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Abstract

The aim of this paper is to introduce a certain family of new classes of
multivalent functions associated with subordination. The various results obtained
here for each of these classes include coefficient estimates, radius of convexity,
distortion and growth theorem.
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1. Introduction
Let A, denotes a class of functions of the form:

f(z)=2zP - Z anz" , ay =0 (1.1)
n=p+1
where p € N = {1,2, ...}, which are analytic in p -valent in the open unit disk U={ze C; |z| < 1}.
A function f which belongs to the class 4, is said to be p -valent starlike of order a in U if and only if
e%{%Z)}>0(,(0S0(<p;zEU). (1.2)
Also a function f belonging to the class 4, is said to be p -valent convex of order a in U if and only
if
R{l+%}>a,(0£a<p;zem. (1.3)
V4

For f and g are analytic in , we say that is subordinate to , written as

f<ginUorf(z)<g(z) (zel),
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If there exist a Schwarz function w, that is analytic in U with w(0) = 0 and |w(z)| < 1 in U such
that f(z) = g(w(2)),z € U. If g is univalent in U, then (see [1,2]):
f(2) < g(2) (zeU)= (f(0) =g(0)and f(U) c g(U).
We denote A, by the class of all functions A, in which are p-valent starlike of order « in U.
Further, A7, , denotes the subclass of A7, comprising the functions f#(z) of the form:

p! _ n! _
H(z) = ZP™H — Z a,z"* where u=0,12, ...... (1.4
f (0 — ! L =" )
n=p+1
w1y = —P et i S L—— =0,1,2,..(1.5
A (z _(p—y—l)!z +1(n—u—1)!anz ,where u=0,1,2,..(1.5)
n=p
For 0 <Refa} , —1<B<A<1, we say that a function f(z) € A, is in the subclass

S(4, B, a, p) in the event that fulfills the accompanying condition:

1(zf**t1(2) 1+ Az
——————pt+ur<
af{ fH(2) } 1+ Bz
Furthermore ,a function f (z) € A, is in the class KS(A, B, a, p) if zf#*1(2) € S(4,B,a,p) .
By using the principle of subordination , Hanaa , Mohamed and Adela [3] investigated the
subordination properties for multivalent functions associated with a generalized fractional
differintegral operator . In addition, Wang , Aghalary, and Ibrahim[4] . Other authors introduced
some properties of certain multivalent analytic functions involving Cho-Kwon-Srivastava operator [5,
6].
We also note that, as of late, researchers published many intriguing outcomes involving various
linear and nonlinear operators associated with subordinations and their dual problrms (for details,
see [7, 8]).
The theory of subordination has gained extraordinary consideration, especially in numerous
subclasses of univalent and multivalent functions (see, for example, [9- 13]).
2. Coefficient estimates

The following theorem discussed the basic properties for the classes S(4,B,a,p) and
KS(A,B,a,p) .
Theorem (2.1): A function f(z), given by (1.1), isin S(4, B, a, p) if and only if

1+

(1.6)

S (T e~ B~ (- B)lalo — )~ lla
St N —wt (= 1! !
<la(A-B)+Blp—w(l+a)—a+1| 2.1

Proof : Suppose that f(z) € S(4, B, @, p).
Therefore from (1.6) we have

3 1 (zf**1(2) 1+ Az
p(z)—1+g{—fu(z) - }< =5, %
1+ AK(2)
P& =178k

where K(z) is Schwarz function
p(z) = (1+ BK(2)) = 1+ AK(2)
K(z)(Bp(2) — A() )= 11— r(2)
_pPE~
K = A — Bp(2)
|K(2)| <1
1(zf**1(2)
AN REAL

e

<1
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zf*(2) — af*(2)(p — )
‘[A —B(1 —p+plaft(z) — Bzf+1(2) <1 (2.3)
zf** 1 (z) — af“(z)(p n)

27 4 5 gt (G — ) (@p = W) = Dagz™ (2.4)

=(1-a )(p -u-1)!
Now consider
[A— B —p+wlaft(z) — Bzf**'(2)
_ P! m
= {[A—B(l—p+u)]a—B(p—u)}mz”

;(07 T ) B+ Ba(l—p 4 ]~ AdaE (25)

From (2.3) we have

| | |
1- a)ﬁzp_” + Z%ozp+1 <(7) ZIM)! - - Z._

(14~ B~ p+wla Bl - W)=y o™

(a(p —w) — Da,z"™*

| |
+ 3 g (i — gy BLL+ a1 = p+ )] = gz

Since {z} < |z|, and after considering the values of z on real axis and letting z — 1, we get

p! _ n! n!
(1—a)—(p_u)!zp”+nz ((TI—M)' == 1),> la(p — ) — 1]a,
pl
(p—u—1)!

