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Abstract

An algebra B has been constructed from a (D, A)-stacked algebra A, under the
conditions that D = dA, A= 1 and d = 2. It is shown that when the construction of
algebra B is built from a (D, A)-stacked monomial algebra A then B is a d-Koszul
monomial algebra.
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1-Introduction

In this paper, we take a (D, A)-stacked algebra A = KT'/l, where D=dA, A> 1 and d > 2. We use
that to construct an algebra B. The aim of this paper is to investigate the question whether each d-
Koszul algebra has been derived from a (D, A)-stacked algebra where D = dA by using our
construction. Leader [1] gives a construction of an algebra 4 from a d-Koszul algebra A and she
shows that if A is a d-Koszul algebra then A'is a (D, A)-stacked algebra, where D = dA. Moreover,
Jawad and Snashall [2] generalized this construction where they started with a finite dimensional
algebra A = KQ/I, for A > 1and used it to construct a stretched algebraA. In this paper, the
opposite of the above statement is investigated.

Furthermore, we show how the algebra B is constructed from a (D, A)-stacked algebra A4, and we
prove that if 4 is an (D, A)-stacked monomial algebra, then B is d-Koszul where D = dA.

The paper begins with a background, while in section 3 we provide our construction where we
begin with a (D, A)-stacked algebra A = KT"/I, we consider D = dA, A= 1 and d = 2, and we use
the quiver I' and ideal I to construct an algebra B = KQ/I.

Followed by detailed example of an algebra A = KT'/I, we construct the algebra B from an algebra A.
This algebra will be shown to be a d-Koszul algebra.

The main idea of section 3 is Theorem 3.3, in which we prove that the finite dimensional algebra B
is a d-Koszul monomial algebra.

Throughout this paper, we use a number of notations. We let K be a field and let A = KT'/l be a
finite dimensional (D, A)-stacked algebra, where I is a finite quiver and | is an admissible ideal [3].
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We denote the set of vertices of I by I, and the set of arrows of I" by I3, while we let radA denotes
the Jacobson radical of A. An arrow a begins with the vertex o(a) and ends with the vertex t(«); the
way to write the arrow in the path is from left side to right side. A path is a sequence a;a; -+ @, of
arrows ay @y, .., a, in Qq, and the length of path p = a; a; --- a,, is n, which is denoted by I(p). If the
generating set of I is from a set of paths in KT", then we say that A = KI'/l is a monomial algebra [4].
Section 2: Background
We recall briefly the definition of Koszul algebra and we refer the reader to an earlier publication [5].
A graded algebra A = Ag @ A, @ ... is a Koszul algebra if Ag = A/radA has a linear resolution; in
other words, every projective module P™in the minimal graded projective resolution (P™,d") of Ay
can be generated in degree n. It was shown that if A = KQ/I is Koszul, then | is quadratic [5]. In
another study [6], Berger introduced d-Koszul algebras. He was interested in this class of algebras to
study Artin-Schelter regular algebras.
Definition 2.1 [6]. Let A=A, D A1 @ ... be a graded K-algebra generated in degrees 0 and 1.
Assume that Ay = A/radA is a finitely generated semisimple K-algebra, A; is a finitely generated K-
module and that (P™, d™) is a minimal graded
A — module projective resolution of A/radA. Let d > 2. We call A a d-Koszul algebra if, for
alln > 0, P™is generated in single degree, 3(n), and

n

0 if neven

n—1
Td+1 if nodd.

d(n) =

It can be seen that each Koszul algebra is a 2-Koszul algebra.
Green and Snashall [7] introduced the (D, A)-stacked monomial algebra. The case of non monomial
(D, A)-stacked algebras was extended by Leader and Snashall [8].

Definition 2.2 [8, Definition 1.1]. Let A = KQ/I be a finite dimensional algebra.

Then A is a (D, A)-stacked algebra if there are natural numbers D > 2,A = 1 such that, for all
0 <n < gldim A, the projective module P™ in a minimal projective resolution of A/radA is
generated in degree §(n), where

ifn=0
ifn=1
n
d(n) = ED if neven

n—1
> D+ A if nodd.

It can be seen that, if A =1, then the finite dimensional (D, A)-stacked algebras are D-Koszul
algebras, as defined by Berger.

Green and Marcos [9] introduced the &-resolution determined algebras. Let A = KQ/I be a finite
dimensional algebra, then A is d-resolution determined, if there is a map §: N - N such that, for all
n > 0 withn < gldim A, the projective module P™ in a minimal projective resolution A/radA can
be generated in one degree 6 (n).

