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Abstract:

In this paper, we introduce weak and strong forms of w-perfect mappings,
namely the Gw-perfect, weakly éw-perfect and strongly &w-perfect mappings.
Also, we investigate the fundamental properties of these mappings. Finally, we
focused on studying the relationship between weakly 6-w-perfect and strongly & -w-
perfect mappings.
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1. Introduction
In 1943, Formin [1] introduced the concepts of &-continuous mappings. In 1966, Bourbaki [2]
defined perfect mappings. In 1968, Velicko[3] introduced the concepts of G-open and é-closed
subsets, while in 1968 Singal [4] introduced the notion of almost continuous mappings. In 1981, Long
and Herrington [5] introduced the notion of strongly continuous mappings, in 1989, Hdeib [6]
introduced the concepts of w-continuous mappings. In 1991, Chew and Tong [7] introduced the notion
of weakly continuous mappings, In this work, (G, 7) and (H ,o) stand for topological spaces. For a
subset K of G, the closure of K and the interior of K will be denoted by cl(K) and int(K), respectively.
Let (G, =) be a space and K be a subset of G, then a point g € G is called a condensation point of K if,
foreach S € rand g € S, the set S N K is uncountable. K is called to be w-closed [6] if it contains all
its condensation points. The complement of w-closed set is called to be m-open. It is well known that a
subset W of a space (G, 7) is m-open if and only if, for each g € W , there exists S € 7, such that g € S
and S-W is countable. The family of all w-open sets of a space (G, 1), denoted by t® or ®O(G ),
forms a topology on G finer than t. The ®-closure and w-interior, that can be known in the same way
as cl(K) and int(K), respectively, will be denoted by wcl(K) and wint(K), respectively. Several
characterizations of w-closed sets were provided in previous articles [8-16]. A point g of G is called 6-
cluster point of K if cl(S) N K = ¢, for all open sets S of G containing g. The set of all #-cluster points
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of K is called #-closure of K and is denoted by clg(K). A subset K is called #-closed if K = cly(K) [3].
The complement of 6-closed set is called 6-open. A point g of G is called an w-8-cluster point of K if
wcl(S) N K =g for every w-open set S of G containing g. The set of all w-6-cluster points of K is called
w-6-closure of K and is denoted by oCly(K). A subset K is called w-6-closed if K = oCly(K). The
complement of w-6-closed set is called w-6-open. The w-#-interior of K is defined by the union of
each w-6-open sets contained in K and is denoted by winty(K). A mapping 1 : (G, t) — (H ,0) is
called w-continuous (see [16]) (resp., almost weakly w-continuous(see [11])) if for each g € G and
each open set T of H containing A(g), there exists an w-open subset S in G, such that A(S) < T (resp.,
AS) < cl(T) ). A mapping 1 : (G, t) — (H,o) is called almost w-continuous [12] (resp., G-w-
continuous (see [13]), strongly éw-continuous (see[7])) if, for each g € G and for each regular open
set T( resp., open ) of H containing A(g), there exists an w-open subset S in G, such that A(S) = T (
resp., A(wcl(S)) < cl(T) , Awcl(S)) € T)). A mapping 1 : (G, t) — (H ,o) is called 6-continuous
(resp., continuous [16]), if for all an open T in H, A7Y(T) is an 6-open (resp., open) set in G. A
mapping A: (G, ©) — (H ,o) is called weakly (resp., strongly) continuous [3] if, for each g € G and all
open set T of H containing A(g), there is an open set S of G, such that A (S)) < cl(T) (resp., 4 (cl(S))
< T). Amapping A: (G, t) — (H o) is called almost continuous[7] if 2™(T) is open in G for all regular
open set T of H. A mapping 1 : (G, ©) — (H ,o) is called weakly (resp.,[9] strongly) &-continuous if,
for each g € G and all open set T of H containing A(g), there is an open set S in G, such that A (S)) <
cl(T) (resp., A (cl(S) < T). A topological space G is called a regular [14] if, for all closed set F and for
each point g € G—F, there exist disjoint open sets S and T such that g € S and F € T. A topological
space G is called a semi-regular [15] if, for all point g € G and all open set S containment g, there is
an open set T such that g €T < int(cl(T)) € S. A topological space G is called w-regular (resp., w*-
regular) [12] if, for all w-closed (resp., closed) set F and for each point g € G —F, there are disjoint w-
open sets S and T such that g € S and F < T. Also we introduce several results and examples
concerning deferent forms of w-perfect mappings.
2. Weakly 6-w-Perfect Mappings