[e'] n' n'
+U=Zp+1((n_'u_1)! (- ),) |B[1+ a1l —p+w)] - Aala,

<{l[A-B(1-p+wla—B(p—p)}

That is

o)

Z ( . )|a(A—B)—(1—B)[a(/)—#)—1]|a
U T 1
n=p+1 (m=w! —p-=1)

<|la(A-B)+B(p—w)(1+a)—a+1|

Corollary (2.2): Letf(2) € S(4,B,a, p), then
a(A—B)+B(p— 1+4a)—a+1
a < - |a( - )+ B(p —p)( ) I el
—— — ' A-B)—(1-B - -1
(L~ ey 14 = B) = (1 = B)ao — )~ 1]
and the same holds for
f(Z) = 4P _ |a(A-B)+B(p—pn)(1+a)—a+1| n

(s mony)laa-B)-(1-B)lalp-w-1l|

(2.6)

Theorem (2.3): f(z) = zP — ¥y 110,27 ,a, 2 0 isin K S(A, B, a, p) if and only if

AU n(n—p
o, o) @@ =B+ (p— )~ Blp +Wla,
nzzﬂ((n p—q) (m—p—q 1)!)

pllp—w
<l|al|(A-B)—-B(p+u) +p—ul T e (2.7)
proof: Suppose that £(z) € K S(A, B, a, p) if zf*t1(2) € KS(A,B, a, p)
Let g(2) = zf#*1(2)
Therefore from (2.2)
3 gq+1(z) 1+ Az
p(z2) =1+— { 79 ,u}< YT (2.8)
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where
'(p — '(n —
n=p+1

This is equivalent to ('since |K(z)| < 1)
1(zg7"(2) _
AL ONALS

)
29?1 (2) —ag?(2)(p — )
[a(A — B) — Ba(p + w)]g%(z) + zg1**(z)

<1

<1 (2.10)

zgT*(2) - agq(Z)l(é) - u))
o p!(p—u -
p-p-q-alp ”))(p—u—q)(p—u—q—l)!z

C (- w - w I
+n=zp;_1<(77_ﬂ_CI)! (n—u—q—l)!>(a(p 7)) 1)anz [ (2.11)
Now consider
[a(A—B) — Ba(p + w)]g?(2) +'Z(g"“(§)
p:p—Hu e
= [a(=B)=Balp = +p — k= dl ==y

. ) _ ' -
+ 5 (B2 - B ) [a(A - B) — Balp + ) + 1)ayz"#79(2.12)

From (2.10), we obtain
| —
(p=u-a-alp-mw) (b —u —Z')E’; —l:t)— =
| — | —
+ X (G G g (o~ ) = Dy
[a(A—B) —Ba(p+w)+p—u—ql o f!lgp__qﬂ_) o1 ayzNH=d

'(n — I (n —
+ e (G G g ) A~ B) = Bao 0 + Hayanoue

<1

Since Re(z) < |z| and by letting z — 1 on real axis , we get

o p!(p— )
(p—n=q-ab “))(p—u—q)(p—ﬂ—q—l)!

N nt(m—w n'(m—w

' n;1<(’7_“_®!_(n—u—q—1)!>(“(p_#)—1)an
ptlp—m)

A= By = Belo ki) ol

< o <r)!(77—u) nt(n—w >[a(A—B)—Ba( +u) +1]a
n=p+1 m-—u—-q)! M—-u—q-1! pTHU n
That is,

n=p+1 (”_“_q)’_(n—u—q—l)!
p!(p—u
SIaII(A—B)—B(p+u)+p—ﬂ|(p—u—q)(p—u—q—1)!an

Corollary (2.4): Letf(z) € KS(A, B, a, p) then

) I _ ' _
y <n-(n W___ne-w )|a(A—B)+(P—H)—B(P+H)|an
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ptp—p
la(A—B)+B(p+p)+p— y|(
p—q)p—p—q-—1)!
an < 7! 7 P 92 9 Mm=p+1
((n—u)!_(n—u—1)!>|“(A_B)+(p_“)_3(p+“)|
and the same holds for
—pl— P
f(z) = z° — |0£(nf!1 B)+B(p+w)+p L T m—"r 4 (2.13)
(G Gy laA=B) + (o= =B (p 1)

