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Abstract 

      This research is concerned with the study of the projective plane over a finite 

field   . The main purpose is finding partitions of the projective line PG(    )  and 

the projective plane PG(    )     , in addition to embedding PG(1, ) into 

PG(    ) and PG(   ) into PG(    ). Clearly, the orbits of PG(    )      are 

found, along with the cross-ratio for each orbit. As for PG(    ), 13 partitions were 

found on PG(     )  each partition being classified in terms of the degree of its arc, 

length, its own code, as well as its error correcting. The last main aim is to classify 

the group actions on PG(    ). 
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             الرتبة حقل كالهس من حهل ت على المدتهي الاسقاطيتجزئا
 

نجم عبد الزهرة مخرب الدراجي ،*ى ماجد عبد الرزاق الصبيحاوي سر   
، كلية العلوم، الجامعه المدتنرخيه، بغجاد، العخاق قدم الخياضيات  

 الخلاصه
واهجافه الخئيدية  في ايجاد تجدئات  ,   المدتوي الاسقاطي حول الحقل المنتهيهحا البحث معني بجراسة     

 PG(1, ) , بالاضافة الى غمخ     (    )PG, والمدتوي الاسقاطي (    )PGللخط الاسقاطي 
تم    (    ), المجارات ل . بذكل اوضحPG (    )الى   (   )PG و غمخ  (    )PGالى 

ئة وججت حول تجد  PG(    ) ,31 لأجلكل مجار. كحلك  لأجل, وكحلك وججت ندبة تقاطع  ايجادها
PG(     )و كحلك ترحيح اخطاء الخموز. اخخ هجف  , كل تجدئة صنفت في رموز درجة القوس , وطوله

 .(    )PGى هو ترنيف فعل الدمخ عل
1. Introduction 

     Today, we see projective geometry as a numerical hypothesis in its own privilege, a section of 

geometry is “exceptionally non-Euclidean” with no thought of separation and with quite certain 

topological properties. In any case, the source of projective geometry is to be found inside Euclidean 

geometry. For a few hundreds of years, projective “techniques” were viewed as similarly as an 

effective method to deal with issues in Euclidean geometry. The main topic of this paper is a partition 

on the projective line and the projective plane by subgeometry, depending on the projective geometry, 

group theory and vector space over a finite field   . Therefore, we found a non-singular matrix      to 

construct a projective line PG(   ) and a matrix       to construct a projective plane PG(   )   where 

       In this work, we partition the projective line PG(    )      and study its properties and 

results. In addition, we partition the projective plane PG(    ).  Many methods and algorithms were 
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used on this subject. For example, in 1998, Hirshfeld [1] partitioned PG(    ) into three disjoint 

PG(2,4),  while in 2010, Al-Seraji [2] classified the projective line and the plane of order 17. In 2011, 

Al-Zangana  [3] showed the  group effect on the conic in PG(   )              in 2014, Al-

Seraji [4] studied the classification of the projective line PG(    ). For more details about other cases, 

see [5-12]. 

2. The group action on the projective line PG(    ) 
     To construct PG(    ), let  ( )                      be a polynomial of the degree 

two, where   is a primative element and   is the primitive polynomial over    , since:  

 ( )    ,     ( )    ,      ( )    ,      ( )   ,       ( )     ,       ( )    ,       ( )    ,         

 ( )      ,       ( )    ,         (  )      
Such that   is irreducible polynomial over field      
The non-singular matrix of size     of  ( )     

  .
  
    

/                                                              …  (1) 

generated 12 points on PG(    ), such that    ,   - 
              . 

3. The group action on PG(     ) 
In regard to PG(     ), the order becomes higher and the number of points are increased, so we 

found a matrix to find those points. This matrix is obtained from the polynomial of degree two 

 ( )                   , primitive over     . We can define this field by the form      
*                           +. To clarify more, we have 1332 points in PG(     ) generated 

by the non-singular matrix of   of size        

  .
  
    

/                                                                     … (2)  

such that    ,   - 
                . 

The group actions of      on PG(     ) are: 
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Theorem 3.1: On PG(     )  we have the following properties: 

1. The projective line PG(     ) is partitioned into 111 orbits; 

2. Any one of the pervious orbit represents PG(    ) and all of them are equivalent under the effect 

of the matrix  ; 

3. All the orbits are disjoint on the effect of   as 12-transtive; 

4.  The action of      cycles 12 points. 

4. Partitions on PG(     )       

Let 

                                          
(     )

(     )

(     )

(     )
        ……………………..                                (3) 

be a cross-ratio of any four points {           +, such that these points will be an elements of   . On 

the PG(1,   )   in *   + ,  the number of orbits were formed and founded cross ratio for each orbit. 

