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Abstract

In this paper, we discuss the difference between classical and nonclassical
symmetries. In addition, we found the non-classical symmetry of the
Benjamin Bona Mahony Equation (BBM). Finally, we found a new exact
solution to a Benjamin Bona Mahony Equation (BBM) using nonclassical
symmetry.
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1. Introduction

It is well known that the field of partial differential equations (PDES) is an active area of
Mathematics, due to the important applications of PDEs in many real problems in physics,
chemistry, and engineering. Therefore, many authors have interested in studying PDEs with
different types of initial-boundary conditions, see for instance [1-10].

Over the years, there have been several generalizations of Lie's classical method for
finding group invariant solutions of partial differential equations (PDEs). In fact, there exist
two ways for extending Lie's symmetries:

1. Through the weakening of the invariance criterion by calculating the symmetries of the basic
equation supplemented by certain differential constraints (side conditions) in order to provide us
with larger Lie-point symmetry groups for the augmented system, e.g. non-classical symmetry
and weak symmetry (conditional symmetry) [1-8]. Olver [6] divided Lie group symmetry into :

i) The strong symmetry group of the system of differential equations E¢ = 0, which is a group
of transformations G on the space of independent and dependent variables, which has the
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following two properties:

a) The elements of G transform solutions of the system to other solutions of the system.

b) The G invariant solutions of the system are found from a reduced system of differential
equations which involve a fewer number of independent variables than the original system
E° = 0.

i) The weak symmetry group of the system E? = 0 is a group of transformations that satisfies
the reduction property (b), but no longer transforms solutions to solutions.

2. Extending the space of symmetries to include some derivatives and/or integrals of the
dependent variables (e.g. contact, generalized or Lie Backlund symmetry, nonlocal and extend
symmetry) [5, 11-13].

One can mix (1) and (2) to have both weak and strong generalized symmetry groups of the
system E° = 0 [6].

In this paper, we discuss the first way- that is- weakening the invariance criterion. We find
the nonclassical symmetries of the Benjamin Bona Mahony Equation (BBM) and make a
comparison among the classical and nonclassical symmetries.

2. Basic Definitions

Definition 2.1 [13]. A k-th order (k > 1) system E of s differential equations is defined by
E°(x,wugy, .., up) =0, o0=1,2..,s (2.1)

where x = (21, 2%, .., x"),u = (ub,u?, .., u™)  and ug), Uy, ..., Uy are respectively the

collection of all first, second, up to k-th order partial derivatives.

Definition 2.2 [13]. The first order linear differential operator

X = Zf’(x u) —+ Z n“(x, u) (2.2)

is called symmetry operator, Lie symmetry, L|e operator, |nf|n|te operator or admitted group.
Definition 2.3 [13]. The k-prolongation of X which is denoted by X!¥! is defined by:

k] — i 0 a 0 0
X =f(x,u)ﬁ+n (x,u)m+~-+ R G T u(k))a z (2.3)

11 lk
where the Einstein summation convention is adopted.

Definition 2.4 [13]. The generator X is admitted by the system of differential equation (2.1) with
maximal rank if and only if

XME® | gog =0 o=1,..,s (2.4)
where X[k js the k-th prolongation of X and |go—, means that it is evaluated on the frame of the
system of differential equations (2.1).

Equation (2.4) is known as the determining equation (Invariance criteria), which decomposes
into several equations, thus becoming an over-determining system of differential equation for &
and n. After solving this system, one finds all generators of point transformations admitted by
the differential equations.

3 The Nonclassical Symmetries (Q-conditional Symmetry or standard conditional
Symmetry)
Recall the system (2.1), that is,

E° (%, w,ugy, o Ugy) = 0; 0 =12,..,s. (3.1)

The nonclassical symmetries were suggested by a previous article [14]. In this method, the
problem is to find a linear operator X defined by (2.2), which is not admitted by the differential
equation (3.1), but admitted by the differential equation (3.1) and the invariant surface condition,
that is

n
a i ou® a
= Qe 1 um) = ) §imw) 5~ %) = 0
i=1 ¢

a=12,...m (3.2)
Definition 3.1 [15]. We say that the linear operator X, defined by (2.2). is nonclassical
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symmetry of the equations (3.1), if (2.2) is Lie symmetry of the combined systems (3.1) and
(3.2), that is,

