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Abstract

An R-module M is called ET-H-supplemented module if for each submodule X
of M, there exists a direct summand D of M, such that TEX+K if and only if
TSD+K, for every essential submodule K of M and T< M. Also, let T, X and Y be
submodules of a module M , then we say that Y is ET-weak supplemented of X in M
if TEX+Y and (XNY) KgrM. Also, we say that M is ET-weak supplemented
module if each submodule of M has an ET-weak supplement in M. We give many
characterizations of the ET-H-supplemented module and the ET-weak supplement.
Also, we give the relation between the ET-H-supplemented and ET-lifting modules,
along with the relationship between the ET weak -supplemented and ET-lifting
modules.
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1. Introduction
Let R be a commutative ring with identity and M be an arbitrary R-module. A submodule H of M
is called small (H« M), if for all submodule B of M, B < M, such that H+ B = M implies that B= M
[1] . A submodule H of M is essential (H <,M) if for all B< M such that HNB= 0, then B=0[2] . A
submodule H of M is closed (H <.M) if H has no proper essential extensions inside M. That is, if H
<.K <, M then H=K][3]. A submodule H of M is called an essential- small (H «.M )(E-small)

submodule of M , if for all essential submodule B of M such that M = N + B implies that B = M [4].
Let T be a submodule of an R-module M .A submodule N of M is called T-small submodule of M
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(denoted by N<«+ M), in case for any submodule X of M, TEN+X implies that TS X . In a previous
publication [5], we defined ET-small submodule of M; Let T < M and A submodule H of M is “ET-
small submodule of M” (H<Kgr M), if for all K <, M suchthat T€ H+K , then TS K. Let T be a
submodule of a module M. Recalled that M is called T-H-supplemented module if for each
submodule X of M, there exists a direct summand D of M, such that TEX+K if and only if TED+K,
for every submodule K of M [6]. Let T, X and Y be submodules of a module M, we say that Y is T-
weak supplemented of X in M if TEX+Y and XNY <« M. We say that M is T-weak supplemented
module if each submodule of M has a T-weak supplement in M [6]. In this work, we define the
essential T-H-supplemented module (ET-H-supplemented module) and essential T- weak —
supplemented module. We also provide some properties of these types of modules.

2. ET-H-supplemented module

Definition 2.1: Let T be a submodule of a module M. We say that M is ET-H-supplemented module
if for each submodule X of M, there exists a direct summand D of M, such that TEX+K if and only
if TED+K, for every essential submodule K of M.

Remarks and Examples 2.2

1) Let M be an R- module and T=M . Then a module M is ET-H-supplemented if and only if M is an
e-H-supplemented module.

2) Let M be an R-module and T=0. Then a module M is ET-H-supplemented.

3) Consider Z, as Z-module and T={0,2}, then Z, is ET-H-supplemented module. To prove that, let
X={0,2} . Take D=Z, . It is clear that {0,2}=X+K , where K <, M if and only if {0,2}<D+K .Thus
Z, is ET-H-supplemented module.

Proposition 2.3: Let T be a submodule of a module M .Then the following statements are equivalent:
1. M is ET-H-supplemented module.

2. For each submodule X of M, there exists a direct summand D of M such that for each essential
submodule A of M with TEX+D+A, then TEX+A and TED+A.

3. For each closed submodule X of M, there exists D <gM such that 22 « (T % and %
X
M
<<E(¥) 5
Proof: 1=2

Let M be an ET-H-supplemented module and X be a submodule of M. Then there exists D<gM,
which satisfies statement (1). Now, let A be an essential submodule of M such that TS X+D+A. By
statement (1), TEX+(X+A) = X+A and TED+(D+A) = D+A .
2=1 Let X be asubmodule of M. Then there exists D<gM, which satisfies statement
(2). Let K be a submodule of M such that TEX+K. Then TEX+D+K . By (2), TS D+K..

