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Abstract

The aim of this paper is to study the asymptotically stable solution of nonlinear
single and multi fractional differential-algebraic control systems, involving feedback
control inputs, by an effective approach that depends on necessary and sufficient
conditions.
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1. Introduction

The nonlinear fractional order differential-algebraic control systems appear in a variety of theories
and applications. The theory of fractional descriptor ordinary and fractional partial differential
equations, with different types of derivatives, have recently been addressed by several researchers for
different problems. It is well known that descriptor systems or differential-algebraic systems are the
major research fields of the control theory. During the past two decades, differential-algebraic systems
attracted much attention due to the comprehensive applications in economics singular systems, not
only those containing differential or difference equations as normal systems but also algebraic
equations. Thus, their description is considered as being more general. Their class of systems has been
widely studied, not only because of theoretical interest but also because of its extensive applications in
areas such as robotics and power systems. The necessary and sufficient conditions for the solvability,
positivity, and asymptotic stability and stabilization of the fractional descriptor linear systems were
established [1-7, 8, 9]. Earlier works [10, 11] studied the partial eigenvalue assignment for
stabilization of descriptor fractional discrete-time linear systems or by derivative state feedback. In
other investigations [12, 10], the stabilization problem of singular fractional-order systems with
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fractional commensurate fractional order, via static output feedback, was studied . The stability
problem of descriptor second-order systems was also considered [13]. Lyapunov equations for
stability of second-order systems were established by using Lyapunov method. The robust
admissibility problem in singular fractional-order continuous time systems was also studied with a
static output feedback controller that is designed for the uncertain closed-loop system to be admissible
[14]. Other articles studied the robust stability and stabilization of uncertain fractional-order
differential-algebraic nonlinear systems [15, 13].

Our intersect in this paper is to study the asymptotic stability of nonlinear fractional order
differential- algebraic control systems, involving feedback input controls. Also, we aim to study
single-fractional (15-16) and multi-fractional (21-22) order differential — algebraic control equations .

The following definitions and results are needed later on.

Definition (1.1), [16]
Let "Qbe a function such that ‘@, mfHb © 'Y. The| fractional order Caputo derivative is defined as

O Q0 —— 0 i Q iQi, &€ p | ¢h where 3 denotes the gamma
function.
Lemma (1.1), [17]

The degree polynomial © _ & _ E & misasymptotically stable if it holds
the following condition: i @ | —forall zeros _ HQ pf8 FE .

Definition (1.1), [18]
The following fractional order system
O w0 0w

WO (bﬁjt 1 op o
where x= whw B hw  and @ wh B ,0fY s
a) stable if for any @ there exists]  msuchthat mve f foro T8

b) asymptotically stable if | Ed Ao 18
Lemma (1.2), [18]
Consider the linear fractional control system
O w6 0w 000
wmn  whm | p,wherex= GlwMBhy andw © o Mo |,
6N O mhbRY MTY 6TY . Thesystem is stable if and only if <01 Q@ | -,
forall zeros _h"Q piB €8
2. Nonlinear Fractional Order Differential-Algebraic Control Systems
The following two types of nonlinear fractional order differential-algebraic control systems are
presented.
2.1. Single- Fractional Order Differential -Algebraic Control Equations
Consider the nonlinear single fractional order differential -algebraic control system:

0O wd B dOwd B ®o60 Qoumhw)C(O ohOo wh0w (1)
O w6 B OGwdo B G060 "Qomm)C(OwhOnhOow (2)
®WoOo=B Owd B ®;060 "Qomm)C(Owh0 owho o (3)

where & Fd Fd Fofo PA T @ are constants, o ¥ 'Y are state vectors, i=1...3, 1 | A A p
0 O N, (1,2 are control input functions, and "Q C , i=1...3 are varying nonlinear time values .
The linear system of (1-3) is:

