) 2?=1 BZ}'/JE31KP +a21p Z?=1 521'115321(/0 + aZZpJJ ¥2p (®)
[ fiCro x2,%3)81 ((C)Dtﬁxp (C)Dfxz; (C)Dtﬁxs) ]
f2(x1,X2,%3)82 (SDfxl' (C)Dfxz» thBx3)
|512pf3 (X1, %2, X3)83 (SDthL (C)Dtﬁxz: SDth3)|

lEZpr3(x11x21x3)g3 ((C)Dtﬁxl' SDfo' 6D5x3)J

(34)

x1(t)
- - ~ = x5 ()
x3(t) = [a31 ds; b31K, b32Kp] |x1p(t)| +13(x1, %2, x3)83 (L, SDtBXL SDfxz' SDtBX?,) (35)
Lz, ()]
1 1. - -~ = - = = ~
where a; = 3 X2 =7, 011 =0 = 212'=1 bijpbs1K, + dy1p = 212'=1 byjpb32 Ky + Ggpp = —2,

~C~l12~: Elle = ElzKp =~6~121 = BZEKp = 522K£d31~(511p + BlZp) = 5132(511;7 + ElZp) =

Z?:l bijpb3zKp + A12p = A31b3p = A32byp = 212'=1 bajpbs1 Ky + a1p = 0,
N - ~ = 1
azq = dzp = b31Kp =0 ,b32Kp = E .

fi(en, X2, %3081 (§DF %1, §DF %2, §D x3) | [ xyxaKy, (©) g, (NEDEXIN Il

fz(xl, xZ,X3)g2 (SDfxl, SDfo, SDfxg) _ x1x3 ng (t) Mgz(llngx”))”x”
Elzpf3 (x1, %5, %3)83 ((C,Dtﬁxl, SDfxz, SDfxg) bi2px2%3Ky, (t) tg, (IGDExID) ||l
Doy f Cet s, X3)gs (§DFx1, §DF sy, D x| P22 2aKy, (6) b, (NEDEXIN Il
We have that

[ c 1/3 c 1/6 i

<0Dt1 )X1(t)+(th1 )X1(t) [_9/64- 0 0 0 ][xl(t)]
(60 ) e + (50" ) a0 [_| 0 -Yg4 o 0 [ 2O
cnl/a cn /e | 0 o -9 0 ||Me®)
(50 )mp@+ (50 ) x| | o 5 T /6t _oy e
s oo

(50./%) 22,0 ® + (50,78 22, 0|

635



Hasan Iraqi Journal of Science, 2021, Vol. 62, No. 2, pp: 623-638
[ x1()]
x,(t)
x@®=[0 0 0 3 xz(t) + xx3Kg, () g, (I §DEXID)
sz(t)
Suppose that
1
(50,%) 0 + (50,”¢) ma®
x,(t) 1
ol o () mo+ (507 xe
X = , $D3x + SDéx = :
xlp(t) t t c 1/3 c 1/6
pr(t) <0Dt )xlp(t)'l'(ODt )xlp(t)
en /3 cne
i 0D "7 ) x25(6) +| 6D, ° ) %2, (1)
e 0 0 0
i-| o — 4 0 0
| o 0 9/
| o 0 ot _ /4J
[ xleKgl(t):ugl(”CDtx”))”x” 1
| xxs K, (®) ng, AIEDEXID XN |
@ = cna l
| P12pX2X3Kg, (1) tg, AIGDE XD 11|l |
[B22px2x3Kg, (8) g, (1§DExINIx 1]

[o 0 0 l] f(8) = x223K,, (£) g, (ISDEXID)

Ayq
cD Y3 cD e —_9 D Dﬂ cDﬁ
x1(t) + x1(8) = =7/ g4 %1(8) + f1(x1, %2, %3)81 (§D¢ x4, §Df X2, §D; x3)
From theorem (2.2.1), equatlon (36) becomes

SDfxl(t) = x,(t),
1
ngxz () = x3(t),

1
SDtﬁf3 (&) = f1 (1, %2, %3)81 (SDfxl' (C)Dfxz' 6D5x3) — x3(t) — 18x,(¢)

[ cps 1
| O?t x1(t) | 0 10 7[x () 0
s 0 0 1 0
EDsx, (t)(8) | = x ()| +
0 2
‘ 1 9/64 0 —1]]|x3(0) f1 (X1, %2, %3)81 ((CJDfo SD{ssz: SDfx3)
(C)Dt6x3(t)
The coefficient matrix of system (38) can be written as
0 1 0
A= 0 0 1]
-9 _
/s 0 —1

To obtain the eigenvalues of 4,
det(A1 - AI) = 0,

0 1 0 1 0 0
det 90 0 1 —/1[0 1 0] =0,
- /64 0 -1 0 0 1
—A 1 0
det 0 —A 1 =0,
%%y 0 -1-1
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3 2,9 —
B+ 2%+ /64_0

:1121221327

T —T1T
= arg(4,) = % arg(4y) = e
VA
= |arg(1y)| = o i=123
andE =L = 0.26167
2 12

ym .

= larg(4,)] > X i=123

Then, from corollary (2.2.2), we have that A, is stable.
It is easy to

demonstrate that f; (x;, X3, x3)g; (SDfxl, SDtﬁxz, 8D5x3) = x1%2Kg, (8) ug, (16D x|))
satisfies the following
- AGuraes (080 808 §00%5 )| G Ky, @ g, (I5DEXI)
1im — = 11mn
lIxll~0 Il Ix1=0 /()% + (x2)2 + (x5)?
2,2
LV X1Xg . 2
< lim = lim |x5=0
=0 [x2 o0y 2

that is || f; (1, %2, x3)gs (§DF 01, §DLxs, §DFx3 )| = ollx(®)Il as llxll > 0.
By continuing in this way with other equations of (3), and
1
@ <[00 o 3|+ LaLaKg, (©) ug, QI§DERIN] lxll , hence lls ()1l - 0 asllx]| - o.
By using theorem (2.2.3), then the zero solution of equation (34-35) is asymptotically stable.

Conclusions

We studied the asymptotic stability for the proposed multi- fractional differential-algebraic control

systems, involving multi control inputs, which needed to be transformed to single-fractional
differential systems, using sufficient and necessary conditions.
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