Now, let H be essential submodule of M such that TED+H .Then TEX+D+H. By (2), TEX+H. Thus
M is ET-H-supplemented module.
2=3 Let X be a submodule of M .Then there exists D<gM, which satisfies (2) . To show that

X+p Ky rex, 7 o let é <e M where X <A < M such that ﬂ c X2, 4 XD Then
E(D) X X X X X

TCT+XSX+D+A By (2), TEX+A=A . Thus, %c— By the same  way, =2 « (m)’;’

3=2 Let X be a closed submodule of M, then there exists D<gM such that X+D <<E(ﬂ) 2

and X2 <<E(T+D) D . Let A be an essential submodule of M such that T€X+D+A . Now ﬂ < X+§+A

% + % Since 22 . P (r+x ,then H c ﬂ and hence TSX+A . By the same way, TED+A.
X

Recall that M is said to be an ET-Ilftlng module if for all sub-module H of M, there exists a
direct summand K of M and L<«< M such that H=K+L, where T < M [7] .
Proposition 2.4: Let T be a submodule of M .Consider the following statements:
1. M is ET-lifting module.
2. For each submodule X of M, there exists a decomposition M = D@D, such that D€X and

X M
a - <<E(¥) > and
b. whenever T+Dgc L+D, for some L <M, then TEL .
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Then 1=2(a) and 2=1
Proof: 1=2(a)
Suppose that M is ET-lifting module. Let X be submodule of M, then X=D+H, Where D <@M and

H«: M. Let M = D@D". To show that X & 1o ﬁ, let £ < <e — such that X2 ¢ £ + — . Then
D TE() D D
TST+DSX+K and hence TED+H+K. Since H« M, then TSD+K .Therefore,

M
« (E) D’

2=1 Let X be a submodule of M, then there exists a decomposition M = D@D such that DEX and

D Ceree X in M. Now, to show that (XﬂD‘) L grM, let K <, M such that TS(XND")+K .Then E c

M . By 2.(a) , then =2 < X*2 ang hence T+D<K+D. By 2.(b), then TSK. Thus M is

ET- Ilftlng module as previously pubhshed [7]

Lemma 2 5 Let M be a ET-H- supplemented module such that for every direct summand D of M and

ASCM P+A s direct summand of — Then —is E(E) -H- supplemented module

D
TDgK

X
- Thus, =
D D D

Proof: Assume that M is ET—H—supplemented module. Let " be a submodule of 2 " then there exists a

direct summand D<@M such that TEX+K if and only if TED+K, for every K submodule of M. By
T+A

our assumption, 234 <@ —since A<M, then — be an essential suomodule of - such that —c = +
K- ﬁ , then TCT+ACX+K Since M is ET- H supplemented then TCD+K So ﬂ DA;K = DA;A +

By the same Way, we can show that % c # + — implies that 4 c X + - for every submodule

:elxrmlx:nl

of Z : Thus, " is E( T) -H-supplemented module.
Corollary 2.6: Let A be a closed submodule of a distributive module M. If M be a ET-H-
supplemented module, then % is E( %) -H-supplemented module.

Proof: Assume that M is ET-H-supplemented module Let A be a closed submodule of M and D be a

direct summand of M .Then M=D&@D" and hence — # + D:A Slnce M is a distributive module

D+A D'+A _ D+A D'+A

then A=A+(DND")=(A+D)N(A+D" )— — N—== -A Therefore YD 2™ Thys, 2 |s E(

M) H-supplemented module, by Lemma (2. 5)

Proposmon 2.7: Let M be a finitely generated, faithful and multiplication R-module .Then M is ET-
H-supplemented module if and only if R is E[T:M]-H-supplemented .

Proof: Assume that M is ET-H-supplemented module. Let | be an ideal of R . Since M is ET-H-
supplemented module, then there exists D <gM such that TEIM+N if and only if TED+N, for every
an essential submodule N of M. Since M is a multiplication module, then there exists ideals S, J and
K of R such that T=SM, D=JM and N=KM . Hence, SMSIM+KM=(I+K)M if and only if
SMcIM+KM=(J+K)M. But M is finitely generated, faithful and multiplication module, therefore M is
a cancellation module , as previously published [8] .Thus SSI+K if and only if SCJ+K, for every ideal
K of R . We claim that J<gR. To show that, let M=D@D" and D"=J"M, for some ideal J° of R. Hence,
RM=M=JM@J M=(J+J)M . But M is a cancellation module, therefore R=J+J" .