O o6 B Owod B @6 0 (4)
0O w6 B OGwd B GOpo6 o (5)
©wo6=B Odwd B O;6 0 (6)
From (6), it is given that :
s B i
®w 0=
Hence,
) o v s v oA o B R ¥,
O Wd WO Odwod & h B o6 0
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, s v A s v A s o B - T,
O WO OWwWo Owo O h B 60
then,
i~ e s . o . o . B ” .
O wd & —o & —wo o h B woo (7
O wo & —wod & —no O h B wp0 0 (8
For more simplicity, let®d ¢ —— , & & —— K & ——
O — 0,0 — ® ,0 —B & 0 —B &
Equations (7) and (8) become ,
O wd OwWwo Owo B woo 9
0O o Owo Gwo B oobod (10)
o= WO Owo B oo (12)
Now, we consider the following related linear feedback control system
O w o O w 0 O w 0 ® W 0 W WOo+w w o (12)
0O ® o 0O @ 06 O ® 0 O ® 06 O o+’ w O (13)
60 Lw 060 LW O (14)

where & o M 'Yhdd R RO, AT W are constants.
For the nonlinear multi-fractional order differential -algebraic control system in equations (10-11) with
equations (12-13), we obtain:

., O wo
i O O -~
O @R 0,
u O wp o
oy () () (f) U <:o U 6o
I () W WpRL WiRL i O -
o e v d O B OOO & B & DO PR 0
“, ¥ ¥ v, ¥ ¥ ¥ ¥ ¥ ¥ p ‘F] oy
w [ W w (& B w wv B & &0 & ¥
""Qohy ¢ 0 ®ho whoe 7 )
+ - . . 5 B |-’|
'"Orn Qohwhw € O whO whO @
Y L. . . Y
Wip Qoo € O wh'O whO w ¥
m(b 0 ]

N . o o Jed . 5 . "(b o s ” N ’ ) N ‘

w o W ® WL WRL o o Qwhohw € O whO whO w (16)
1 Y]
Wwp O

Thus,

O wo=0w Ow™0O 0w a7
Wo=0w QwC Ow (18)
where

oy W () (:o U (io ) N

o I w () (A)F]O ’ﬁL') 1l

0 Ik, 5 > o d 5 5 T o ¥ T . 1
P 0w 0w w wauwawuwn
TR &) SRR @ B ® 00 ® B © OO &

625



Hasan Iraqi Journal of Science, 2021, Vol. 62, No. 2, pp: 623-638

~ Qoholw ¢ O0whO whOo o
e e e o MO0 C O®hO®hO®
o] W W WL Wwu ,0w0 0w o - .
:dloﬁﬁ’me)m) C OwhO whOw "
Wi QoM ¢ O oh0 who o
MwC 0w Qo ¢ 0 whO whO o .
Lemma (2.1.1), [19] A
The Mittage-Leffler function %y ! O satisfies the following

i. % !0 + A 1 p8

h

"mﬁ IO + R A 1'{ p’

h
where ! N Y+ .+ _ arefinite real constants suchthat + . p,+ . p.

Lemma (2.1.2), [19]

Let o 7T v(t) be a nonnegative function that is locally integrable on [0,T), let a(t) be a
nonnegative,nondecreasing continuous function that is defined on [0,T), and let a(t) <M . Suppose
that z(t) is nonnegative and locally integrable on [0,T) with z(t) v(t+att) O z  z(zdz If
v(0) is a non-decreasing function on [0,T), then we have

z(t) vi)% I' a AOG 8
Theorem (2.1.3)
Suppose that the following nonlinear fractional order differential-algebraic control system
(17-18) with feedback control (14) satisfies the following conditions:
1. Re(eig (A))<O and  —max Re(eig (A)) >I' |
2. AOO'O O wAa AQwA € A¥XE asAaXC T
~ Qhohd C OwhO ohO o
''"Qoih ¢ 0Owhowhow 7
where OG0 1@y "Q wFfo C O wh'O RO ¢ nand O ,i=1..3 arethe nonnegative
11 (]
10rE Qi C 0 whO whO o n
u ¥
continuous function, and ‘ are the continuous non-decreasing positive functions , such
that EQh'O wA 0 0 A0 o&,i=1,.3.
Then, the system (15) is a locally asymptotically stable.