Eo(x, @, Uy, . Ugy) =0 0=12,..,5. (3.3)
and

Qu(%, 0, Uy o, Ugy) =0, a=12,..,m (3.4)
when (3.1) and (3.2) are satisfied.
Remark 3.1.
1. If the systems (3.1) and (3.2) are compatible, we can use the following equation to find

nonclassical symmetries for (3.1), that is
XWEe |y =0; 0=12,..5

X Iy=0;, a=12,..,m (3.5)
where N is the set solution of (3.1) and (3.2), we note that the invariance criterion (3.5) may be
replace by X[¥IE?|, = 0 where the second equation of (3.5) is automatically satisfied [16].
2. For the systems (3.1) and (3.2) to be compatible [17], the k-th prolongation X! of the
vector field X must be tangent to M, where

M ={(x, wuq) - um): E =0,Qy =0,0,Q, =0, ..,

p¥ M0, =0 o=12,.,5s a=12,..,m} (3.6)
that is
XWKEe|,, =0 c=12,..,5s. (3.7)
3.1 Comparison Between Classical and Nonclassical Symmetries
1. Invariance:

Any Lie symmetry locally maps the solution set (whole) of the corresponding system of
differential equations onto itself. This is, the main characteristic of any type of symmetry (e.g.
contact, generalized, nonlocally symmetry) gives rise to the possibility of generating new
solutions from known ones (maybe trivial). But the basic prerequisite of the definition of
nonclassical symmetry is the consideration of only the set of solutions invariant (subset of whole
solutions) under the associated transformation. That is, symmetries of special solutions are not at
the same time symmetries of the equations (2.1). Therefore, it is impossible to use nonclassical
symmetries in order to generate new solutions from known ones.

2. Determining equations: - The determining equations (2.4) for Lie symmetry X are linear and
homogeneous PDEs with respect to the coordinates &‘and n®of the operator X. Therefore, the set
of solutions generates a linear vector space, which implies getting the Lie algebra [13]. While
the determining equations (3.7) are nonlinear PDEs, since &%, n® play a double role: it appears
not only as the symmetry vector field, but also in the equation of (3.2). Therefore, the solution
(3.7) in general does not constitute a vector space (i.e. a Lie algebra). Therefore, we need a new
notion (involutive) to define module (similar to Lie algebra in case of the classical symmetry)
[16].

3. In the classical symmetry method, if X is a symmetry, then AX is also a symmetry, where A is
a constant, since the over-determining equations are linear and homogenous partial differential
equations. If X is nonclassical symmetry, then A(x, u)X is also nonclassical symmetry [16]. This
fact is useful, since it leads to two simplifying cases for t=1; 1 =0, =1 whenX =
E(x, t,u)0, + T(x, t,u)0; + n(x, t,u)0,.

4. Reduction: - Each classical (Lie) symmetry and nonclassical symmetry leads to an anstaz*
reducing the initial system to a system with a smaller number of independent variables, and in
principle, the reduced system is more easily solvable than the initial one, that is this property is
preserved in both cases.

5. Structure of the equation:- In both cases, classical or nonclassical symmetries, the structure of
the equation is preserved, which means that the linear equation is converted to a linear one and
the nonlinear to a nonlinear one.

*Anastaz: It is a hypothesis used to simplify a differential equation into a differential equation
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that is simpler to solve.
3.2 Nonclassical Symmetry (NCS) Algorithm
For the construction of nonclassical symmetry, the following algorithm is presented [5, 18]:

[ Original equation (3.1) ]
Impose the invariant surface condition
that is, write out corresponding 1st-order quasi linear PDE (3.2)

|

[ Calculate the coordinates of the prolonged operator ]

that is, invariant condition (3.5]) or (3.7)

|

[ Split the resulting expression in powers of derivative of u }

that 1s, derive the over-determining equations of PDEs

|

Solve the over-determined system &, 7, 7 if
T = lort = 0,6 = 1ltofind(, 7,7

Figure 3.1: Nonclassical Algorithm

The following examples illustrate nonclassical symmetry algorithm.
Example 3.1 [1, 14] Heat equation
The first PDE considered through the nonclassical method is the homogeneous heat equation:
Ut = Uy (3.8)
By property (3) in 3.1, two cases will be considered
Case 1 : 7 = 1, therefore X becomes
X =&, t,u)d, + 0; +n(x, t,u)dy,
If u satisfies the augmented PDE system consisting of (3.8) and the invariant surface condition
u; =nlx, t,u) —&(x, t,u)u, (3.9)
then the invariance criterion is

X [uy, — Uellz8)39) = 0 (3.10)

By solving the equation (3.10), we get the over-determining equations.
Ne = Nex +2Néx =0 (3.11)
$xx — §t = 2Myy — 288, + 218, = 0 (3.12)
280 — Ny — 286, =0 (3.13)
=0 (3.14)

and finally we obtain
§=¢(x,0)
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n=C(,t)u+ D(x,t)
=1
where {&(x, t), C(x,t),D(x,t)} isany solution of the nonlinear system
$x = Sxx — 288 + 20, =0
Cp— Coy + 25, =0
Dy — Dyy + 26,D = 0
Case 2: 7 =0, & = 1, therefore X = 9, + n(x,u, t)d,, and (3.9) become
Uy =1n(x,t,u)
Upx = My + Myl = Nx + M7
The invariance criteria is
X2l [y — ut]|(3.8)(3.17) =0
which leads to the infinitesimals