To show that JNJ'=0 ; Since M is a finitely generated, faithful multiplication module, then
0=JMNJ"M=@INJ)M and hence JNJ'=0 . Thus JI<gR . Thus R is E[T:M]-H-supplemented.
Conversely, assume that R is E[T:M]-H-supplemented and let X be a submodule of M .Since M is a
multiplication module, then there exists an ideal | of R such that X=IM. Then there exists J<gR such
that SCI+K if and only if SSJ+K, for every ideal K of R . Hence, SMS(1+K)M=IM+KM if and only
if SME(J+K)M=JM+KM, for every submodule KM of M . We claim that JM <gM. To show that, let
R=JJ, for some ideal J° of R and hence M=RM=(J+J")M=JM+J'M . Since M is a finitely
generated, faithful and multiplication module, then IMNJ"M=(JNJ")M=0M=0 .Thus, IM <gM . Thus,
M is E[T:M]-H-supplemented module.
3.ET-weak supplemented modules
Definition 3.1: Let T, X and Y be submodules of a module M . We say that Y is ET-weak
supplemented of X in M if TEX+Y and XNY KgrM.
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We say that M is ET-weak supplemented module if each submodule of M has an ET-weak supplement
in M.

Remarks and Examples 3.2

1. Consider Zs as Z-module and let T ={0,3},X ={0,2,4} and Y ={0,3} . It is clear that TEX+Y and
XNY=0KgrZs . Thus, Y is ET-weak supplement of X in Zg.One can easily show that Zs is ET-weak
supplemented module.

2. Consider Z as Z-module and let T=2Z . For each integer n>0, 2Z&nZ+ (n+2)Z . But 2ZZ(n+2)Z .
So 0 is the only ET-small submodule of Z . One can easily show that Z is not ET-weak supplemented
module.

Now let T =0, X =2Zand Y = 3Z, then T€2Z+3Z and 2ZN3Z=6Z«KgrZ, by [5] . Therefore, Y is ET-
weak supplement of X in Z. But Y is not weak supplement of X in M, where 0 is the only small
submodule of Z.

3. A module M is EM-weak supplemented module if and only if M is an E-weak supplemented
module.

4. Every module M is E(0)-weak supplemented module.

5. If M is a uniform module, then M is EM-weak supplemented module if and only if M is a T-weak
supplemented module.

Proposition 3.3: Let T, X and Y be submodules of a module M such that Y is ET-weak supplement of
Xin M. If TS K+Y , for some submodule K of X, then Y is an ET-weak supplement of K in M.
Proof: Assume that Y is ET-weak supplement of X in M and let K be submodule of X such that
TSK+Y. Since KNYEXNY KgrM, then KNY KM, by [5]. Thus, Y is ET-weak supplement of K in
M.

Proposition 3.4: Let T, X and Y be submodules of a module M such that Y is ET-weak supplement of
X in M . If T is finitely generated , then Y is containing a finitely generated ET-weak supplement of
XinM.

Proof: Let T=Rt;+Rt,+... +Rt, ,for some t; €T, Vi=1,...,n . Since TEX+Y , then for each 1<i < n we
have t; = a; + b;, where a; €X and b; €Y . Now, let Y'=Rb;+Rb,+...+Rb, . Itis clear that Y'CY . We
claim that TSX+Y" . To show that , let t €T then t =rit+rt+...+rt, S
ra;+ra,t... tryantriby+rb,+... + by, , for some ry,r,...,7,ER . So t €EX+Y" . Since XNY €XNY
and XNY<«Kgr M, then by [5], XNY Kgr M . Thus Y is ET-weak supplement of X in M.
Proposition 3.5: Let T, X and Y be submodules of a module M such that Y is ET-weak supplement of
XinM.IfLEY and LKzrM , then Y is a ET-weak supplement of X+L .