Section 3: Constructing d-Koszul algebras
Now we take a (D, A)-stacked algebra A = KT/l and we consider D = dA and d> 2,

where the set gis a minimal generating set of homogeneous uniform relations of I and each
element of g has a length D. The elements of g are labelled as Py, ..., §,,. We are now ready to
describe our construction using the quiver I and ideal I, and we show that the algebra
B is related to the algebra A.
Definition 3.1:
1- We keep the notation above, and let x € KT" where x = Y ¢y 1 - @ p is a linear combination
of paths of length Dwith D=dA, O0#c,€K and the a;; € ;. We define the paths
A ras1 " A r+1)a 10 be the A-subpaths of x forsomek,and0<r <d—1.
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2- We fix a minimal generating set g for I. We define the A-subpaths of A to be the set of A-subpaths
of x, for all x € p, denoted as Sy, considering that a set S, is a set with no repeats. We define now a
quiver Q and an ideal 7 of KQ and we let B = KQ/ I.
Definition 3.2: Let A = KI'/I be a (D, A)-stacked algebra and consider that D = dA
for some d > 2, wheretheset p = {p1,..., P} IS aminimal generating set of uniform relations of
alength D of I . So foreachi = {1, ..., m}, we write p = Y cx @ x 1 - @ x,p Where 0 # ¢, € K and
@iy €, forall 1 <j<D. Then
1- We define the vertex set of Q to be the set {o(p;),t(y) forall y € S, and all i ={1,...,m}. We
remark that t(a;xaa) = t(@ixp) = t(;). In this set we do not have any repeated vertices, so if
t(atipra) = t(ajisa) as vertices of I or some i,j, k1,1, s, then we classify ¢(a;y,4) and t(a;;sa)
as the same vertex in Q.
2- The arrows of @ are constructed in the following way. Each y € S, corresponds to an arrow f,, in
Q. The diagram below illustrates this process.
Consider the path a; 1 - @i p. Then ey = 0(5), e = t(@iga), -, ea = t(a;y,qaa) are vertices in Q
and B4, ..., B4 arearrows in Q corresponding to the A-subpaths

Aig1 Ak Ak (d-DA+1 """ Kik,dA
respectively. Then the a; ;. ; -*- a; , p May be considered as the path of the length D in KT’

oy ke, L--- k., A e R, A1 - R 2 e e I
L e e 2 i

Ed

which corresponds to the path 8, ... 84 of the length d in KQ.

Ay s By

Eg £y = B4

3- The ideal 7 of KQ can be constructed as follows. For eachi = {1,...,m}, we define p; =
Xk CkBr1 -+ Bra In KQ where f; is the arrow in KQ which corresponds to a path a; x ra+1 ...@j k(r+1)a
forall j=1,..,dandr =0, ...,d — 1. Now we define 7 to be the ideal of KQ that is generated by the
set p = {py, ..., pm}. We remark that p is certainly a minimal generating set for 1, since jis a
minimal generating set for . Let B = KQ/I .We illustrate this construction in the following example.
Example 3.3: Let A = KT'/I be the (4, 2)-stacked algebra that is illustrated in the following quiver

g
4 —=5

\15
' g oy g g X1

6 = 7 = 8 =9 = 10 11

and with [ = (@ a,a30,, 10,0506, A5, 0g, X7AgAq1o). We can see that the sets g™are given
as follows: g° = {e; ...e;1}, 9% = { qyaya30,, A 504, Asag

705, A7 050910}, §° = {14 A5A607 05, A5 @67 AgAe0 o), AN g* = (@1 a,

Asaea7Ag9o}. We see that the length of the elements g* € g™ is 8(n) where D =4 and A = 2.
So every projective  P™ is generated in one degree d(n). Hence, A is a (D, A)-stacked monomial
algebrawith D =4,A=2 andd = 2. S0 S, = {a1 a3, @304, a5, 7 ag, A9y} Then, by using the
construction above, Q has six vertices o(a;@y), t(azay), t(asag), t(asag), t(agayy) and five
arrows {1, B2, B3, B4, L5, Be}, Where [;corresponds to aya,, B, corresponds to azay, Szcorresponds
to asag, B, corresponds to a,ag, and Bs corresponds to aqay,. Therefore, B = KQ/1 is given by the
quiver
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7 Mg

and T = (B B2, B1 B3, BsBsBafs ). SO Bisa Koszul algebra (see [10]). More examples can be found
in a previous article [11].
Section 4: d-Koszul monomial algebra

In this section, the algebra B, which has been constructed from a (D, A)-stacked monomial algebra,
will be shown to be d-Koszul. Before that, the idea of overlaps has been used to prove the main
theorem in this section. Green and Zacharia [10] have used the concept of overlaps to describe a basis
of the Ext algebra of a monomial algebra.
We consider that A = KQ/I is a monomial algebra.
Definition 4.1 [7]. Let g and p be paths. Then we say that a path g overlaps a path p with an overlap ,
if there are paths u and v such that pu = vg and 1 < I[(u) < I(g). The definition can be shown in the
following diagram:

Thus, the two paths allow [(v) to be zero.

