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Abstract 

     The aim of this paper is to study the asymptotically stable solution of nonlinear 

single and multi fractional differential-algebraic control systems, involving feedback 

control inputs, by an effective approach that depends on necessary and sufficient 

conditions. 
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الجبرية  غير الخطية ذات الرتب  –الاستقرارية التامة لبعض الانهاع من انظمة السيطرة  التفاضلية 
 الكسرية

 

 سمير قاسم حسن
، بغداد، العراقالجامعة المدتنررية ،كلية التربية ،قدم الرياضيات   

                                                                                    

 الخلاصه
 -غير الخطية التفاضليةالديطرة نظمة راسة االاستقرارية التامة لحل االهدف  في هذا البحث هه د      

التي تحهي مدخلات سيطرة ذات تغذية تراجعية  من المذتقات الكدرية  الجبرية ذات مذتقة واحدة او متعدد 
 خلال اسلهب فعال يعتمد على شروط ضرورية وكافية.

                                                                                 

1. Introduction 

    The nonlinear fractional order differential-algebraic control systems appear in a variety of theories 

and applications. The theory of fractional descriptor ordinary and fractional partial differential 

equations, with different types of derivatives, have recently been addressed by several researchers for 

different problems. It is well known that descriptor systems or differential-algebraic systems are the 

major research fields of the control theory. During the past two decades, differential-algebraic systems 

attracted much attention due to the comprehensive applications in economics singular systems, not 

only those containing differential or difference equations as normal systems but also algebraic 

equations. Thus, their description is considered as being more general. Their class of systems has been 

widely studied, not only because of theoretical interest but also because of its extensive applications in 

areas such as robotics and power systems. The necessary and sufficient conditions for the solvability,  

positivity, and asymptotic stability and stabilization of the fractional descriptor linear systems were 

established [1-7, 8, 9]. Earlier works [10, 11] studied the partial eigenvalue assignment for 

stabilization of descriptor fractional discrete-time linear systems or by  derivative state feedback.  In 

other investigations [12, 10], the stabilization problem of singular fractional-order systems with 
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fractional commensurate fractional order,  via static output feedback, was studied . The stability 

problem of descriptor second-order systems was also considered [13]. Lyapunov equations for 

stability of second-order systems were established by using Lyapunov method. The robust 

admissibility problem in singular fractional-order continuous time systems was also studied with a 

static output feedback controller that is designed for the uncertain closed-loop system to be admissible 

[14]. Other articles studied the robust stability and stabilization of uncertain fractional-order 

differential-algebraic nonlinear systems [15, 13]. 

     Our intersect in this paper is to study the asymptotic stability of nonlinear fractional order 

differential-  algebraic control systems, involving feedback input controls. Also, we aim to study 
single-fractional (15-16) and multi-fractional (21-22) order differential – algebraic control equations . 

    The following definitions and results are needed later on. 

Definition (1.1), [16] 

     Let Ὢ  be a function such that ὪȡπȟЊ ᴼὙ. The ‌ fractional order Caputo derivative is defined as  

 Ὀ Ὢὸ ᷿ ὸ ί Ὢ ίὨί ,  ὲ ρ ‌ ὲȟ where ɜ denotes the gamma 

function. 

Lemma (1.1 ), [17] 

     The degree polynomial ὥ‗ ὥ ‗ Ễ ὥ π is asymptotically stable if it holds  

the  following condition:  ȿὥὶὫ‗ȿ  ‌  for all zeros ‗ȟὭ ρȟȣȟὲ  . 

Definition (1.1), [18] 

The following fractional order system  

 Ὀ ὼὸ ὃὼὸ 

  ὼπ ὼȟπ ‌ ρ,  
where x= ὼȟὼȟȣȟὼ  and ὼ ὼ ȟὼ ȟȣȟὼ , ὃ‭Ὑ  is   

a) stable if for any ὼ there exists ‭ π such that ᴁὼᴁ ‭ for ὸ πȢ 
b) asymptotically stable if  ÌÉÍOᴁὼᴁ πȢ 
Lemma (1.2), [18]  

Consider the linear fractional control system   

   Ὀ ὼὸ ὃὼὸ ὄόὸ 

  ὼπ ὼȟπ ‌ ρ, where x= ὼȟὼȟȣȟὼ  and  ὼ ὼ ȟὼ ȟȣȟὼ ,  

όᶰὒ πȟЊȟὙ ȟὃ‭Ὑ ὄ‭Ὑ . The system is stable if and only if  ȿὥὶὫ‗ȿ  ‌  , 

for all zeros  ‗ȟὭ ρȟȣȟὲȢ 
2. Nonlinear Fractional Order Differential-Algebraic Control Systems 

     The following two types of nonlinear fractional order differential-algebraic control systems are 

presented. 

2.1. Single- Fractional Order Differential -Algebraic Control Equations 

Consider the nonlinear single fractional order differential -algebraic control system: 

Ὀ ὼ ὸ В ὥὼὸ В ὦ ό ὸ Ὢὼȟὼȟὼ)Ç( ὈὼȟὈὼȟὈὼ                  (1) 

Ὀ ὼ ὸ В ὥὼὸ В ὦ ό ὸ Ὢὼȟὼȟὼ) Ç( ὈὼȟὈὼȟὈὼ                  (2) 

           ὼ ὸ=В ὥ ὼὸ В ὦȟό ὸ Ὢὼȟὼȟὼ) Ç( ὈὼȟὈὼȟὈὼ                   (3) 

where ὥȟὥȟὥȟὦȟὦȟÁÎÄ ὦ are constants, ὼᶰὙ are state vectors, i=1…3, π ‌ȟ‍ȟ‎ȟ‏ ρ 
ό ὸᶰὙ, Ὦ =1,2  are control input functions, and Ὢ, Ç , i=1…3 are varying nonlinear time values . 