The formed orbit gave a permutation of 4-set (tetrad), therefore this 4-set is described as: 

1. Harmonic (H) if     
 

 
         or    

 

   
 ; 

2. Equianharmonic (E) if   
 

   
  or    

   

 
 ; 

3. Superharmonic if it is both (1&2); 

4. Neither harmonic nor equianharmonic (N) if the cross-ratio is of another value. 

Evaluate the tetrads *       + with            *   +, hence there are four classes of tetrads: 

   *class of H tetrads+ 
   *class of E tetrads} 

   *class of S tetrads} 
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   *class of N tetrads} 

The three orbits formed  by (1) on PG(    ) are: 

  
  

→    
  

→    
  

→     
  

→     

  
  

→    
  

→    
  

→      
  

→     

  
  

→    
  

→    
  

→      
  

→     

The next table shows the properties for cross-ratio on PG(    ). 
Table 1-Some 4-set on PG(    )  

No. The 4- set (tetrads) The cross-ratio Class of tetrads Stabilizer 

  *           +  =   S       

  *           +     N       

  *           +      S       

  *           +     N       

  *           +      H       

From Table-1, the following theorem is established. 

Theorem 4.1:  Partitions on PG(    ) satisfy the following properties : 

1. We divide the projective line PG(    ) into three orbits,  each one of them containing four points 

called tetrads; 

2. For each orbit,  the values of a cross-ratio are (          
      

 ); 
3. The cross-ratio of  *       + belongs to the class N , *        + belongs to the class H, 

and*        +  belongs to the class S; 

4. Each of         and     gave eight permutations from the same class to which they belong. 

Proof 4 : The eight permutations for the cross-ratio    are:  

*           + 
*           + 
*           + 
*           + 
*           + 
*           + 
*           + 
*           + 

Also, the eight permutations for     are: 

*           + 
*           + 
*           + 
*           + 
*           + 
*           + 
*           + 
*           + 

The eight permutations for    are:  

*           + 
*           + 
*           + 
*           + 
*           + 
*           + 
*           + 
*           +. 

In regard to the partition on PG(     )  there are 333 orbits formed by (2), some of these orbits are: 



Al-subahawi and Al-seraji                             Iraqi Journal of Science, 2020, Special Issue, pp: 204-214                                                                                          

 

207 

  
    

→      
    

→      
    

→      
    

→      

  
    

→      
    

→      
    

→       
    

→      

  
    

→      
    

→      
    

→       
    

→      

  

    
    

→      
    

→      
    

→       
    

→        
The second table shows the properties of these partitions. 

Table 2-Some 4-set on PG(     )  

No. The 4-set(tetrads) The cross-ratio 
Class of 

tetrad 
Stabilizer 

  *                  +      E       

  *                  +      E       

  *                  +      H       

  *                  +      H       

Theorem 4.2: On PG(     ) the partition satisfies the following properties: 

1. We divide PG(     ) into 333 orbits,  each one of them containing four points called tetrads; 

2. From the 333 orbits, we obtain two cross-ratio (    
  and     

 ) 
3. The cross-ratio of   *        + belongs to the class H and          *        + belongs to the class 

E; 

4. Each of      and     gave 16 permutations from the same class to which they belong. 

5. Partitions on PG(     )       

After the projective line has been partitioned, we now partition the projective plane on the two fields 

          . The used symbols are: 

  : The size of orbit. 

  : The degree of arc. 

   :  The minimum distance of projective code. 

   ,     - error correcting . 

5.1_ Partition on  the projective plane PG(    ) 
At PG(    ) there are 133 points and 133 lines, with 12 points on lines, and 12 lines passing through 

point   To construct PG(    ), let  ( )                    , where     is a primitive 

element and   is a primitive polynomial over    . The non- singular matrix 

   (
   
   
      

)                                                                    … (4) 

generated 133 points and lines on PG(    )  such that    ,     -  
                 

The actions of   and     are given in Tables-(3 and 4). 

Table 3-The first partition on PG(    ) 

NO. The orbits         Description 
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incomplete 
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From the third table we obtained the following results: 

 PG(    ) is partitioned into 7 orbits; 

 Any one of the pervious orbits represents  an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                  ;  

 The matrix     cycles 19 points. 