Proof: Let Y be a ET-weak supplement of X in M, LEY and LKz M. Then TEX+YCSX+Y+L and
(XNY) KgrM. To show that YN(X+L) <gr M, let K be an essential submodule of M such that
TS(YN(X+L))+K. By the modular Law TS(XNY)+L+K, since K« M, then (L+K) <.M [2], since
(XNY) «KgrM  therefore TSL+K. But LK gy M, therefore TEK. Thus Y is an ET-weak supplement
of X+L .

Proposition 3.6: Let T, X, Y and L be submodules of a module M such that Y is ET-weak supplement
Y+L .

of XinMand LEX . Then — is E(—) -weak supplement of £ |n -

Proof: Since TEX+Y , then E c f + ﬂ . To show that( ﬂ ) « T+L) T let 5 be an

By the modular Law == ¢

essential submodule of — such that - C( n &k ) +

(XmLf)’fL += therefore TcT+|_c(an)+L+K Smce K<< M then (L+K) <M and since
Y+L .

(XﬂY)<<ETM then TCL+K . Therefore — C —.Thus —is E(—) -weak supplement of % |n %

Proposition 3.7: Let M and N be R- modules and let f: M — N be an epimorphism . If M is ET-weak
supplemented module, then N is Ef (T)-weak supplemented module.

Proof: Let f : M — N be an epimorphism and M be an ET-weak supplemented. Let K be essential
submodule of N. Since M is ET-weak supplemented, then there is a submodule L of M such that
TcL+ f (K) and f *(K)NL «grM .Therefore, f (T) € f (L+ f (K)) and hence f (T) < f (L)+K. Since
f Y(K)NL<grM, then KN f (L)=f (f Y(K)NL) Kggery T (M) [5]. Thus f (L) is Ef (T)-weak supplement
of KinN.

Xn(Y+L)
L
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Lemma 3.8: Let M be a ET-lifting module and let Y be submodule of M and X<, M such that
TEX+Y . Then, there exists D<gM such that TEX+D and DEY.
Proof: Assume that M is an ET-lifting module and let Y be submodule of M such that TEX+Y, then
Y=D+H, where D<gM and H< ;7M. Since TEX+Y, then TEX+D+H. Since X<, M then X+D <.
But H«K ;- M, therefore TEX+D and DCY.

Recall that a submodule X of a module M is called a projective invariant, if for every P=P? €End
(M), P(X) < X [9].
Proposition 3.9: Let M be an ET-lifting module such that every ET-small submodule of M is
projective invariant . If TEX+Y, where X and Y are submodules of M, then Y contains a ET-weak
supplement of X.
Proof: Assume that TEX+Y . By Lemma (2.8), there exists D<gM such that TEX+D and DEY .
Since M is ET-lifting module and XNY is a submodule of M , then there exists a decomposition
M=D;@D; such that D;=XNY and (XNY)ND; <M [7]. By the Modular Law:
Y=YﬂM=Yﬂ(D1@D1‘)=D1+(YﬂDl‘).
So TEX+Y=X+D;+(YND;)=X+(YND;) . Thus YND;is ET-weak supplement of X in M.
Proposition 3.10: Let M be a ET-lifting module and Y be a ET-weak supplement of X in M .Then Y
contains an ET-weak supplemented of X, which is a direct summand of M.
Proof: Assume that M is ET-lifting . Let Y be a ET-weak supplemented of X in M, then TEX+Y and
XNYKgr M . Since M is ET-lifting, then Y=D+H, where D<gM and H<grM. Since TEX+Y, then
TSX+D+H, since X<, M then X+D <, M, but H&KgrM then TEX+D . Now XNDEXNY KM .
Then XND<KgrM, by [5]. Thus D is an ET-weak supplemented of X in M.
Proposition 3.11: Let M be an ET-lifting module such that every ET-small submodule of M is
projective invariant .Then M is ET-weak supplemented module.
Proof: Assume that M is ET-lifting module and let X be submodule of M .Then X=D+H, where
D<gM and HKgrM. Then M=D@D =X+D" and hence TEX+D". Since M is ET-lifting, then
XND «grM, by [7]. Hence, D" is  ET-weak supplemented of X in M. Thus, M is ET-weak
supplemented module.
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