3. Growth and Distortion theorem
The following results are giving the distortion and growth properties for our class.
Theorem (3.1): If f(z) € S(A4, B, a, p) then
[@(A—B)+B(p—w(d+a)—a+1]
Ile_|Z|p+1 (p+1)| (p+1)|
( 51— ) a4 = B) = (1 = Byla(p — ) — 1]

(p—u+D! (p—w!
|a(A-B)+B(p—p)(1+a)—a+1|

(p+1)! _ (p+1D)!
(Gl etdlaa-B)-(1-B)lalp-w-1l|

The same holds for
f(z) =2zF — ZP+1 la(A-B)+B(p—u)(1+a)—a+1| (3.2)

(+D__(p+D)!
(-2 a(a-B)-(1-B) a(p—w)-1]|

Proof : f(z) € S(A,B,a, p)
Therefore, from theorem (2.1) we have

la(A—B)+B(p—wl+a)—a+1]|
Z anS( "

! n!
L - =) (4~ 5) = (1= Blatp ~ ) - 1]

< If (@l

< |z|f + |z|P** (3.1)

n=p+1

f(z) =zP — 2 a,z"

n=p+1

@) = Izl - Z Jay Izl = 121° — |zo+ Z 0y
n=p+1 n=p+
|a(A—B) +B(p — u)(1+a)—a+1|

(- 22w - By - (1= B)la(p - — 11

> |z|f — |z|P*

Similarly

@Itz + Y Jayllzl? < 12l +12107 > oy
n=p+1 n=p+1
la(A—B)+B(p—m)(1+a) —a+1]|

(- 22w - By - (1= B)la(p - — 11

[@(A—B)+B(p—w(d+a)—a+1|

(- 2 je(a - B) - (1= B)lao - ) — 1]

la(A—B)+B(p—w(1+a)—a+1|
(et - &2 e -5y - 1 - B)la(o - — 1]
Thus the verification is finished.
Theorem (3.2): If f(z) € KS(A4, B, a, p) then

< |z|? + |z|P**

Therefore ,

|z|P — |z]P**

< f (2l

< |z|? +|z|P**

(4 =B+ B+ )+ (0 — ) | =y o=

S (= LU AR AT

|2|P — |z|P**
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<If@l <

2l
a4 =B) + B+ ) +(p— ) | b e

p+D!'(p-—pu+1) (p+1)!(p—u+1))
—~ A—B)—(p—pu) —B(p+
( (p—pu—q+1) (p—u—29q) la( )—(p—w (p+wl
With the same holding for

|a(A=B)+B(p+u)+(p—p) [ bt 3.4)

f(@) =2 = 2" ey D 5 B
( (p—p—q+1)! (p—u—q)! )|a( —B)=(p—w)-B(p+w)|

Proof : f(z) € KS(A,B, a, p)
Therefore, from theorem (2.3) we have

(3.3)

+ |Z|p+1

p(p =

i 0 < |a(A_B)+B(p+'u)+(p_'u)l(p—u—q)(p—u—q—l)!
= | |

n=p+1 <(77 jmy - - :rll._ 1)!) la(A—B) +(p—u) —B(p+ )l

f(z) =zP — 2 a,z"

- n=p+1 -
@Iz 12l = Y Jayllzl 2 121° = 121P7 > a|

n=p+1 n=p+1

Therefore ,
pp—w

|05(A_B)+B(p+ll)+(p_ll)|(p_'u_q)(p_’u_q_1)!

(lertilo—ptD (2t DO it D)ioia— ) — (o - - B(o + )|

> |z|f — |z|P*

Similarly ,

@Itz + Y Jayllzl? < 12l +12107 > oy
n=p+1 77=p'+(1 )
_ _ pL(p—u
laA=B)+Blo+m+ (WG == =qg=1)

(QO(;—D#! (—pq_flJS!D - +(,})_!([f__5)!+ 1)) la(A = B) = (p— 1) — B(p + 1)

< |z|? +|z|P*!