The linear system of (1-3)  is: 

Ὀ ὼ ὸ В ὥὼὸ В ὦȟό ὸ                                                                                     (4)                                

Ὀ ὼ ὸ В ὥὼὸ В ὦȟό ὸ                                                                                     (5) 

          ὼ ὸ=В ὥὼὸ В ὦȟό ὸ                                                                                         (6) 

From  (6), it is given that : 

          ὼ ὸ =
В ȟ

 

Hence, 

 Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ ὥ
В ȟ

 В ὦ ό ὸ  
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Ὀ ὼ ὸ  ὥ ὼ ὸ ὥ ὼ ὸ ὥ
В ȟ В ὦ ό ὸ  

then, 

Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ ὥ
В ȟ В ὦ ό ὸ       (7)                                                                                                                                                                      

 Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ ὥ
В ȟ В ὦȟό ὸ    (8)                                                                                                                                                   

For more simplicity, let ὥ ὥ      , ὥ ὥ ȟὥ ὥ      

 , ὥ ὥ ȟὥ            , ὥ  ȟὦ ȟ
 ὦ  , ὦ ȟ ὦ , 

  ὦ ὦ ,ὦ ὦ   , ὦ В ὥ  ,ὦ В ὥ  

Equations (7) and (8) become , 

Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ В ὦ ό ὸ                                                                          (9) 

Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ В ὦ ό ὸ                                                                       (10) 

         ὼ ὸ=ὥ ὼ ὸ ὥ ὼ ὸ В ὦ ό ὸ                                                                           (11) 

Now, we consider the following related linear feedback control system 

Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ ὦ ὼ ὸ+ὦ ὼ ὸ                     (12) 

Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ ὦ ὼ ὸ+ὦ ὼ ὸ                     (13) 

ό ὸ ὑὼ ὸό ὸ ὑὼ ὸ                                                                                                   (14) 

where  ὼ ȟὼ ᶰὙȟ ὥ ȟὥ ȟὥ , ὥ , ÁÎÄ ὑ  are constants. 

For the nonlinear multi-fractional order differential -algebraic control system in equations (10-11) with 

equations (12-13), we obtain: 

ụ
Ụ
Ụ
Ụ
ợ
Ὀ ὼ ὸ

Ὀ ὼ ὸ

Ὀ ὼȟ ὸ

Ὀ ὼȟ ὸỨ
ủ
ủ
ủ
Ủ

  

=

ụ
Ụ
Ụ
Ụ
ợ

ὥ ὥ ὦ ὑ

ὥ ὥ ὦȟὑ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

В ὦ ὦ ὑ ὥ

В ὦ ὦ ὑ ὥ

ὦ ὑ

ὦȟὑ

  В ὦ ὦ ὑ ὥ

     В ὦ ὦ ὑ ὥ Ứ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ
ὼȟ ὸ

ὼȟ ὸỨ
ủ
ủ
ủ
Ủ

+

ụ
Ụ
Ụ
Ụ
Ụ
ợὪὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

                                                                               (15) 

 ὼ ὸ ὥ ὥ ὦȟὑ ὦȟὑ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ

ὼȟ ὸ

ὼȟ ὸỨ
ủ
ủ
ủ
Ủ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ           (16) 

Thus, 

Ὀ ὼὸ=ὃὼ ὊὼὋ Ὀὼ                                                                                                         (17) 

ὼ ὸ=ὄὼ ὪὼÇ Ὀὼ                                                                                                               (18) 

where 

ὃ

ụ
Ụ
Ụ
Ụ
ợ

ὥ ὥ ὦ ὑ

ὥ ὥ ὦȟὑ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

В ὦ ὦ ὑ ὥ

В ὦ ὦ ὑ ὥ

ὦ ὑ

ὦȟὑ

  В ὦ ὦ ὑ ὥ

     В ὦ ὦ ὑ ὥ Ứ
ủ
ủ
ủ
Ủ
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ὄ ὥ ὥ ὦ ὑ ὦ ὑ , ὊὼὋ Ὀὼ  

ụ
Ụ
Ụ
Ụ
Ụ
ợὪὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

 

 ὪὼÇ Ὀὼ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ . 

Lemma (2.1.1), [19] 

The Mittage-Leffler function  %ȟ !Ô   satisfies the following  

i.  %ȟ!Ô    +
ȟ
Å  , ɻ ρȢ  

ὭὭȢ%ȟ !Ô    +
ȟ
Å  , ɻ ρ,  

where  !ᶰὙ  , +
ȟ
+

ȟ
 are finite real constants such that  +

ȟ
ρ, +

ȟ
ρ. 

Lemma (2.1.2), [19] 

    Let  π v(t) be a nonnegative function that is locally integrable on [0,T), let a(t) be a 

nonnegative,nondecreasing continuous function that is defined on [0,T),  and let a(t) <M  . Suppose 

that z(t) is nonnegative and locally integrable on [0,T)  with   z(t) v(t)+a(t)᷿Ô ʐ z(ʐdʐ. If  

v(ὸ) is a non-decreasing function on [0,T), then we have   

  z (t) v(t) %   ÁÔÔ Ȣ 
Theorem (2.1.3) 

Suppose that the following nonlinear fractional order differential-algebraic control system   

(17-18) with feedback control (14) satisfies the following conditions: 

1. Re(eig (A))<0     and       –max Re(eig (A)) > ‌ 

2. ᴁὊὼὋ Ὀὼᴁ ᴁὪὼᴁ έᴁὼᴁ  as ᴁὼᴁO π. 

where Ὂὼ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợὪὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ
Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

  and   ὑ  , i=1,..3  are the  nonnegative 

continuous function,  and ‘  are  the continuous non-decreasing  positive functions , such 

that ᴁὫ ὸȟὈὼᴁ ὑ ὸ ‘ ᴁὈὼᴁ, i=1,..3. 