Proof
By taking the Laplace transformation to (17), we get
i i | w=0®i fl OO O ,thus
Wi ® 0O i o fl OO0 0 w
(19)

By taking the Laplace inverse transformation to (19), we obtain
Xt)=ORp(00 w _ o *¥ Or00 T ™Owt OO0 wtdt
From lemma (2.1.1), we have

Ao A=0 Q AMmvAE O o T Q Ot OO0 wt dt

From condition (1), the matrix O is stable and there isa constant 0~ 1tsuch that ‘Q 0Q ,
hence,

moE 00Q maE 00, o ft Q Ot O 0wt dft

From condition (2), we get

Owt O 0wt
Qowhohlw C O owhO ®h0 ® Qohw C O whO whO o
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Orr Qo € 0 wh'O ®hO w
Orr Qo € 0 wh'O ®h'0 ®
AQoOhoh A o6° &0 & +AQowhoiy A 0° £0O &

QOrp AQ0hof A 0 A0 & +Qr; AQ0hod A o0 A0 ox.
Since 20O O WA € AyE as AXOC T thus| Egle % 1t, which implies that
E___ % — , therefore

£ A
Ot O 0wt — 0 0 EAEOwE AQohwhy A o6 £0 &

Ok ©Orr U 0° A0 E AL
Now,wesetthat 6 0 0 A£O wE AQohoh A 0° &0 &
0F O U 60 A0 o0&

=y

We have

moE 00Q maA O o0 71 Q Ay T A T, thus

Q myoA 00Q mA 0O, o T Q mtE

By using Gronwall inequality and lemma(2.1.2), we have

Q mvoA 00 AARMO 3| O 0 0 Ay AQ , then

A0 A 0 0 A AQ

As H,m0A Tfor] 03| 3

From condition (2) , we have that @© 1as0° ohd 6 =6 ® Q®wC O w.We get

M O0FE MeE AQAQ KOO ® . Now, since £QwAa¢ m¥E as AXEC th this

implies that 1 Eglge /Emfzo, so that £—Z% 1 Fand since QO » O o
¢ &£0O wE, therefore
A O MAMA 1 U 0° AO wE AE

Hence, A0 0 A£° 71, which implies that system (17-18) is asymptotically stable.
Example (2.1.2)
The following single-fractional order differential-algebraic equations (19-20) with Caputo
derivative are asymptotically stable, as follows
o O ol
11 r

I 0 (b(‘)l’l
11 ¥
II’O (:0" (\)I’I
11 h X
ll,o . L1
u Wp OU
o () () (j)u <:ou oo .
I () @ WpRL WRL mQ 0 -~
1L 5 5 o 5 5 5 7. ¥ 7. o ' N A
AR ) O O ® B & o0 & B @& QU oo:,:.ﬂ*’o.’.
w o d v d o B dOOO & B oo @ ¢ OV

~Qohoflo C O0OwhO whO o
+:: Qo ¢ 0 w®ho ohoo
::& Qo ¢ 0 whO whO o *

W Qo ¢ 0 oh0o ®h0 o

(19)
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m(bc‘)l’l
o 0 0
w o pnnn-(FJ 5> Qwhwhw ¢ O whO whO ® (20)
1 'l
W oU
oy W ) WL WL N
L @ @ WRO WRO M
| L e e o 5 7 e 7o o I a 7. X
HARA N O O wauwawuw:,:
w o o v o ® B o o0 &® B O oL & @
C T 1T TU
T ¢ 1T TU
mT T ¢ T
T T T G

~ Qohol C 0 ®hO whOw L Oeb o0 EOwE
Qo ¢ 0RO Oh0oe T noeld 0 A0

I K AT g ’ ‘ e
'do Qaohdhd ¢ OwhOwhOw',' P wwuv o £0O g,

Lpo Qofis C 0 who R0 oy W ®00 0 £0WEy
To compute condition (1):

¢ M T

: o m ¢ T e .

Since 0 T and the eig(0  has values suchas _ i ¢ then
T T T G

YARELC nATA I Ao ¢ T P& X.C

To compute condition (2):

R o h £ &
| Edpo AT A I Eelpo
| Bdpp — 1 Edpp @ 1 Edp & ™
. Qohoh ¢ 0 ®hO whO o .. e U o' EOE
| Ef — | Ef —
& B Aado £ & B W 0
AR — N
| E—— 1 Eiw 1TEiewm n
£ @O ) £
. _Qwholw C O whO ®hO o .. e U 0' EOE
| Ei — | Ef —
£ B0 AJ0 A& & B O O o
| E— 1 Eiw 1 Eiw =
EE o & @ & B

and Ao A£C 1 Then, by theorem (2.1.1) we show that the zero solution of the system (19-20) is
asymptotically stable
2.2. Multi - Fractional Order Differential —Algebraic Control Equation
Consider the following nonlinear multi-fractional order differential — algebraic control system:
0 oo 0O o6 B HGwod B o6 06 "Qofwmw)C
(O whO whO (21)
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0 o O W06 B dwod B ®;60 Qoumhm)C
(0 who who w (22)
®o0=B dwod B OO0 MNMwmm)C(O ®whO whO v (23)
where & Fd RO Foopfo PAT @A are constants, @ N 'Y are state vectors, i=1..3