In this section, we study the weakly & -w-perfect mappings and several related theorems.
Definition 2.1. A mapping 1 : (G ,z) — (H,0) is said to be weakly ¢-w-continuous at g € G if, for
every open subset T in H containing A(g), there exists an G-w-open subset S in G containing g, such
that A(S) < cl(T). If A4 is weakly 6-w-continuous at every g € G, it is said to be weakly 6-w-
continuous.
Definition 2.2. A mapping A (G, t ) — (H ,0) is said to be perfect mapping (resp., w-perfect
mapping, Gw-perfect mapping, almost w-perfect mapping, weakly & w-perfect mapping, almost
weakly w-perfect mapping, é-perfect mapping) if it is continuous ( resp., w-continuous, G-
continuous, almost w-continuous, weakly & -w-continuous, almost weakly w-continuous, &
continuous), closed, and, for every h € H, A7}(h). compact.  The relationships among the weakly w-
perfect mappings are given by the following figure:

w-perfect mapping » almost weakly w-perfect mapping

T~

almost w-perfect mapping

/ \

weakly ¢w-perfect mapping « 6 -w-perfect mapping

In the figure above, the converses are not true, as demonstrated by the following examples.

Example 2.3. Let 1: (G, 7 ) — (G, © ) be a mapping such that G = { K, L, M }, and t = {¢, G,
{K}{L}{K, L}} such that A(K) = A(L) = A(M) = M. Then A is #-w-perfect mapping but it is not
almost w-perfect mapping.
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Example 2.4. Let A: (R, t) — (H, o) be a mapping such that R be a real line with topology T = {¢, R,
O, 1D} LetH={u,v,w}ando={H, e, {v} {w} {v, w}}.

_(u ,if ge [0,2]
’1(‘9)‘{ v if g e]0,2]
Then, 4 is weakly éw-perfect but it is not ¢-w-perfect.
Example 2.5. As in example 2.4, A is weakly 6-w-perfect mapping, but it is not w-perfect mapping.
Also, A is weakly ¢-w-perfect mapping, but not almost w-perfect mapping, and A is almost weakly w-
perfect mapping, but it is not 6-w-perfect mapping.
Example 2.6. Let 1 :(G, ) — (G, o) be amappingsuchthat G={u,v,w} andz= {G, ¢, {u, v}
}Yand o ={G, ¢, {v,w}}, suchthat A (u) =4 (v) =4 (w)= u. Then A is almost w-perfect mapping
but it is not w-perfect mapping.
Example 2.7. Let A be the upper half of a plane and B be the X-axis. Let X = AU B. If z,4;5 be the
half disc topology on X and 7, be the relative topology that X inherits by virtue of being a subspace of
%% Then, the identity of the mapping A :(X, ) — (X, zhais) iS that it is an almost weakly w-perfect
mapping but it is not w-perfect mapping.
Example 2.8. Let 1 : (G, t) — (G, t ) be a mapping such that G = { K, L, M }and © = {o, G,
{K}{L}{K, L}}, such that A(K) = A(L) = A(M) = M. Then A is almost weakly w-perfect mapping
but it is not almost w-perfect mapping.
Lemma 2.9. [13] A topological space G is w-regular (resp., m*-regular) if and only if, for all S €
wO(G) (resp., S € O(G) ) and all pointg € S, thereis T € wO(G, g) ;g € T S wcl(T) S S.
Theorem 2.10. Let 1: (G, ) — (H, o) be a mapping such that G be an w-regular space. If A is
almost weakly w-perfect mapping then it is &-w-perfect mapping.
Proof: Assume that A is almost weakly w-perfect mapping. It suffices to be demonstrated that A is &
w-continuous, let g € G and T be an open set containment A (g) in H. Because A is almost weakly w-
continuous, there is an w-open set S containment g, such that A (S) € cl(T). Since G is an w-regular
space, by Lemma 2.9, there is W € wO(G, g) such that g € W € wcl(W) € S. Therefore, A(wcl(W)) S
cl(T). Then A is &-w-continuous, so A is &-w-perfect mapping.
Corollary 2.11. Let (G, z) be w-regular spaces. The mapping 1: (G, t) - (H, o) is almost weakly
w-perfect if and only if it is & w-perfect.
Theorem 2.12. Let 1: (G, ©) - (H, o) be an w-perfect mapping, and let xz: (H, o) —(1,y) be
almost weakly w-perfect. Then ol : (G, z) — (I, w) is almost weakly w-perfect.
Proof: Assume that g € G and W is an open set containment («o4)q in | Since u is almost weakly «-
continuous, there is an open set T containment A (g) in H such that x (T) < cl(W). Since 1 is w-
continuous, then for each g € G and each open set T of A (g) = h, there is an w-open S of g in G such
that A (S) € T, so u (A(S)) € u (T) also (uod)s € u (T), then (uod)e S cl(W). Also wod is almost
weakly w-continuous. Hence, uo4 is almost weakly w-perfect mapping.
Theorem 2.13. Let A: (G, ©) - (H, o) be a mapping, such that G be an w-regular space. If A is
weakly 6-w-perfect mapping then it is w-perfect mapping.
Proof : Let A be a weakly 6-w-perfect mapping. It suffices to be demonstrated that A is w-continuous,
let g € G and T be an open set containment A (g) in H. Since H is an w-regular space, yond is an open
set T1in Hsuch that A (g) eT1 and cl(T1) < T. Since 1 is weakly &w-continuous, there is an w-open
set S containment g, such that A (S) € cl(T1). It follows that A (S) € T, therefore 1 is w-continuous.
HenceA is w-perfect mapping.
Corollary 2.14. Let (G, ) be w-regular spaces. The mapping A: (G, t) — (H, o) is weakly G-
perfect if and only if it is w-perfect.
Theorem 2.15. Let 1: (G, ©) - (H, o) be a mapping, such that G be an w-regular space. If 1is &w-
perfect mapping then it is almost w-perfect mapping.
Proof: Let A be a Gw-perfect mapping. It suffices to be demonstrated that A is almost w-continuous,
let g € G and T be an open set containing A (@) in H. Because 4 is G-w-continuous, yond is an w-
open set S containing g, such that A (ocl(S)) € cl(T)). Because int( cl(T)) < cl(T), then A (ocl(S)) <
int (cl(T)) < cl(T), then A (ocl(S)) € cl(T). Also G is w-regular space, and there is an w-open set S1 in
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G, such that g € S1 and cl(S1) € S, so Awcl(S1)) € A(S) and int( cl(T)) < cl(T). It follows that A (S)
c int(cl(T)). So A is almost w-continuous. Hence, consider that A is almost w-perfect mapping.
Corollary 2.16. Let (G, t) be a w-regular spaces. The mapping A: (G, ©) = (H, o) is G-w-perfect if
and only if it is almost w-perfect.