 Then, the system (15) is a locally asymptotically stable. 

Proof 

By taking the Laplace transformation to (17), we get  

ίὢί ί ὼ=ὃὢί flὊὼὋ Ὀ  , thus 

 ὢί Ὅί ὃ ί ὼ flὊὼὋ Ὀὼ                                                                        

(19) 

 By taking the Laplace inverse  transformation to (19), we obtain  

x(t)=Ὁȟ(ὃὸ ὼ ᷿ ὸ † Ὁȟ(ὃὸ †  Ὂὼ† Ὃ Ὀὼ†d † 

From lemma (2.1.1), we have  

ᴁὼὸᴁ =ὒ Ὡ ᴁὼᴁ ὒ᷿ ὸ † Ὡ Ὂὼ† Ὃ Ὀὼ†  d † 

From condition (1), the matrix ὃ is stable and there is a constant ὒ π such that Ὡ ὒὩ , 

hence, 

ᴁὼὸᴁ ὒὒὩ ᴁὼᴁ ὒὒ᷿ ὸ † Ὡ Ὂὼ† Ὃ Ὀὼ†  d † 

From condition (2), we get 

   

Ὂὼ† Ὃ Ὀὼ†

Ὢὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ
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ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ  

ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ ‘ ᴁὈὼᴁ +ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ‘ ᴁὈὼᴁ 

ὦȟȟᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ ‘ ᴁὈὼᴁ + ὦȟȟᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ ‘ ᴁὈὼᴁ . 

Since ᴁὊὼὋ Ὀὼᴁ έᴁὼᴁ  as ᴁὼᴁO π, thus ÌÉÍᴁᴁO
ᴁ ᴁ

ᴁᴁ
π , which implies that 

ᴁ ᴁ

ᴁᴁ
 , therefore 

Ὂὼ† Ὃ Ὀὼ† ὑ ὸ‘ ᴁὈὼᴁ ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ‘ ᴁὈὼᴁ

ὦȟȟ ὦȟȟ ὑ ὸ‘ ᴁὈὼᴁᴁὼᴁ . 

Now,we set that   ὒ ὑ ὸ‘ ᴁὈὼᴁ ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ‘ ᴁὈὼᴁ  

                  ὦȟȟ ὦȟȟ ὑ ὸ‘ ᴁὈὼᴁ  

We have 

 ᴁὼὸᴁ ὒὒὩ ᴁὼᴁ ὒ᷿ ὸ † Ὡ  ᴁὼ†ᴁd †, thus 

 Ὡ ᴁὼὸᴁ ὒὒὩ ᴁὼᴁ ὒ᷿ ὸ † Ὡ  ᴁὼ†ᴁ 

By using Gronwall inequality and lemma(2.1.2), we have 

Ὡ  ᴁὼὸᴁ ὒὒᴁὼᴁὉȟ(ὒɜ‌ὸ  ὒὒᴁὼᴁὩ  , then 

ᴁὼὸᴁ ὧὒὒᴁὼᴁὩ  

As Њ , ᴁὼὸᴁ π for ‫ ὒɜ‌ . 

From condition  (2) , we have that ὼO π as ὸO   ȟὼ ὸ =ὄὼ ὪὼÇ Ὀὼ. We get  

ᴁὼ ὸᴁ ᴁὄὼᴁ ᴁὪὼᴁὫ ὸȟὈ ὼ . Now, since ᴁὪὼᴁ= έᴁὼᴁ  as ᴁὼᴁO πȟ  this 

implies that   ÌÉÍᴁᴁO
ᴁ ᴁ

ᴁᴁ
=0, so that  

ᴁ ᴁ

ᴁᴁ
ȟ and since   Ὣ  ‏ ὸȟὈ ὼ ὑ ὸ 

‘ ᴁὈὼᴁ, therefore 

ᴁὼ ὸᴁ ᴁὄᴁ ὑ  ‏ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ.  

Hence, ᴁὼ ὸᴁO π, which implies that  system (17-18) is asymptotically stable. 

Example  (2.1.2) 

      The following single-fractional order differential-algebraic equations (19-20) with Caputo 

derivative are asymptotically stable, as follows 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὀ ὼ ὸ

Ὀ ὼ ὸ

Ὀ ὼȟ ὸ

Ὀ ὼȟ ὸỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

  

=

ụ
Ụ
Ụ
Ụ
ợ

ὥ ὥ ὦ ὑ

ὥ ὥ ὦȟὑ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

В ὦ ὦ ὑ ὥ

В ὦ ὦ ὑ ὥ

ὦ ὑ

ὦȟὑ

  В ὦ ὦ ὑ ὥ

     В ὦ ὦ ὑ ὥ Ứ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ
ὼ ὸ

ὼ ὸỨ
ủ
ủ
ủ
Ủ

+

ụ
Ụ
Ụ
Ụ
Ụ
ợὪὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

                                                                             (19)   
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ὼ ὸ ρ π π π

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ

ὼ ὸ

ὼ ὸỨ
ủ
ủ
ủ
Ủ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ                                     (20) 

 

 

ụ
Ụ
Ụ
Ụ
ợ

ὥ ὥ ὦ ὑ

ὥ ὥ ὦȟὑ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

В ὦ ὦ ὑ ὥ

В ὦ ὦ ὑ ὥ

ὦ ὑ

ὦȟὑ

  В ὦ ὦ ὑ ὥ

     В ὦ ὦ ὑ ὥ Ứ
ủ
ủ
ủ
Ủ

ς π π π
π ς π π
π
π
π
π
ς π
π ς

 

ụ
Ụ
Ụ
Ụ
Ụ
ợὪὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ὼὼὑ ὸ ‘ ᴁὈὼᴁ

ὼὼ ὑ ὸ ‘ ᴁὈὼᴁ

ὦ ὼὼὑ ὸ ‘ ᴁὈὼᴁ

ὦ ὼὼὑ ὸ ‘ ᴁὈὼᴁỨ
ủ
ủ
ủ
Ủ

 

To compute condition (1): 

Since  ὃ

ς π π π
π ς π π
π
π
π
π
ς π
π ς

  and the eig(ὃ  has values such as   ‗ȟȟ ς then  

 

ὙὩÅÉÇὃ π ÁÎÄ  ‫ ÍÁØὙὩὩὭὫὃ ς   ‌ ρȢχχς. 
 