0 0 NY,i=1, 2 are control input functions, and "Q C , i=1...3 are varying nonlinear time values .
System (21-23) yields a linear dynamical system, as follows

O wo O wo B dOwo B woo
0O o O w0 B OGwo B oo
Wo=B OGwo B woo
We get
O wo O WO WWo WwWwo
B ® o6 o

O wo O W0 WWOo WwWwo w

B ;06 0
o B
W 0 =
Assume that
& R B
Therefore
O WO O o OdOwo & wo B woo
O wo O o0 OWwWo ®Wwwho B wo o
WO=NWOo O wo B woos8
Now, consider the following related linear feedback control system
O wp O O w 0 ® W 0 O w o W O Oo+w w O
0 of O 0 ® 0 ® ®w 06 ® w o O OO+®O ® 0O
60 Lw 0,60 LW O
where® ho N 'Yhand® hd RO ,® AT & are constants.
We have that
~ O wo O wo 0l
1m0 wo O wo n
N, . \ , ¥
[, O @f 0 0 f 0,
u O wpo O wj oU
In:rly (i) (i) (f)U <i)u lillm(bou’.
oy 1) A WiL @ 0 i 0~
1L ¥ ¥ o ¥ ¥ 5 T v 5 T L' >
Il:(rooo Q@ O O ® B & GOU B & &OU oo'i-.‘r" 0.
| v 5 v 7 5 ¥ o 5 7. S 7]
LJJ(A)(A) W W B w wuv B & OO0 ¢ gw ouU

L Qo C 0O wh0 @h0 6 g
+:: ok ¢ O0whowhoo (22)
'H Qofdiks ¢ 0 GRO dho o ©
W Qohbhd ¢ O ®hO ®hO o ¥
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m(bc‘)l’l
w o W W WU wuv ‘r° 5 Quwhohw C MO whO wh0O w (25)
1 ™
W o
Then
0O WO+ 0 wo=dw 0w Ood0O » (26)
®o0=00 Q¢ Gho v, 0 oM (27)
where
oy (%) () (f) 0 (f) 0 Ul
o I W &) (L)Hl:) ’ﬁl:) 1l
0 Ik 5 5 o 5 5 o4 T . o, ¥ 7. o 1
P W 0w w W B w wov W B w wov © .
w o @ O @ B o 0 O B & @0 &

~ Qohol C 0 whO whOw

'""Owkofi ¢ O ®howho e

:dlo Qo ¢ 0whO wh0 o X
Ww Vol ¢ 0 ®hO ®hOo o

MwC Ow Qo ¢ 0 whO whO o .

2.2.3 The stable equivalent system

Theorem (2.2.1), [11]
Consider the following system of fractional differential equations

0O ® o "Qab -
0 w 0 'Qaub

6 O O OUL OUL ,0O0 0w

é ,
0O ® 6 Qddy
(28)
® T W , i=1, 2,..., n; k=0,1,..& ph O T ,
(29)
® o ohlw oMdw o vy,
Where "Q, "&1,2,..., n are continuous functions , the fractional orders defend by & p | a

@, i=1,2,..., also n means the N- dimensional system of the following fractional differential
equations
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ry

Dx

. L U’y
Ow o w h Ur
o e Y
O w 0o W o hyy
é s U’y
O w 0 "Qaoh 'y
O; 0 & Oh :]'j
. € . > rr
Ow 0 w oh Ch
é
0 & 0 o Fryp (30)
é L
Orw 0 "Qadh U’y
& ) Uy
Oy 0 ®w oOh LY
& l’l’
O 6 & 0 ::
é .
o~ s . . . &P
O w o] w 0 rh,
é Y
O o] "Q aid h V]
where| =—, g.c.d((To, 'Q =1, and i=1,2. Alsof) is a lower common multiple of ® and’Q h
” B N: | | D .
o ® Q QU pria meB py, (31)

m eI VQ Q
whenever o of oMM ofw of oy ol ol oM o
is a solution of system (27-28) and @ ofw oMh o 6 moH 6 nw 8
6 T, solved system (28-29).
Whenever @ ofn ofBho o 6 mhw 6 mw 8 & 1 isasolution to system
(28-29) : then
w ofty ol ofw of ohy of ofw o o