§=0
7T=0
and,
n=nxtu)
where

NNy + 200y + Ny — M = 0

Theorem 3.1. An arbitrary operator X nonclassical symmetry of the BBM equation,
uxxt = ux + uxu + ut
is equivalent to either the operator
X = at + ax
or the operator
X =0, +n(t,x,u)d,
where 7 satisfies
MaxTlu = 20+ Me = Nxeul] = 207 = Nae = My — UM% — 2115) =0

Especially whenn = n(t,x) then X = d, + :lc Oy
Proof:
The first case is taking the following

X=0;+é(xt,u)d, +n(x,t,u)d,
The corresponding constraint invariant surface condition is

ur =nlx, t,u) — EQx, t,u)u,
By differentiating (3.21), we get

) ) o utx_ =Ny + Nl — EMaex — (§x — Eulta) Uy
By invariance criteria, we obtain
XBNuyry — 1y — wut — U]l (330)3.32)(333) = 0
which implies to
n n* —n*u—nu, — Tlt|(3.30)(3.32)(3.33) =0

By solving the equation (3.24), we get the over-determining equations
Mxxt — Nxx + (znxu - fxx)nx + (nu - fo)r/ —Ne—Mu—MNx =0
=N =0

xxt _

77xxu€ + (anu - €xx) (nu - S;x) + antu + anuun - 'fxxt - ‘fxxun + Z(Uuu - fou)nx

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
(3.21)
(3.22)
(3.23)

(3.24)

— (M —28)—3&un—n+n i+ &+ En—ny +E+m, — 26, =0
_(znxu - fxx)fu - anuuf + fxxuf + z(nuu - fou)(nu - fx) + Nuue + Nuwu — 2'fxtu

- fouun - 3‘fuunx - 3S(uu77u + B‘Eu'f + ‘fu'f + fu - 3§u =0
_2(77uu - fou) - nuuu‘f + fouu‘f + 3€uu€x - ‘fuut - ‘fuuun =0
3&uusu + $uuus =0
—(2Nu = Exx)E + Nt + N — 2850 — 285 — 3Eun = 0
_2(77uu - ngu)f - nuu‘f - 3€u(77u - S;x) - 3'>;ut - B‘Euun + fouf =0
My —28) Myt & =8 =0
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3Suubuxx T 38usu +38ué =0
-3 +éu =0
3§u$ =10
$ué =0
Syl =& =0
This case leads to the generator
X =0, + 0,

The second case is taking

X =0, +n(xtuwd,
The corresponding constraint invariant surface condition is:

u, = nlx, t,u) (3.25)
So, we can write (3.19) in the equivalent form
u; = A(x, t,u) (3.26)
where
AQ, 6, U) = Uy — Uy — Uy (3.27)
By substituting (3.25) in (3.27), we get
A(X, t, ‘Ll.) SNyt —N—un (328)

from the invariance criteria

X(l)(ut - A)|(3.25)(3.26) =0
that is,
U(l)ﬂAu — Axlz25)3.26) =0
we obtain the equation
o o MetmA—nA, = A, =0 (3.29)
By substituting (3.28) and its derivatives in (3.29), we get

Naxly — 20y + N = Nxeul — 207 = Nxr — Nz — UM — 2070y)
-0 (3.30)

It is difficult to solve this equation, therefore, we take simple the case that n = n(x, t), then the
equation (3.30) becomes

_ _ Me =20 = Naxe =N —UNx = 0 (3.31)
where its solution
_ 1
77_1:+c
Therefore X becomes
1
X =0,+ mau (3.32)
Theorem 3.2
The function u(x,t) = x;:b is a solution of BBM equation , where b and c are arbitary
constants.
Proof:
By using the nonclassical (3.32), we can obtain a new solution for BBM equation, that is,
u(x, ) = Z—+F(t) (3.33)
By substituting (3.33) in (3.19), we get the ODE
. F(t) 1
Ft)+ ——=-—
t+c t+c
The solutions takes the form
F(t) = —t+b
o t+c
Therefore (3.33) becomes
( 0_x—t+b
WOt ="
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where b and c are arbitrary constants.
4 Conclusion

From this work, we notice that, when we can find the non-classical symmetry of the partial
differential equation, we can find a new solution to this equation.
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