To compute condition (2): 

 

ÌÉÍ ᴁӶᴁO
ȟ  ȟ  ȟ ȟ

ᴁӶ ᴁ
ÌÉÍ ᴁӶᴁO

 ᴁ ᴁ

ÌÉÍ ᴁӶᴁO ÌÉÍ ᴁӶᴁO ὼ ÌÉÍ ᴁӶᴁO ὼ π 

ÌÉÍ
 ᴁӶᴁO

Ὢὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ᴁὼӶὸᴁ
ÌÉÍ
 ᴁӶᴁO

ὼὼ ὑ ὸ ‘ ᴁὈὼᴁ

ὼ ὼ ὼ

ÌÉÍ
 ᴁӶᴁO

ὼὼ

ὼ
ÌÉÍ
 ᴁӶᴁO

ὼ ÌÉÍ
 ᴁӶᴁO

ὼ π 

 

ÌÉÍ
 ᴁӶᴁO

Ὢὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ᴁὼӶὸᴁ
ÌÉÍ
 ᴁӶᴁO

ὼὼ ὑ ὸ ‘ ᴁὈὼᴁ

ὼ ὼ ὼ

ÌÉÍ
 ᴁӶᴁO

ὼὼ

ὼ
ÌÉÍ
 ᴁӶᴁO

ὼ ÌÉÍ
 ᴁӶᴁO

ὼ π 

and  ᴁὼᴁO π. Then, by theorem (2.1.1) we show that the zero solution of the system (19-20) is 

asymptotically stable 

2.2. Multi - Fractional Order Differential –Algebraic Control Equation 

Consider the following nonlinear multi-fractional order differential – algebraic control system: 

Ὀ ὼ ὸ Ὀ ὼ ὸ В ὥὼὸ В ὦȟό ὸ Ὢὼȟὼȟὼ)Ç 

( ὈὼȟὈὼȟὈὼ                                                                                                                      (21) 
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Ὀ ὼ ὸ Ὀ ὼ ὸ В ὥὼὸ В ὦȟό ὸ Ὢὼȟὼȟὼ) Ç 

( ὈὼȟὈὼȟὈὼ                                                                                                                           (22) 

  ὼ ὸ=В ὥὼὸ В ὦ ό ὸ Ὢὼȟὼȟὼ) Ç( ὈὼȟὈὼȟὈὼ                           (23) 

where ὥȟὥȟὥȟὦȟȟὦȟÁÎÄ ὦ  are constants, ὼᶰὙ are state vectors, i=1..3 

ό ὸᶰὙ , i=1, 2 are control input functions, and  Ὢ, Ç , i=1…3 are varying nonlinear time values . 

System (21-23) yields a linear dynamical system, as follows 

Ὀ ὼ ὸ Ὀ ὼ ὸ В ὥὼὸ В ὦ ό ὸ  

Ὀ ὼ ὸ Ὀ ὼ ὸ В ὥὼὸ В ὦ ό ὸ  

 ὼ ὸ =В ὥὼὸ В ὦ ό ὸ         

We get 

Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ ὥ  
В

 

                                                      В ὦ ό ὸ 

Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ ὥ  
В

 

                                      В ὦȟό ὸ  

ὼ ὸ =
В

 

Assume that  

ὥ ὥ      , ὥ ὥ ,  ὥ ὥ      , ὥ ὥ ȟὥ  

   , ὥ  ȟὦ ȟ ὦ ȟὦ ȟ ὦ   , ὦ ȟ ȟ ὦ ȟὦ ȟ ȟ ὦ  

, ὦ ȟ ȟὦ ȟ
  

Therefore 

Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  В ὦ ό ὸ 

Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  В ὦ ό ὸ 

 ὼ ὸ =ὥ ὼ ὸ ὥ  ὼ ὸ В ὦ ό ὸȢ 
Now, consider the following related linear feedback control system 

Ὀ ὼȟ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  ὦ ὼ ὸ+ὦ ὼ ὸ 

Ὀ ὼȟ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  ὦ ὼ ὸ+ὦ ὼ ὸ 

ό ὸ ὑὼ ὸ ,  ό ὸ ὑὼ ὸ 

where ὼ ȟὼ ᶰὙȟ  and ὥ ȟὥ ȟὥ , ὥ , ÁÎÄ ὑ  are constants. 