® 0hO&w o0MhO w 0l 0hOw o6MhO ®w oOfh
® OhO® o6MhO @ O satisfies system (27-28).

Consider the following multi- fractional differential equation:

0O w6 WO wd E & O wdo E & "Qwo ho = (32)
w T o ,k=01,..4 -1 (33)
where (bc‘)v N Y, QOO Y s a continues function 'O P 'Y and @ , i=l,...,n are constant numbers.
The order | hQ plgB rE are rational numbers such that p | a vN® ,i=12,..., n,

| | E | pand @0 N 6 ¢hid is a solution of system (27-28).
Corollary (2.2.2), [11]

Suppose that "Qw 0 is a real valued continuous function such that "Qw O oo and
equation (32-33) has a unique solution o N & ¢fHb . Then, the zero solution to equation (32-33) is
asymptotically stable if A O.Cs — , where _ is a solution to the characteristic equation A A O O

0 ™ — ,and
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T p m T 8 1 v
AP T8 T A © QP o o
0 & € é € éE é ,and ® ® Q| 0 phQ pkBrE p
g o n o mEn T BRI VR Q
P AT AR A A 8 w o

Theorem (2.2.3)

Consider the nonlinear multi-fractional order differential-algebraic feedback control system (26-27),

such that it satisfies the following conditions:

™

1. AOC s — ,where _is a solution to the characteristic equation AA OO o
T p m T 8 Tt
.o Top T8 T
[ —and o A € é € éE é€ x,k=1234
n o m o omE p
gl O b @ 8 o
. w Qp
:’pr ® 0
. o0 Qo .
and . . . - For o
v w L Q1
Iy P Q|0 phHQ pkBRE p
l\'r ~
. w Qp
:’pr ® 0
. 0 Qo .
w . . . - For o
v w v Q1
' P Q|0 pAQ pkfBFRE p
w
" G Qpp ©Opp QP
i O Opp Qrr Q¢
o B ~(bﬁﬁ~(bﬁb Orr QO For §
PB  Hrp 0 Hpp QT
¥ p Q0 phQ pkMBRE p
l)’ ~
v O wp Qp
R
& ) B N(JL)HHN(.A)HU Whi Qo For &
\Fp WERWEL  ORR 1
Uy P Q|0 pRQ pkMBRE p
w
2. EOWA € MYE as AEC TU
''"Qoih ¢ 0whowhow 7
where 00 1@y "Q wFfo C 'O @h'O h'O ¢ nand O, i=1,.3 arethe nonnegative
1 . . . . Y]
IWrR Qoo € O wh'O whO @ n
¥

u
continuous functions and

that EQoh'O A& U o

‘ are
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Proof
From theorem (2.2.1), we can transform the system (24-25) which defined as folows:
O wo 0O o O®o dOwod LW 0 O KO

