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Abstract  

     The aim of this paper is to introduce a certain family of new classes of 

multivalent functions associated with subordination. The various results obtained 

here for each of these classes include coefficient estimates, radius of convexity, 

distortion and growth theorem.   
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التفاضلية دراسة لعائلة من الدوال متعددة التكافؤ المرتبطة بالتبعية  
 

, قاسم عبدالحميد جاسم *ريم عمران رشيد  
 قدم الرياضيات, كلية العلهم, جامعة بغداد, بغداد, العراق

 
 الخلاصة

ىه تقديم عائلة معيشة من فئات جديدة من الدوال متعددة التكافؤ السرتبطة  ىذا البحثالغرض الرئيدي من      
تقديرات . تتزسن الشتائج السختلفة التي تم الحرهل علييا ىشا لكل فئة من ىذه الفئات التفاضلية بالتبعية

   .السعامل ، نرف قطر التحدب ، نظرية التذهيو والشسه
 

1. Introduction 

       Let     denotes a class of functions of the form: 

 ( )      ∑    
                                                                                                 (   )

 

     

 

where     *     +, which are analytic in   -valent in the open unit disk U={z   | |   + . 

A function         belongs to the class    is said to be   -valent starlike of order 𝛼      if and only if 

ℛ {
( )׳  

 ( )
}  𝛼  (  𝛼        )                                                                                                  (1.2) 

Also a function   belonging to the class    is said to be    -valent  convex of order 𝛼      if and only 

if 

ℛ{  
( )״  

( )׳ 
}  𝛼  (  𝛼        )                                                                                          (1.3) 

For          are analytic in  , we say that is subordinate to , written as 

              ( )   ( )       (   )  
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If there exist a Schwarz function   , that is analytic in   with  ( )         | ( )|    in   such 

that  ( )   ( ( ))      If g is univalent in U, then (see [1,2]): 

 ( )   ( )   (   )  ( ( )   ( )      ( )   ( )  

We denote   
  by the class of all functions    in which are p-valent starlike of order 𝛼     .   

Further,     
  denotes the subclass o    

  comprising the functions   ( ) of. the form: 

  ( )  
  

(   ) 
     ∑

  

(   ) 
   
                                       (   )

 

     

 

    ( )  
  

(     ) 
       ∑

  

(     ) 
   
                      (   )

 

     

 

 For     *𝛼+                 , we say that a function  ( )     is in the subclass 

 (    𝛼  ) in the event that fulfills the accompanying condition: 
 

  
 

𝛼
{
     ( )

  ( )
    }   

    

    
                                                                                 (   ) 

Furthermore ,a function  ( )     is in the class   (    𝛼  ) if      ( )   (    𝛼  ) . 

By using the principle of subordination , Hanaa  , Mohamed and Adela [3]  investigated the 

subordination properties for multivalent functions associated with a generalized fractional 

differintegral operator . In addition, Wang , Aghalary, and Ibrahim[4] . Other authors introduced 

some properties of certain multivalent analytic functions involving Cho-Kwon-Srivastava operator [5, 

6]. 
 We also note that, as of late, researchers published many intriguing outcomes involving various 

linear and nonlinear operators associated with subordinations and their dual problrms (for details, 

see [7, 8]). 
The theory of subordination has gained extraordinary consideration, especially in numerous 

subclasses of univalent and multivalent functions (see, for example, [9- 13]). 
2. Coefficient estimates         

     The following theorem discussed the basic properties for the classes   (    𝛼  ) and   

  (    𝛼  ) . 
Theorem (2.1): A function  ( )  given by (1.1), is in  (    𝛼  ) if and only if  

∑ (
  

(   ) 
 

  

(     ) 
* |𝛼(   )  (   ),𝛼(   )   -|  

 

     

 

 |𝛼(   )   (   )(  𝛼)  𝛼   |                                                             (   ) 
Proof : Suppose that  ( )   (    𝛼  )   
Therefore from (1.6) we have 

  ( )    
 

𝛼
{
     ( )

  ( )
    }   

    

    
   (   ) 

 ( )  
    ( )

    ( )
 

where K(z) is Schwarz function  

 ( )  (    ( ))      ( ) 

 ( )(  ( )   )     ( ) 

 ( )  
 ( )   

    ( )
 

| ( )|    

|
|

 
𝛼 {
     ( )
  ( )

    }

   {  
 
𝛼 {
     ( )
  ( )

    }}
|
|    
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|
     ( )  𝛼  ( )(   )

,   (     )-𝛼  ( )        ( )
|                                                         (   ) 

     ( )  𝛼  ( )(   ) 

 (  𝛼)
  

(     ) 
     ∑ .