We have that 

ụ
Ụ
Ụ
Ụ
ợ
Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼȟ ὸ Ὀ ὼȟ ὸ

Ὀ ὼȟ ὸ Ὀ ὼȟ ὸỨ
ủ
ủ
ủ
Ủ

 

=

ụ
Ụ
Ụ
Ụ
Ụ
ợ

ụ
Ụ
Ụ
Ụ
ợ

ὥ ὥ ὦ ὑ

ὥ ὥ ὦȟὑ

ὥ ὦ ὦ

ὥ ὦ

ὥ ὦ ὦ

ὥ ὦ

В ὦ ὦ ὑ ὥ

В ὦ ὦ ὑ ὥ

ὦ ὑ

ὦ ὑ

         В ὦ ὦ ὑ ὥ

          В ὦ ὦ ὑ ὥ Ứ
ủ
ủ
ủ
Ủ

Ứ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ
ὼ ὸ

ὼ ὸỨ
ủ
ủ
ủ
Ủ

+

ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

                                                                                (24) 
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ὼ ὸ ὥ ὥ ὦ ὑ ὦ ὑ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ

ὼ ὸ

ὼ ὸỨ
ủ
ủ
ủ
Ủ

Ὢὼȟὼȟὼ Ç ÔȟὈὼȟὈὼȟὈὼ      (25) 

Then  

Ὀ ὼὸ + Ὀ ὼὸ=ὃὼ ὊὼὋ ÔȟὈὼ                                                                         (26) 

    ὼ ὸ =ὄὼ ὪὼÇ ÔȟȟὈὼ, ὼ ὼȟὼȟὼ                                                                        (27) 

where 

ὃ

ụ
Ụ
Ụ
Ụ
ợ

ὥ ὥ ὦ ὑ

ὥ ὥ ὦȟὑ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

В ὦ ὦ ὑ ὥ

В ὦ ὦ ὑ ὥ

ὦ ὑ

ὦȟὑ

  В ὦ ὦ ὑ ὥ

     В ὦ ὦ ὑ ὥ Ứ
ủ
ủ
ủ
Ủ

 

ὄ ὥ ὥ ὦ ὑ ὦ ὑ , ὊὼὋ Ὀὼ  

ụ
Ụ
Ụ
Ụ
Ụ
ợὪὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

 

 ὪὼÇ Ὀὼ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ . 

2.2.3 The stable equivalent system 

Theorem (2.2.1), [11] 

Consider the following system of fractional differential equations 

 

Ὀ ὼ ὸ Ὢὼȟὸ

Ὀ ὼ ὸ Ὢὼȟὸ

 ể
Ὀ ὼ ὸ Ὢ ὼȟὸữ

Ử
Ữ

Ử
ử

                                                                                                                              

(28) 

 ὼ π ὼ   , i=1, 2,…, n; k=0,1,..,ά ρȟ ὸ π ,                                                                                

(29) 

  ὼ ὼ ὸȟὼ ὸȟȣȢȟὼ ὸ ,ὪᶰὙ,     

Where Ὢ , Ὥ =1,2,…, n are continuous functions , the fractional orders defend by  ά ρ ‌ ά ᶰ
ὤ , i=1,2,…, also  n means the N- dimensional system of the following fractional differential 

equations 
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Ὀὼ ὸ ὼ ὸȟ

ể
Ὀὼ ὸ ὼ ὸȟ

ể
Ὀὼ ὸ ὼ ὸȟ

ể
Ὀὼ ὸ Ὢὼȟὸȟ

Ὀȟὼ ὸ ὼ ὸȟ

ể
Ὀὼ ὸ ὼ ὸȟ

ể
Ὀὼ ὸ ὼ ὸȟ

ể
Ὀȟὼ ὸ Ὢὼȟὸȟ

ể
Ὀȟὼ ὸ ὼ ὸȟ

ể
Ὀȟὼ ὸ ὼ ὸ

ể
Ὀὼ ὸ ὼ ὸȟ

ể
Ὀȟὼ ὸ Ὢ ὼȟὸȟ ữ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ữ

Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
Ử
ử

                                                                                               (30) 

      where ‌=  ,  g.c.d(ὧ, Ὠ =1, and i=1,2. Alsoȟὓ is a lower common multiple of ὧ  and Ὠ ȟ  

 „  , N= ‌ ‌ ὓ. 

  ὼ ὼ Ὦ Ὧὓ ρȠὯ πȟρȟȣȟά ρ

π έὸὬὩὶύὭίὩ                                        
, i=1,2,…,n.                                                             (31)                                       

whenever ὼ ὸȟὼ ὸȟȣȟὼ ὸȟὼ ὸȟὼ ὸȟȣȟὼ ὸȟὼ ὸȟὼ ὸȟȣȟὼ ὸ  

 is a solution of system (27-28) and  ὼ ὸȟὼ ὸȟȣȟὼ ὸ ‭ὅ πȟὦ ὅ πȟὦ ȣ

ὅ πȟὦ, solved system (28-29). 

Whenever ὼ ὸȟὼ ὸȟȣȟὼ ὸ ‭ὅ πȟὦ ὅ πȟὦ ȣ ὅ πȟὦ is a solution to system 

(28-29) , then 

ὼ ὸȟὼ ὸȟȣȟὼ ὸȟὼ ὸȟὼ ὸȟȣȟὼ ὸȟὼ ὸȟὼ ὸȟȣȟὼ ὸ

ὼ ὸȟὈὼ ὸȟȣȟὈ ὼ ὸȟὼ ὸȟὈὼ ὸȟȣȟὈ ὼ ὸȟȣȟ 

ὼ ὸȟὈὼ ὸȟȣȟὈ ὼ ὸ satisfies system (27-28). 

 

Consider the following multi- fractional differential equation: 

 Ὀ ὼὸ ὦ Ὀ ὼὸ Ễ ὦ Ὀ ὼὸ Ễ ὦ Ὢὼὸȟὸ π                             (32) 

ὼ π ὼ , k=0,1,…,ά -1.                                                                                                          (33)  

     where  ὼὸᶰὙ, ὪȡὈᴼὙ  is a continues function  ὈṖὙ  and ὦ , i=1,…,n are constant numbers. 