2- A path g properly overlaps a path p with an overlap pu if g overlaps p and [(v) < 1.

3- A path p has no overlaps with a path g if p does not properly overlap g and g does not properly
overlap p.

Definition 4.2 [12]. A path p is a prefix of a path g if there is some path p such that g = pp'.

The minimal projective resolution (P",d"™) of A/radA has been constructed by Green, Happel
and Zacharia [4], by using overlaps. Moreover, it has been further described by other authors [12,10].
The same previously demonstrated notation [12] has been used in this paper. The sets R™ can be
defined as follows:

RO = the vertices set of Q,
R' =the arrows set of Q
R? = the minimal set of monomials in the generating set of 1.

Foralln > 3,R? € R? maximally overlaps R~ € R™! with overlap

R™ = R™ 1y for some u € KQ, if it satisfies the following conditions:

1- R™ ! = R"™2p, for some pathp in KQ;

2- R? overlaps p with overlap pu;

3- There is no element in R? which overlaps p, with the overlap being a proper prefix of pu.
The set R™ is the set of all overlaps R™. We illustrate R™ with the following diagram:

2
1 | |

F=iL —2

fi?i'i.
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Now we define the minimal projective resolution (P™,d™) of A/rad A using the construction of
Green, Happel and Zacharia [4]. For all n > 0, let P* =@gnegn t(R™)A. Define, for n > 1 and
R™ € R™, the map d™: P™* - P*"1 via t(R™) - (0,...,0,p,0,...), where R™ = R" 1p and p occurs
in the component of P™*~corresponding to R™ 1.

Now we prove the main theorem in this section.
Theorem 4.3: Let A = KI'/I be a (D, A)-stacked monomial algebra with gldim A > 4, so D = dA,
for some d > 2. Let B be the algebra constructed from A using Definition 3.2. Then B is a d-Koszul
monomial algebra.
Proof: Assume that the algebra B = KQ/1 is constructed from A = KI'/I. Then T is monomial. We
set
RO = the vertices setof T,

R = the arrows set of T,

R? = the minimal set of monomials in the generating set of I, (denoted 5 in Definition 3.2) and
RO = the vertices set of Q,

R! = the arrows set of Q,
R? = the minimal set of monomials in the generating set of 1, (denoted as p in Definition 3.2).

It can be seen that [(R®) = 0, [(RY) = 1, and [(R?) = d, forall R® € R°, R € R?,

and R? € R2. We denote by R™ (respectively R™) the set of overlaps in A (respectively B), for all
n = 3.Since A is a (D, A)-stacked monomial algebra, then the nth projective module in a minimal
resolution of A/rad A is P* =@gne gn t(R™)A, and we can see that it is generated in single degree
5(n) (see Definition 1.3), where n > 0. We now consider R3. An element R3 € R3 is constructed
from R? which maximally overlaps RZ of the form R3 = R2 y as follows:

R

Iz'i:-.fi
By Definition 2.2, R? (respectively RZ) corresponds to R? (respectively R?) in the minimal
generating set R? for I. This element gives an overlap of R? with R2:
72
! _ )

l | _
: 7
R2

We want to show that R2§ is in R3. If R? does not maximally overlap RZ, then we have R2Z € R?
which maximally overlaps R3 :

R2

R3

But R? corresponds to some R2 € R3 and so RZ overlapsR3 :
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R2

R2

This is a contradiction, as R? maximally overlaps RZ. Therefore, R? does maximally overlap
R and so Ry € R®. Now we write RZ5 = R® € R®. Since {((R®) =D + Aand I(R?) =D, then
() = A. However, 7 is a suffix of R? andso § € S,. So ¥ corresponds to an arrow in B. Hence,
I(y) =1 and [(R3) = d + 1. The same argument has been used for the elements of R*. An element
R* € R* is constructed from a sequence of overlaps as follows:

RB

163

Ri R3
R!

From Definition 3.2, R? (respectively RZ, R? ) corresponds to

R? (respectively R2, R?) in the minimal generating set R? for I. Using the above argument for R3, we
get:

R? R3

ﬁ?.
and [(¥) = A. From our construction of R*, we get [(y) = 1. However, RZ overlaps y and so y must
be a prefix of R2. Thus t(R?) = o(R%) and we have

R3

Ry R3

R*l
Then, R* = R?R2 and [(R*) = 2d. By continuing in the same manner, by the induction for all n > 0
and all R™ € R™, we have

n

Ed if neven

I(R™) = 1
Td +1 ifnodd

Thus, B is a d-Koszul.
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