  

(   ) 
 

  

(     ) 
/ (𝛼(   )   )   

    
                          (2.4)          

Now consider  
,   (     )-𝛼  ( )        ( ) 

  *,   (     )-𝛼   (   )+
  

(     ) 
     

 ∑ (
  

(     ) 
 
  

(   ) 
* ( ,   𝛼(     )-   𝛼)   

   

 

     

       (   ) 

From (2.3) we have  

|

|

|
(  𝛼)

  
(   ) 

     ∑ (
  

(   ) 
 

  
(     ) 

* (𝛼(   )   )   
    

     

*,   (     )-𝛼   (   )+
  

(     ) 
    

 ∑ (
  

(     ) 
 
  

(   ) 
* ( ,   𝛼(     )-   𝛼)   

    
     

|

|

|

   

Since * +  | | ,  and after considering the values of z on real axis and letting      we get  

(  𝛼)
  

(   ) 
     ∑ (

  

(   ) 
 

  

(     ) 
* |𝛼(   )   |   

 

     

 

 *,   (     )-𝛼   (   )+
  

(     ) 
 

 ∑ (
  

(     ) 
 
  

(   ) 
* | ,   𝛼(     )-   𝛼|   

 

     

  

That is  

∑ (
  

(   ) 
 

  

(     ) 
* |𝛼(   )  (   ),𝛼(   )   -|  

 

     

 

 |𝛼(   )   (   ))(  𝛼)  𝛼   | 
Corollary (2.2):  Let f ( )    (    𝛼  )  then  

   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|
        

and the same holds for 

f ( )       
| (   )  (   )(   )    |

.
  

(   ) 
 

  

(     ) 
/| (   ) (   ), (   )  -|

                                     (2.6)  

 

Theorem (2.3):  ( )     ∑    
         

 
      is in     (    𝛼  ) if and only if  

∑ (
  (   )

(     )
 
  (   )

(       ) 
*

 

     

|𝛼(   )  (   )   (   )|   

 |𝛼||(   )   (   )     |
  (   )

(     )(       ) 
          (   ) 

proof: Suppose that  ( )     (    𝛼  ) if      ( )    (    𝛼  )  
Let  ( )       ( )  
Therefore from (2.2)  

 ( )    
 

𝛼
{
     ( )

  ( )
    }   

    

    
                                                                (   )  
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where   

  ( )  
  (   )

(     ) 
       ∑

  (   )

(     ) 
   
                                  (   )

 

     

 

This is equivalent to ( since | ( )|    ) 

|
|

 
𝛼 {
     ( )
  ( )

    }

   {  
 
𝛼 {
     ( )
  ( )

    }}
|
|    

|
     ( )  𝛼  ( )(   )

,𝛼(   )   𝛼(   )-  ( )       ( )
|                                                             (    ) 

 

     ( )  𝛼  ( )(   ) 

 (      𝛼(   ))
  (   )

(     )(       ) 
       

  ∑ (
  (   )

(     ) 
 
  (   )

(       ) 
)

 

     

(𝛼(   )   )   
                      (    ) 

Now consider  
,𝛼(   )   𝛼(   )-  ( )       ( ) 

  ,𝛼(   )   𝛼(   )       -
  (   )

 (       ) 
   
      

 ∑ .
  (   )

(     ) 
 
  (   )

(       ) 
/ 

     ,𝛼(   )   𝛼(   )   -   
     (    )  

From (2.10), we obtain 

|

|

|

(      𝛼(   ))
  (   )

(     )(       ) 
      

  ∑ (
  (   )
(     ) 

 
  (   )

(       ) 
* 

     (𝛼(   )   )   
     

,𝛼(   )   𝛼(   )       -
  (   )

 (       ) 
   
     

 ∑ (
  (   )
(     ) 

 
  (   )

(       ) 
* 

     ,𝛼(   )   𝛼(   )   -   
     

|

|

|

   

 

Since   ( )  | | and by letting     on real axis , we get  

 

(      𝛼(   ))
  (   )

(     )(       ) 
 

  ∑ (
  (   )

(     ) 
 
  (   )

(       ) 
)

 

     

(𝛼(   )   )   

 

  

,𝛼(   )   𝛼(   )       -
  (   )

 (       ) 
   

 ∑ (
  (   )

(     ) 
 
  (   )

(       ) 
)

 

     

,𝛼(   )   𝛼(   )   -   

 

That is, 

∑ (
  (   )

(     ) 
 
  (   )

(       ) 
)

 

     

|𝛼(   )  (   )   (   )|   

 |𝛼||(   )   (   )     |
  (   )

(     )(       ) 
     

Corollary (2.4):  Let f ( )     (    𝛼  ) then 
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|𝛼(   )   (   )     |

  (   )
(     )(       ) 

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   )   (   )|
        

and the same holds for 

f ( )       
| (   )  (   )    |

  (   )

(     )(       ) 

.
  