The order ‌ȟὭ ρȟςȟȣȟὲ are rational numbers such that  ά ρ ‌ ά ᶰὤ  , i=1,2,…, n,  

‌ ‌ Ễ ‌ȟ and  ὼὸᶰὅὥȟὦ  is a solution of system (27-28).                                                                                                  

Corollary  (2.2.2), [11] 

     Suppose that Ὢὼὸ  is a real valued continuous function such that  Ὢὼὸ ὦὼὸ and 

equation (32-33) has a unique solution ὼὸᶰὅὥȟЊ . Then, the zero solution to equation (32-33) is 

asymptotically stable if ȿÁÒÇ‗ȿ   , where  ‗ is a solution to the characteristic equation ÄÅÔ ‗Ὅ

ὃ πȢ ‎   , and 
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ὃ

ở

Ở
ờ

π ρ π
π π ρ
ể
π
ὥ

ể
π
ὥ

ể
π
ὥ

π ȣ π
π ȣ π
ể Ệ ể
π Ễ π

ὥ ȣ ὥ
Ợ

ỡ
Ỡ

, and    ὥ
ὦ Ὦ ρ
ὦ Ὦ ‌

π έὸὬὩὶύὭίὩ

ὓ ρȟὭ ρȟςȟȣȟὲ ρ 

Theorem (2.2.3) 

Consider the nonlinear multi-fractional order differential-algebraic feedback control system (26-27), 

such that it satisfies the following conditions: 

1. ȿÁÒÇ‗ ȿ   , where  ‗ is a solution to the characteristic equation ÄÅÔ ‗Ὅ ὃ πȢ 

‎   and ὃ

ở

Ở
ờ

π ρ π
π π ρ
ể
π
ὥ

ể
π
ὥ

ể
π
ὥ

π ȣ π
π ȣ π
ể Ệ ể
π Ễ ρ

ὥ ȣ ὥ
Ợ

ỡ
Ỡ

 , k=1,2,3,4 

and   ὥ

ừ
ỬỬ
Ừ

ỬỬ
ứ
           ὥ Ὦ ρ                                       
             ὥ Ὦ ς                                         

 ὦ ὑ Ὦ σ                                  

 ὦ ὑ Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

     For ὃ 

 ὥ

ừ
ỬỬ
Ừ

ỬỬ
ứ

           ὥ Ὦ ρ                                       
             ὥ Ὦ ς                                         

 ὦ ὑ Ὦ σ                                  

 ὦ ὑ Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

              For   ὃ  

 

 ὥ

ừ
Ử
Ử
Ừ

Ử
Ử
ứ
           ὥ ὦȟȟ ὦȟȟ Ὦ ρ                                       

             ὥ ὦȟȟ ὦȟȟ Ὦ ς                                         

 В ὦȟȟὦȟὑ ὥȟȟ Ὦ σ                                  

 В ὦȟȟὦȟὑ ὥȟȟ Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

 For ὃ  

ὥ

ừ
Ử
Ử
Ừ

Ử
Ử
ứ

           ὥ ὦȟ Ὦ ρ                                       

             ὥ ὦȟ Ὦ ς                                         

 В ὦȟȟὦȟὑ ὥȟȟ Ὦ σ                                  

В ὦȟȟὦȟὑ ὥȟȟ  Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

For ὃ  

2. ᴁὊὼᴁ έᴁὼᴁ  as ᴁὼᴁO π. 

where Ὂὼ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợὪὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ
Ứ
ủ
ủ
ủ
ủ
ủ
Ủ

  and   ὑ  , i=1,..3  are the  nonnegative 

continuous functions  and ‘  are  the continuous nondecreasing  positive functions, such 

that ᴁὫ ὸȟὈὼᴁ ὑ ὸ ‘ ᴁὈὼᴁ, i=1,..3. Then, the system is a locally asymptotically stable. 
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Proof 

From theorem (2.2.1), we can transform the  system (24-25) which defined as folows: 

  Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  ὦ ὑὼȟ ὸ ὦ ὑὼȟ ὸ  

into a system of a single fractional order equations 

 Ὀὼ ὸ ὼ ὸȟ 

 ể 
 Ὀὼ ὸ ὼ ὸ, 

 ể 
 Ὀὼ ὸ ὼ ὸ, 

 ể 
 Ὀὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  ὦ ὑὼȟ ὸ ὦ ὑὼȟ ὸ  

such that 

 ὃ

ụ
Ụ
Ụ
Ụ
ợ
π ρ π
π π ρ
ể
π
ὥ

ể
π
ὥ

ể
π
ὥ

π ȣ π
π ȣ π
ể Ệ ể
π Ễ ρ

ὥ ȣ ὥ Ứ
ủ
ủ
ủ
Ủ

 , and   

 ὥ

ừ
ỬỬ
Ừ

ỬỬ
ứ
           ὥ Ὦ ρ                                       
             ὥ Ὦ ς                                         

 ὦ ὑ Ὦ σ                                  

 ὦ ὑ Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

 

Now, we transfer equation  

     Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  ὦ ὑὼȟ ὸ ὦ ὑὼȟ ὸ  

into  

 Ὀὼ ὸ ὼ ὸȟ 

 ể 
 Ὀὼ ὸ ὼ ὸ, 

 ể 
 Ὀὼ ὸ ὼ ὸ, 

 ể 
 Ὀὼ ὸ ὥ ὼ ὸ ὥ ὼ ὸ  ὦ ὑὼȟ ὸ ὦ ὑὼȟ ὸ  

such that 

 ὃ

ụ
Ụ
Ụ
Ụ
ợ
π ρ π
π π ρ
ể
π
ὥ

ể
π
ὥ

ể
π
ὥ

π ȣ π
π ȣ π
ể Ệ ể
π Ễ ρ

ὥ ȣ ὥ Ứ
ủ
ủ
ủ
Ủ

, and  

  ὥ

ừ
ỬỬ
Ừ

ỬỬ
ứ

           ὥ Ὦ ρ                                       
             ὥ Ὦ ς                                         

 ὦ ὑ Ὦ σ                                  

 ὦ ὑ Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

 