Theorem 2.17. Let 1 : (G, ©) — (H, o) be a mapping such that H be an w-regular space. If A is
almost weakly w-perfect mapping on G, then it is w-perfect mapping on G.

Proof : Let 1 be almost weakly w-perfect mapping. It suffices to be demonstrated that A is w-
continuous, let g € G and T be an open set containing A (g) in H. Since H is an

w-regular space, there is an open set T1 in H such that A (g) €T1 and cl(T1) < T. Since A is almost
weakly w-continuous, there is an w-open set S containment g, such that A (S) < cl(T1). It follows that
A (S) €T, therefore A is w-continuous on G. HenceA is w-perfect mapping on G.

Corollary 2.18. Let (H, t) be w-regular spaces. The mapping A: (G, t) = (H, o) is almost weakly
w-perfect if and only if it is w-perfect.

Theorem 2.19. Let 1: (G, ) — (H , o) be a mapping, such that G be an w-regular space. If 1 is
weakly ¢-w-perfect mapping then it is ¢-w-perfect mapping.

Proof : Let A be weakly ¢w-perfect mapping. It suffices to be demonstrated that A is &-w-continuous,
let g € Gand T be an open set containment A (g) in H. Since G is an w-regular space, there is an open
set T1 in H such that A (g) €T1 and cl(S1) € S. Since 4 is weakly 6-w-continuous, there is an w-open
set S containment g, such that A (S) < cl(T). It follows that A(wcl(S)) < cl(T), therefore A is G-w-
continuous. Hence, 4 is 6-w-perfect mapping.

Corollary 2.20. Let (G, 7) be w-regular spaces. The mapping A: (G, ©) — (H, o) is weakly ¢w-
perfect if and only if it is ¢-w-perfect.

Theorem 2.21. Let A: (G, ) — (H, ) be a mapping, such that H be an w-regular space. If A is
almost w-perfect mapping then it is w-perfect mapping.

Proof: Let A be an almost w-perfect mapping. It suffices to be demonstrated that A is w-continuous,
let g € G and T be an open set containment A (g) in H. Because A is almost w-continuous, there is an
w-open set S containment g , such that A (S) < int(cl(T)). Because int( cl(T)) € cl(T), then 1 (S) =
int(cl(T)) < cI(T). Then A (S) € cl(T), H is w-regular space, and there is an w-open set S1 in G, such
that g € S1 and cl(T1) € T, so A(S) € cl(T1) < T . It follows that A (S) € T. So A is w-continuous.
Hence, consider that A is w-perfect mapping.