Therefore ,
(4 =B)+Bo+1) +(p— ) | s e

(el —ptD G+ D it D)ioia—p) - (p— )~ Bo +w)
<lf@l =<
[e(A—B)+Blp—w(l+a)—a+1|
(G - &2 -5 - (- B)lato - - 1)
Thus the verification is finished.
Theorem (3.3): If f(z) € S(A4, B, a, p) then
plzlP™t = (p+ DlzlPp(p + 1) < If (D] < plz|P + (p + Dz|Pp(p + 1) (3.5)
Proof: f(z) € S(4,B, a, p) , therefore from theorem (2.1) we have
= la(A=B)+B(p— w1 +a)—a+1]
i ! A-B)—(1-B 1
(("‘”)!_(”‘”‘1)’>|ai ~B)~ (1= B)lalp - )~ 1]]
f@=pzpt= ) naysnt

n=p+1

|2|P — |z|P**

|z|P + |z]P**

n=p+1
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[ee)

F@Izplzlt = > laylzin?

n=p+1

> plzle™t =+ Dizle )yl
n=p+1

[@(A—B)+B(p—w(1+a)—a+1]

(G -2 jea - 1) - (1 - B)lato - - 1)

> |z|P™t = (p + Dlz|P

Similarly ,

F@I<plel?™ + ) nfaylzn?

n=p+1

<Pzl + (p+ DI ) eyl
n=p+1
la(A—B)+B(p—wld+a)—a+1]|

(G - 22w -5) - (- Blato -0 - 1]

<|z|P7 + (p + Dz|P

Therefore ,
plzIP~t = (p+ DIzIPp(p + 1) < |If @] < plzlP~ + (p + Dlz|Pe(p + 1)
la(A—B)+B(p—w@+a)—a+1]|
G+  (p+ 1)!)

- A-B)—(1-B - -1
(i~ 53 1ata = ) - A = Blato - — 11
Thus the verification is finished.

Theorem (3.4): If f(z) € KS(A, B, a, p) then
plzIP™t = (p+ DIzIPwlp+ D < @ < plzlP™" + (o + DIzlIPw(e+1)  (3.6)
Proof: f(z) € KS(4, B, a, p) , therefore from theorem (2.1) we have

where ,

plp+1) =

pp—w
Qp—p—q-—1)!

57) @4 = B) + a(p = 1) = aB(p + )|

|a(A—B)+B(P+M)+P—M|(p_M_

3 el

_ n!
n=pt m-w! -—u-

F@=plzlr = Y nayz

n=p+1
[ee]

|F @]z plztrt = > nlag|lzn?

n=p+1

> plzle™t =+ Dizle )yl
n=p+1

la(A—=B)+B(p+ ) +p—pl (p_u_f,!)%f):ﬁ)—q—n!

1)!) (A — B) + alp — ) — aB(p + )|

nt n!
m-w! —p-

> plz|P~t = (p + 1)|Z|p(

Similarly ,

F@| <plziet+ > nlag|lzn?

n=p+1

<Pzl + (+ Dizle )yl
n=p+1
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A-—B)+B(p+u) +p— plp—mW
<plz|P~ + (p + 1)|z|? o ' ) (p' wp—u p—p—q@lp—-—u—q-1)!
(6L - ) a4 = B) + alp — ) — @B (o + )

Therefore ,

plzIP™t = (p + DizlPw(p + 1) < |f 2] < plzlP~ + (o + DlzlPw(p + 1)
where ,
plp—w
Dp—p—q—1)

¢ _Z!_ 1)!> la(A = B) +alp — ) —aB(p + 1)

Ia(A—B)+B(p+u)+p—uI(p_ﬂ_

n!

(n —w!
Thus the verification is finished.

4 closure theorems

In the following theorems, we obtain close to convex and the radii of starlikenessand convexity of the
functions f(z) € S(4, B, a, p).

Theorem(4.1): If f(2) € S(A, B, a, p) , then f is close to convex function of order § in |z| < r;
41

plp+1) =
(

1
_ n! n! n-p
ol - @ = 1| (G7 Lo~ =) e = B) = (1 = B)lae — 0 — 11|
M1zl (a(A— B) + B(p — (1 + @) — a + 1])

= infn (4.1
Proof: It is enough to prove that |f’(z) - 1| <1-96
That is

[oe]

|f'(z) - 1| <plz|P71 - Z nlay|lz"*-1<1-6

n=p+1
If (@) = 1| < plzte= - z nlay|lzl"t <2 -6 (4.2)
From theorem (2.1) e
Z ay < - Ia(A;!B)+B(p—,u)(1+a)—a+1| nspt1
o (o) et = B) — (1 = B)lato — ) ~ 1]
That is
n! n!
* - la(A—B) — (1 —B)[a(p —w) — 1]
Z ((n—u)! (n—u—l)!> @ <1 (4.3)
o la(A—B)+B(p— w1l +a)—a+1] N
Observe that (4.3) is true if
n! n!
w14 — B — (1= B)lalp — ) — 1]
PP —(2=8) laA—B)+Blp— WA+ @) —a+1|
That is
-1y n! _ n! _ o N
e @0 (5~ =)l = B) = (1 = Bl = 0 — 111
nlzlP~*(la(A—=B)+Blp— w1 +a) —a+1|)
Therefore
_ n! n! ﬁ
N ) (G E s~ =) le— B — (1 = Blato -0 — 1]

nlzlP7 (ja(A-B)+B(p — w1 +a) —a+1])