Now, we transfer equation  

     Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὥ ὦȟȟ ὦȟȟ ὼ ὸ ὥ ὦȟȟ ὦȟȟ ὼ ὸ

В ὦȟȟὦȟὑ ὥȟȟ ὼȟ ὸ В ὦȟȟὦȟὑ ὥȟȟ ὼȟ ὸ 

into  

 Ὀὼ ὸ ὼ ὸȟ 

 ể 
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 Ὀὼ ὸ ὼ ὸ, 

 ể 
 Ὀὼ ὸ ὼ ὸ, 

 ể 
Ὀὼ ὸ ὥ ὦȟȟ ὦȟȟ ὼ ὸ ὥ ὦȟȟ ὦȟȟ ὼ ὸ В ὦȟȟὦȟὑ

ὥȟȟ ὼȟ ὸ В ὦȟȟὦȟὑ ὥȟȟ ὼȟ ὸ , such that 

 ὃ

ụ
Ụ
Ụ
Ụ
ợ
π ρ π
π π ρ
ể
π
ὥ

ể
π
ὥ

ể
π
ὥ

π ȣ π
π ȣ π
ể Ệ ể
π Ễ ρ

ὥ ȣ ὥ Ứ
ủ
ủ
ủ
Ủ

, and   

ὥ

ừ
Ử
Ử
Ừ

Ử
Ử
ứ
           ὥ ὦȟȟ ὦȟȟ Ὦ ρ                                       

             ὥ ὦȟȟ ὦȟȟ Ὦ ς                                         

 В ὦȟȟὦȟὑ ὥȟȟ Ὦ σ                                  

 В ὦȟȟὦȟὑ ὥȟȟ Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

 

Now, we transfer equation  

     Ὀ ὼ ὸ Ὀ ὼ ὸ ὥ ὦȟὼ ὸ ὥ ὦȟὼ ὸ  В ὦȟȟὦȟὑ

ὥȟȟ ὼȟ ὸ В ὦȟȟὦȟὑ ὥȟȟ ὼȟ ὸ  

into  

 Ὀὼ ὸ ὼ ὸȟ 

 ể 
 Ὀὼ ὸ ὼ ὸ, 

 ể 
 Ὀὼ ὸ ὼ ὸ, 

 ể 
 Ὀὼ ὸ ὥ ὦȟὼ ὸ ὥ ὦȟὼ ὸ  

В ὦȟȟὦȟὑ ὥȟȟ ὼȟ ὸ В ὦȟȟὦȟὑ ὥȟȟ ὼȟ ὸ  

such that 

 ὃ

ụ
Ụ
Ụ
Ụ
ợ
π ρ π
π π ρ
ể
π
ὥ

ể
π
ὥ

ể
π
ὥ

π ȣ π
π ȣ π
ể Ệ ể
π Ễ ρ

ὥ ȣ ὥ Ứ
ủ
ủ
ủ
Ủ

 

and   ὥ

ừ
Ử
Ử
Ừ

Ử
Ử
ứ

           ὥ ὦȟ Ὦ ρ                                       

             ὥ ὦȟ Ὦ ς                                         

 В ὦȟȟὦȟὑ ὥȟȟ Ὦ σ                                  

В ὦȟȟὦȟὑ ὥȟȟ  Ὦ τ                                      

         ρ         Ὦ ‌ὓ ρȟὭ ρȟςȟȣȟὲ ρ

 

From condition (1), we have thatȿÁÒÇ‗ ȿ , then  ὃ  , k=1, 2, 3, 4 are stable, and from condition 

(2), we have that Ὂὼ† Ὃ Ὀὼ† Ὢὼȟ  ὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ  

ὦȟȟὪὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ  
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ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ ‘ ᴁὈὼᴁ +ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ 

‘ ᴁὈὼᴁ ὦ ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ ‘ ᴁὈὼᴁ +ὦ ᴁὪὼȟ  ὼȟὼ ᴁὑ ὸ 

‘ ᴁὈὼᴁ . 

since ᴁὊὼὋ Ὀὼᴁ έᴁὼᴁ  asᴁὼᴁO π, thus ÌÉÍᴁᴁO
ᴁ ᴁ

ᴁᴁ
π , implies that 

ᴁ ᴁ

ᴁᴁ
 , where ὒȟὒ π. Then, we can complete the proof as in theorem (2.1.1).  

Moreover,  ᴁὼ ὸᴁ ὄ ὒὒὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ , hence ᴁὼ ὸᴁO π. 

Then, the solution of (24-25) is asymptotically stable. 

Example ( 2.2.4 )  

Consider the following nonlinear multi-fractional order differential- algebraic with feedback control 

system 

ụ
Ụ
Ụ
Ụ
ợ
Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸỨ
ủ
ủ
ủ
Ủ

 

=

ụ
Ụ
Ụ
Ụ
Ụ
ợ

ụ
Ụ
Ụ
Ụ
ợ

ὥ ὥ ὦ ὑ

ὥ ὥ ὦȟὑ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

ὥ ὦ ὦ

В ὦ ὦ ὑ ὥ

В ὦ ὦ ὑ ὥ

ὦ ὑ

ὦȟὑ

  В ὦ ὦ ὑ ὥ

     В ὦ ὦ ὑ ὥ Ứ
ủ
ủ
ủ
Ủ

Ứ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ
ὼȟ ὸ

ὼȟ ὸỨ
ủ
ủ
ủ
Ủ

+

ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

                                                                                   (34)       

 ὼ ὸ ὥ ὥ ὦ ὑ ὦ ὑ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ

ὼȟ ὸ

ὼȟ ὸỨ
ủ
ủ
ủ
Ủ

 Ὢὼȟὼȟὼ Ç ÔȟὈὼȟὈὼȟὈὼ          (35)                                             

where ‌ ȟ‌  ȟὥ ὥ В ὦ ὦ ὑ ὥ В ὦ ὦ ὑ ὥ ς,  

           ὥ ὦ ὑ ὦ ὑ ὥ ὦ ὑ ὦ ὑὥ ὦ ὦ ὥ ὦ ὦ

В ὦ ὦ ὑ ὥ ὥ ὦ ὥ ὦ В ὦ ὦ ὑ ὥ π, 

ὥ ὥ ὦ ὑ π   ȟὦ ὑ  . 