 Any orbit in Table- 3  represents  an incomplete arc since     ; 

Table 4-The second partition on PG(    )  

NO. The orbits         Description 
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From the forth table, we obtain the following: 

 PG(    ) is partitioned into 19 orbits; 

 Any one of the pervious orbits represents  an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                ;  

 The matrix      cycles 7 points. 

 Any orbit in Table- 4  represents  a complete arc since     ; 

5.2_The group action on the projective plane PG(     ) 
     Let  ( )                        be a polynomial, to construct PG(     ), since   is 

primitive over a field       We have 14763 points and lines on PG(     ), The non-singular matrix 

that generated these points is  

  (
   
   
       

)                                                  … (4) 

Such that     ,     - 
             .  

We have 13 partitions on PG(     ) as illustrated by the table below. 

Table 5-The first partition on PG(     )  

No. Orbits         
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From Table-5, we obtain the following: 

 PG(     ) is partitioned into 3 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

 the matrix  ; 

 The values of the parameters of the projective code are                     
       ;   

 The matrix    cycles 4921 points. 
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Table 6-The second partition on PG(     )  

No. Orbits         
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From Table-6, we obtain the following: 

 PG(     ) is partitioned into 7 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                     
       ;  

 The matrix    cycles 2109 points. 

Table 7-The third partition on PG(     )  

No. Orbits         
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From Table-7, we obtain the following: 

 PG(     ) is partitioned into 19 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                  
      ;   

 The matrix     cycles 777 points. 

Table 8-The forth partition on PG(     )  

No. Orbits         
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From Table-8, we obtain the following: 

 PG(     ) is partitioned into 37 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                   
      ;  

 The matrix      cycles 399 points 

Table 9-The fifth partition on PG(     )  

No. Orbits         
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From Table-9, we obtain the following: 

 PG(     ) is partitioned into 21 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                   
      ;  

 The matrix      cycles 703 points. 

Table 10-The 6th partition on PG(     )  

No. Orbits         
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From Table-10, we have the following: 

 PG(     ) is partitioned into 57 orbits; 

 Any one of the pervious orbits represents PG(     ) and all of them are equivalent under the 

effect of the matrix  ; 

 The values of the parameters of the projective code are                  
      ;  

 All the orbits are disjoint on the effect of   as 14763-transtive; 

 The set      is cyclic on 259 points. 

 

 



Al-subahawi and Al-seraji                             Iraqi Journal of Science, 2020, Special Issue, pp: 204-214                                                                                          

 

211 

Table 11- The 7th partition on PG(     )  

No. Orbits         
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From Table-11, we obtain the following: 

 PG(     ) is partitioned into 111 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                   
     ;  

 The matrix       cycles 133 points. 

Table 12-The 8th partition on PG(     )  

No. Orbits         
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From Table-12, we have the following: 

 PG(     ) is partitioned into 133 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                  
     ;  

 The matrix       cycles 111 points. 

Table 13-The 9th partition on PG(     )  

No. Orbits         
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From Table-13, we have the following: 

 PG(     ) is partitioned into 259 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                
     ;  

 The matrix      cycles 57 points. 

Table 14-The 10th partition on PG(     )  

No. Orbits         
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From Table-14, we obtain the following: 

 PG(     ) is partitioned into 703 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                
    ;   

 The matrix      cycles 21 points. 

Table 15-The 11th partition on PG(     )  

No. Orbits         
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From Table-15, we have the following: 

 PG(     ) is partitioned into 399 orbits; 

 Any one of the pervious orbits represents an arc  and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                
     ;  

 The matrix      cycles 27 points. 
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Table 16-The 12th partition on PG(     )  

No. Orbits         
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From Table-16, we obtain the following: 

 PG(     ) is partitioned into 777 orbits; 

 Any one of the pervious orbits represents an arc and all of them are equivalent under the effect of 

the matrix  ; 

 The values of the parameters of the projective code are                  ;  

 The matrix       cycles 19 points. 

Table 17-The 13th partition on PG(     )  

No. Orbits         
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From Table-17, we obtain the following: 

 PG(     ) is partitioned into 4921 orbits; 

 Any one of the pervious orbits a triangle and all of them are equivalent under the effect of the 

matrix      ; 
 The values of the parameters of the projective code are                ;  
 The matrix       cycles 3 points. 

Conclusions  

The summary of this research is given in the following table. 

Matrix No. of orbits       
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