(   ) 
 

  

(     ) 
/| (   ) (   )  (   )|

                (2.13) 

 

3. Growth and Distortion theorem 
The following results are giving the distortion and growth properties for our class.  

Theorem (3.1): If  ( )   (    𝛼  ) then  

| |  | |   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 | ( )| 

 | |  | |   
| (   )  (   )(   )    |

.
 (   ) 

(     ) 
 
(   ) 

(   ) 
/| (   ) (   ), (   )  -|

                                        (3.1) 

The same holds  for  

 ( )         
| (   )  (   )(   )    |

.
 (   ) 

(     ) 
 
(   ) 

(   ) 
/| (   ) (   ), (   )  -|

                                     (3.2) 

Proof :  ( )   (    𝛼  ) 
Therefore, from theorem (2.1) we have  

∑  

 

     

   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

 ( )     ∑    
 

 

     

 

| ( )|  | |  ∑ |  || |
  | |  | |   ∑ |  |

 

     

 

     

 

 | |  | |   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

Similarly , 

| ( )|  | |  ∑ |  || |
  | |  | |   ∑ |  |

 

     

 

     

 

 | |  | |   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

Therefore , 

| |  | |   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 | ( )| 

 | |  | |   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

Thus the verification is finished. 
Theorem (3.2): If  ( )    (    𝛼  ) then  

| |  | |   
|𝛼(   )   (   )  (   ) |

  (   )
(     )(       ) 

(
 (   ) (     )
(       ) 

 
(   ) (     )
(     ) 

* |𝛼(   )  (   )   (   )|
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 | ( )|   
| | 

 | |   
|𝛼(   )   (   )  (   ) |

  (   )
(     )(       ) 

(
 (   ) (     )
(       ) 

 
(   ) (     )
(     ) 

* |𝛼(   )  (   )   (   )|
 (   ) 

With the same holding for  

 ( )         
| (   )  (   ) (   ) |

  (   )

(     )(       ) 

.
 (   ) (     )

(       ) 
 
(   ) (     )

(     ) 
/| (   ) (   )  (   )|

           (   )        

Proof :  ( )    (    𝛼  ) 
Therefore, from theorem (2.3) we have  

∑  

 

     

   
|𝛼(   )   (   )  (   )|

  (   )
(     )(       ) 

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   )   (   )|
 

 ( )     ∑    
 

 

     

 

| ( )|  | |  ∑ |  || |
  | |  | |   ∑ |  |

 

     

 

     

 

Therefore , 

 | |  | |   
|𝛼(   )   (   )  (   ) |

  (   )
(     )(       ) 

(
 (   ) (     )
(       ) 

 
(   ) (     )
(     ) 

* |𝛼(   )  (   )   (   )|
 

Similarly , 

| ( )|  | |  ∑ |  || |
  | |  | |   ∑ |  |

 

     

 

     

 

 | |  | |   
|𝛼(   )   (   )  (   ) |

  (   )
(     )(       ) 

(
 (   ) (     )
(       ) 

 
(   ) (     )
(     ) 

* |𝛼(   )  (   )   (   )|
 

Therefore , 

| |  | |   
|𝛼(   )   (   )  (   ) |

  (   )
(     )(       ) 

(
 (   ) (     )
(       ) 

 
(   ) (     )
(     ) 

* |𝛼(   )  (   )   (   )|
 

 | ( )|   

| |  | |   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

Thus the verification is finished. 
Theorem (3.3): If  ( )   (    𝛼  ) then 

 | |    (   )| |  (   )  |  ( )|   | |    (   )| |  (   )   (   ) 
Proof:  ( )   (    𝛼  ) , therefore from theorem (2.1) we have 

∑  

 

     

   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

  ( )        ∑     
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|  ( )|   | |    ∑  |  || |
   

 

     

 

   | |    (   )| | ∑  |  | 

 

     

 

 | |    (   )| | 
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

Similarly , 

|  ( )|   | |    ∑  |  || |
   

 

     

 

   | |    (   )| | ∑  |  | 

 

     

 

 | |    (   )| | 
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
 

Therefore ,  

 | |    (   )| |  (   )  |  ( )|   | |    (   )| |  (   )     
where ,  

 (   )  
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
 (   ) 
(     ) 

 
(   ) 
(   ) 

* |𝛼(   )  (   ),𝛼(   )   -|
  

Thus the verification is finished. 
Theorem (3.4): If  ( )    (    𝛼  ) then 

 | |    (   )| |  (   )  |  ( )|   | |    (   )| |  (   )       (   ) 
Proof:  ( )    (    𝛼  ) , therefore from theorem (2.1) we have 
 

∑  

 

     

   
|𝛼(   )   (   )     |

  (   )
(     )(       ) 

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  𝛼(   )  𝛼 (   )|
 

( )׳    | |    ∑     
   

 