 

ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ὦ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ Ứ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ὼὼὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ

ὼὼ ὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ

ὦ ὼὼὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ

ὦ ὼὼὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁỨ
ủ
ủ
ủ
Ủ

 

  We have that 

 

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼȟ ὸ Ὀ ὼȟ ὸ

Ὀ ὼȟ ὸ Ὀ ὼȟ ὸỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ω
φτ π π            π

π ω
φτ π           π

π
π

π
π

ω
φτ
π

π
ω
φτỨ
ủ
ủ
ủ
Ủ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ

ὼȟ ὸ

ὼȟ ὸỨ
ủ
ủ
ủ
Ủ
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 ὼ ὸ π π π

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ

ὼ ὸ

ὼ ὸỨ
ủ
ủ
ủ
Ủ

ὼὼὑ ὸ ‘ ᴁὈὼᴁ  

Suppose that 

ὼӶ

ụ
Ụ
Ụ
Ụ
ợ
ὼ ὸ

ὼ ὸ

ὼ ὸ

ὼ ὸỨ
ủ
ủ
ủ
Ủ

ȟ   ὈὼӶ ὈὼӶ

ụ
Ụ
Ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸ

Ὀ ὼ ὸ Ὀ ὼ ὸỨ
ủ
ủ
ủ
ủ
ủ
ủ
Ủ

,  

ὃӶ

ụ
Ụ
Ụ
Ụ
ợ
ω
φτ π π            π

π ω
φτ π           π

π
π

π
π

ω
φτ
π

π
ω
φτỨ
ủ
ủ
ủ
Ủ

ȟ  

 ὪӶὼӶ

ụ
Ụ
Ụ
Ụ
ợ
ὼὼὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ

ὼὼ ὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ

ὦ ὼὼὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ

ὦ ὼὼὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁỨ
ủ
ủ
ủ
Ủ

ȟ  

ὃȟ π π π ȟὪӶὼӶ ὼὼὑ ὸ ‘ ᴁὈὼᴁ  

Ὀ ὼ ὸ Ὀ ὼ ὸ ω
φτὼ ὸ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ            (36) 

From theorem (2.2.1), equation (36) becomes  

Ὀὼ ὸ ὼ ὸȟ

Ὀὼ ὸ ὼ ὸȟ

ὈὼӶὸ Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ ὼ Ô ρψὼ ὸ  

                                       (37)  

       

ụ
Ụ
Ụ
Ụ
Ụ
ợ Ὀὼ ὸ

Ὀὼ ὸὸ

Ὀὼ ὸ Ứ
ủ
ủ
ủ
ủ
Ủ

π ρ π
π π ρ
ω
φτπ ρ

ὼ ὸ

ὼ ὸ

ὼ ὸ

π
π

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ
     (38) 

The coefficient matrix of system (38) can be written as  

        ὃ

π ρ π
π π ρ
ω
φτπ ρ

. 

To obtain the eigenvalues of ὃ,  

ÄÅÔὃ ‗Ὅ πȟ 

ÄÅÔ

π ρ π
π π ρ
ω
φτπ ρ

‗
ρ π π
π ρ π
π π ρ

πȟ 

 

ÄÅÔ

‗ ρ π
π ‗ ρ
ω
φτ π ρ ‗

πȟ 
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‗ ρ ‗ ω
φτ π 

‗ ‗ ω
φτ π 

‗ ‗ ‗
σ

τ
 

ÁÒÇ‗
“

φ
ȟ   ÁÒÇ‗

“

φ
     

ȿÁÒÇ‗ȿ
“

φ
ȟ       Ὥ ρȟςȟσ 

and 
 

πȢςφρφχ 

ȿÁÒÇ‗ȿ
‎ “

ς
ȟ     Ὥ ρȟςȟσ 

Then, from corollary  (2.2.2), we have that  ὃ is stable. 

     It is easy to 

demonstrate ÔÈÁÔ  Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ ὼὼὑ ὸ ‘ ᴁὈὼᴁ   

satisfies the following  

ÌÉÍ
 ᴁӶᴁO

Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ

ᴁὼӶὸᴁ
ÌÉÍ
 ᴁӶᴁO

ὼὼ ὑ ὸ ‘ ᴁὈὼᴁ

ὼ ὼ ὼ

ÌÉÍ
 ᴁӶᴁO

ὼὼ

ὼ
ÌÉÍ
 ᴁӶᴁO

ὼ π 

 

that is Ὢὼȟὼȟὼ Ç ὈὼȟὈὼȟὈὼ έᴁὼὸᴁ  ὥί  ᴁὼᴁO πȢ 

By continuing in this way with other equations of (3), and  

ᴁὼ ὸᴁ π π π ὒὒὑ ὸ ‘ ᴁὈὼᴁ ᴁὼᴁ , hence ᴁὼ ὸᴁO π asᴁὼᴁO πȢ 

By using theorem (2.2.3), then the zero solution of equation (34-35) is asymptotically stable. 

Conclusions 

     We studied the asymptotic stability for the proposed multi- fractional differential-algebraic control 

systems,  involving multi control inputs, which needed to be transformed to single-fractional 

differential systems, using sufficient  and necessary conditions. 
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