Thus the verification is finished.
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Theorem(4.2): If f(z) € S(4, B, a, p) , then f is starlike function of order § in |z| < 1,
72::inﬁﬂzl
1

n_____ 7 ~B)—(1- —w-1\)"”"
<{(p+6—2)<<(ﬂ_ﬂ)! (n—u—1)!>|0‘(‘4 B) -~ Blat - 1“)} (4.4)

T 1(n+6-2) la(A—B)+B(p—w(ld+a)—a+1]|

Proof: We have to demonstrate that
zf(2)
f(2)

(p =1 |zP = X7 psa( = Day]lz]” -

|21P — 25 par |ag|lzI7 B

—1|S1—6
That is

1-6 (4.5)
Hence (4.5) holds if

CESNEIEEDY (n—l)lanllzws<1—5)l|z|f’— > |an||z|"‘

n=p+1 n=p+1
Or equivalently

§—
Z 815 2)I ay|lz|"P < 1 (4.6)
From theorem (2 1) we have
| |
o (- o) lea — B) — (1= D)o — 0 — 1]

a, <1, 4.7
nSpt la(A—B) +B(p— w1 +a) —a+1] n (4.7

Hence by using (4.6) and (4.7) we get

n! n! —B)—(1- ) —
(1452 )||"P<((" 1~ ) le4 = B) - (1= B)a(p — ) ~ 1]
(b+5-2) @@ —B)+Bp— 1+ @) —a+1|

!
|z[7° < n+6- 2)<((nzu)!_(n Z 1)')'0‘(‘4 B) = (1 =B)lalp - H)—1>
1
=

T (p+5-2) la(A—B)+B(p—w(@+a)—a+1]|

nt n! o B
Izls{(p+5_2)<<(n—u)! U —u- 1)')'“(‘4 B) — (1 - B)[a(p — p) — 1]] )}

n+6-2) la(A—B)+B(p— w1 +a)—a+1]|

Theorem (4.3): If f(z) € S(4, B, a, p) , then f is convex function of order § in |z| < r3

r3 = infanl
1
nt__ n! ey 1 o n—-p
_Je+dé-2) ((n W —p- 1)!) et~ 5~ 0~ Bl ~ 1 1“)} (4.8)
“1n+6-2) l[a(A—B)+B(p—w(A+a)—a+1]
Proof: We have to demonstrate that
292) _ 1| ~5
g(Z)

Where g(z) = zf**1(2)
That is
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! Ay | ;
gy = A= DIzl = B iy (1= A+ Dy 127

| |
(p—ﬁ. 1)! |z|P -4 ?]o=p+1 (n_z—._ 1! |an||z|fl—l
<1-§ (4.9)
Hence (4.9) holds if
P! n!
=gy e~ A Dl - ;lﬁ(n 2+ Dlay 1272
=(1-96) |z|P~ |ay|lz1"~*
(p—-2-D! nzp:1( - !
Or equivalently
I
> —( —n—9)
(-1-1) |la, |1zI"° < 1 (4.10)
pl n
n=p+1m(l—/3—5+2)
From theorem (2.1) we have
| |
o, (- o) le(a — B) ~ (1= Bt — 0 — 1]
n;1 (@ —B)+Blp— (1 +a) —a+1] RIS
Hence by using (4.10) and (4.11) we get
7!
G-t
(pTZT)l—'—l)'(A p—06+2)
(L~ )l = B) = (1 = B)la(p — ) ~ 1]
<c\Np=—w! —p-1)
- la(A—B)+B(p—w(ld+a)—a+1]|
|z|7-P
| |
mu—p—an) (6~ ) a4 = B = (= Blatp =)~ 1]
| — — —
ﬁu—ﬂ—é‘) la(A—B)+Blp—w(1+a)—a+1]
|z] )
A=+ (L =) leA =B~ (1= Blao —w ~ 111\ |’
< ! — — —
(n—Z—1)!(’1"7‘5) la(A—B)+B(p—w@+a)—a+1]|

Thus the verification is finished.
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