into a system of a single fractional order equations
Ow 0 w oh

é
Ow 0o w 0,
é
O w 0 W 0,
é
O w o} Do OWwod OULO O U ;o
such that
T p T T8 mo
Il T p T8 T o
o 1 € é é é E é -’-,and
HITT Tt Tt m E p l’:
w o oo 8 w U
; w Qp
I,I’ (I) ’?‘Q c
; ' ®L Qo
® . - .
Iy w U Q1
v p Q| 0 phHQ plBFE p
Vg
Now, we transfer equation
O wo 0O ®0 HOwod dOWwWd WUWFEO ®UL®FO
into
Ow O ® oh
s
Ow 0o w 0,
s
O w 0 w 0,
é
O w o] OO0 Owod OUW,O UL ;O
such that
T p T m8 mo,
Tt n p T8 M o
o] i é é é é _E é -’,and
HITU Tt Tt m E P |”|
w o o e 8 o u
. w Qp
I-,I’ (I) ’TQ c
. ' ®©0 Mo
w . . . .
Iy WL Q1
' o Q|0 pha pkBR p
Vg
Now, we transfer equation
O wo 0O 0 OO Opp W ®O0 O Opf Wpp ® O
B Qpr0p0  Opp Of 0 B Qpr0r0  Qpp ©f O
into
Ow o ® oh
s
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Ow © W 0,
é
O w 0 W 0,
5
O w 0 ® Qpp Wpf @O0 O Orp Wfp O O B  Qpp®Of0
Ofpp Of O B Wi Or0  Dpp ©f O ,suchthat
T p T T8 mo
W T p T8 T
0 né é € éE €& , and
Mt M M | E oo
w o 0;) @ ~8 O)NL'J’
o O WRE  WRE QP
o ® Opp Wi QG
o ) B Qpr0pl Opp Qo0
PB Qprdr0 Orp QT
rr P Q| 0 phHQ plkB R p
Vg
Now, we transfer equation
O o 0O O O WO O WLRW O B ®ff0f0
DOpp WOf O B Orr0r0 Dpp @f O
into
Ow 6 ® oh
5
Ow 0 0,
5
O w 0 W 0,
é
Ow 0 OOFOO0 O QOF® O
B Orr0r0  Opp Of O B Orr0r0 Dpp @f O
such that
T p T m8 mo,
o Tp T8 T
(0} e e e e E e =~
1Tt Tt Tt m E p n
w o o o 8~ w U
o O wp Qp
o ®» 0 Q¢
and & ) B wirwp0d O Qo
IB  Orpdr0  &Hrp Q1
Uy P N0 phHQ pikBRE p
o
From condition (1), we have thatsA Og s —,then 0 , k=1, 2, 3, 4 are stable, and from condition
(2, we have that Omt O 0 wt MQwhwl C 0 whO ®hO &

Qo C 0 whO ®h0 ®
Orr Qo C 0 wh'O ®hO ®
® Qo C 0 whO whO o
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AQowholy A o “ EO & +£Qoho A o
C EOE O AQohol A o ‘C EO 0E +0 AQohohl A o
¢ E£O wE .

since £0M™O O wA & ¥  asAEC T thusl Eglge % T, implies that

EE—EE — ,where 0 F) 1t Then, we can complete the proof as in theorem (2.1.1).

Moreover, /v 0 & 6 000 0°‘ A&O we A& hence Ay 0 AC TU
Then, the solution of (24-25) is asymptotically stable.

Example (2.2.4)
Consider the following nonlinear multi-fractional order differential- algebraic with feedback control

system

L, 0 0o 0O wo
I 0 wo O won
"o oo 0 & of
U0 & 0 0 @ ou
moo© @ © o © 0 Ao 0,
v Y oo e
llﬁ» ® ® O o ® B O OUL & B ®»® 0L & I{-.‘f’h“).’:
:J,p)cocomww B O G0 & B & do & WhoU
W Qo C 0 wR0o R0 o

' Qo ¢ 0 whOo who o -~

+
'do Qo ¢ O GhOo whO o
Lp) MQowhohw C OwhOoohOoou

n,('ool’l
. ” w0 o e e
Go B b D0 DO oy Qo ¢ G0 ®hO ®h'0 ® (35)
1 1
Wi o
where | -h - d® B O o0 O B ® OO & q,
G O 0 O L OLH O @ O O 1)
B w wov (&) I I B w wo ) T,

B L mhko o -.
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From theorem (2.2.1), equation (36) becomes
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The coefficient matrix of system (38) can be written as
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To obtain the eigenvalues of 0 , A 5
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Then, from corollary (2.2.2), we have that 0 is stable.
It is easy to

demonstrate O E 0@ oo ¢ O whO whOw oo o0° A0 o&
satisfies the following
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By continuing in this way with other equations of (3), and
Ay O A& m m - D00 O0° A&O we AE hence Ay 0 £C TrasaEC 18
By using theorem (2.2.3), then the zero solution of equation (34-35) is asymptotically stable.
Conclusions

We studied the asymptotic stability for the proposed multi- fractional differential-algebraic control

systems, involving multi control inputs, which needed to be transformed to single-fractional
differential systems, using sufficient and necessary conditions.
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