     

 

|( )׳ |   | |    ∑  |  || |
   

 

     

 

   | |    (   )| | ∑  |  | 

 

     

 

  | |    (   )| | 
|𝛼(   )   (   )     |

  (   )
(     )(       ) 

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  𝛼(   )  𝛼 (   )|
 

Similarly , 

|( )׳ |   | |    ∑  |  || |
   

 

     

 

   | |    (   )| | ∑  |  | 
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  | |    (   )| | 
|𝛼(   )   (   )     |

  (   )
(     )(       ) 

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  𝛼(   )  𝛼 (   )|
 

Therefore ,  

 | |    (   )| |  (   ) |( )׳ |    | |    (   )| |  (   ) 

where ,  

 (   )  
|𝛼(   )   (   )     |

  (   )
(     )(       ) 

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  𝛼(   )  𝛼 (   )|
  

Thus the verification is finished. 
4 closure theorems  
 In the following theorems, we obtain  close to convex and the radii of starlikenessand convexity of the 

functions  ( )    (    𝛼  )  
Theorem(4.1): If  ( )    (    𝛼  ) , then   is close to convex function of order      | |     
  

     {

, | |    (   )- [(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|]

 | |   (|𝛼(   )   (   )(  𝛼)  𝛼   |)
}

 
   

(   ) 

Proof: It is  enough to prove that | ׳( )   |      

That is  

( )׳ |   |   | |    ∑  |  || |
   

 

     

       

( )׳ |   |   | |    ∑  |  || |
   

 

     

                                                                  (   ) 

From theorem (2.1)  

∑  

 

     

   
|𝛼(   )   (   )(  𝛼)  𝛼   |

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|
                 

 
That is  

∑  

 

     

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
                   (   ) 

Observe that (4.3) is true if  

  | |       

 | |    (   ) 
 
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
 

That is  

| |    

, | |    (   )- [(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|]

 | |   (|𝛼(   )   (   )(  𝛼)  𝛼   |)
 

Therefore  

| |  {

, | |    (   )- [(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|]

 | |   (|𝛼(   )   (   )(  𝛼)  𝛼   |)
}

 
   

 

Thus the verification is finished. 



Rasheed and Jassim                                    Iraqi Journal of Science, 2021, Vol. 62, No. 9, pp: 3009-3019 

3017 

Theorem(4.2): If  ( )    (    𝛼  ) , then   is starlike function of order      | |     
       | |

 {
(     )

(     )
(
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
)}

 
   

(   ) 

Proof: We have to demonstrate that 

|
   ( )

 ( )
  |      

That is  

(   ) | |  ∑ (   )|  || |
  

     

| |  ∑  |  || |
  

     

                                 (   ) 

Hence (4.5) holds if  

(   ) | |  ∑ (   )|  || |
 

 

     

 (   ) [| |  ∑  |  || |
 

 

     

] 

Or equivalently  

∑
(     )

(     )
|  || |

                                                                                              (   )

 

     

 

From theorem (2.1) we have  

∑  

 

     

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
               (   ) 

Hence by using (4.6) and (4.7) we get 

(     )

(     )
 | |    

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
 

 

| |    
(     )

(     )
(
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
) 

| |  {
(     )

(     )
(
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
)}

 
   

 

 

Theorem (4.3): If  ( )    (    𝛼  ) , then   is convex function of order      | |     
       | |

 {
(     )

(     )
(
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
)}

 
   

(   ) 

Proof: We have to demonstrate that 

|
   ( )

 ( )
  |      

Where     ( )       ( ) 
That is  
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(     ) 

(     )| |    ∑
  

(     ) 
(     )|  || |

    
     

  
(     ) 

 | |    ∑
  

(     ) 
 |  || |

    
     

                               (   ) 
Hence (4.9) holds if  

  

(     ) 
(     )| |    ∑

  

(     ) 
(     )|  || |

   

 

     

 (   ) [
  

(     ) 
 | |    ∑

  

(     ) 
|  || |

   

 

     

] 

Or equivalently  

∑

  
(     ) 

(     )

  
(     ) 

(       )
|  || |

                                                                 (    )

 

     

 

From theorem (2.1) we have  

∑  

 

     

(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
      (    ) 

Hence by using (4.10) and (4.11) we get 
  

(     ) 
(      )

  
(     ) 

(       )
 | |   

 
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
 

 

| |   

 

  
(     ) 

(       )

  
(     ) 

(      )
(
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
) 

| |

 {

  
(     ) 

(       )

  
(     ) 

(      )
(
(
  

(   ) 
 

  
(     ) 

* |𝛼(   )  (   ),𝛼(   )   -|

|𝛼(   )   (   )(  𝛼)  𝛼   |
)}

 
   

 

Thus the verification is finished. 
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