Corollary 2.22. Let (G, t) be w-regular spaces. The mapping 1: (G, ©) — (H, o) is almost w-perfect
if and only if it is almost w-perfect.

Theorem 2.23. Let A : (G, ©) - (H, o) be a mapping such that H be an w-regular space. If A is
weakly ¢w-perfect mapping then it is almost w-perfect mapping.

Proof : Let A be weakly 6-w-perfect mapping. It suffices to be demonstrated that A is almost w-
continuous, let g € G and T be an open set containment A (g) in H. Since H is an w-regular space then
itisan openset T1in H such that A (g) €T1 and cl(T1) < T. Since A is weakly &-w-continuous, there is
an w-open set S containment g, such that A(S) € cl(T1). Also, int( cl(T)) € cl(T). It follows that 1 (S)
c int( cl(T)) € cl(T) , therefore A (S) < int( cl(T)). So A is almost w-continuous on G. Hence 4 is
almost w-perfect mapping on G.

Corollary 2.24. Let (H, ) be w-regular spaces. The mapping A: (G, 1) - (H, o) is weakly G-w-
perfect if and only if it is almost w-perfect.

Theorem 2.25. Let 1: (G, ©) - (H, g) be a mapping and x : G — G x H be the graph mapping of A
defined by 1 (g) = (9, A(9)) for every g € G. Then uis G-w-perfect if and only if A is G-w-perfect.
Proof : Necessity. Assume that u is &-w-perfect mapping. It suffices to be demonstrated that A is ¢-w-
continuous, let g € G and T be an open set containment A (g). Then G x T is an open set of G x H
containment « (g). Because u is G-w-continuous, there is S € wO(G, g) such that u (wcl(S)) < cl(G x
T) = G x cl(T). Therefore, A(wcl(S)) € cl(T), then A is &-w-continuous. So 4 is &-w-perfect mapping.
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Sufficiency. Assume that A is ¢-w-perfect mapping. It suffices to be demonstrated that A is ¢-w-
continuous, let g € G and W be an open set of G x H containment 4 (g). There are the open sets S1
CGand T < Hsuchthat z(g) = (g, A(g)) € S1L x T € W. Because 4 is G-w-continuous, there is S2 e
®O(G, g) such that A (wcl(S2)) < cl(T). Assume that S = S1 N S2, then S € wO(G, g). Therefore, u
(wcl(S)) < cl(S1) x A (wcl(S2)) < cl(S1) x cl(T) < cl(W). Then u is G-w-continuous. So u is G-w-
perfect mapping.

Theorem 2.26. For a mapping A : G — H and H is regular, the following properties are  equivalent.

(a) 4 is weakly 6-w-perfect.

(b) 4 is w-perfect.

(c) 4 is almost w-perfect.

(d) 1 is G-w-perfect .

(e) A is almost w-perfect.

3. Strongly @-w-Perfect Mappings

In this section we study the strongly @ -w-perfect mappings and some of their theorems.

Definition 3.1. A mapping 4: (G, ©) — (H ,0) is said to be almost strongly w-continuous if, for each g
e G and each regular open set T of H containing A(g), there exists an w-open subset S in G, such that
Acl(S) c T.

Definition 3.2. A mapping A: (G, ©) — (H ,0) is said to be strongly 6-w-perfect mapping ( resp.,
almost strongly w-perfect mapping ) if it is strongly &w-continuous ( resp., almost strongly -
continuous), closed, and, for every h € H, 17}(h),compact.

The relationships among the strongly w-perfect mappings are given by the following figure:

w-perfect mapping < almost strongly w-perfect mapping

/

almost w- perfect mapping

strongly 6-w- perfect mapping » O-w-perfect'mapping

In the figure above, the converses are not to be right, as demonstrated by the following examples:
Example 3.3. LetA: (G, t)— (G, t ) be amapping suchthat G = { K, L, M, and t = {¢, G,
{K}{L}{K , L}}such that A(K) = A(L) = K, AM) = M. Then A is w-perfect mapping but is not
strongly &-w-perfect mapping.

Theorem 3.4. Let A: (G, 1) - (H, o) be a mapping such that H be an regular space. If Ais -
perfect mapping then it is strongly 6-w-perfect mapping.

Proof : Let A be an w-perfect mapping. It suffices to demonstrate that A is strongly é-w-continuous.
Let g € G and T be an open set containment A (g) in H. Because of H is an regular space, there is an
open set W such that 4 (g) eW < cl(W) < T. Since 4 is w-continuous, then, A"*(W) is an w-open set
and 27Y(cl(W)) is an w-closed. Assume that S = A 1(W), then g € A (W) € A (cl(W)), S € wO(G, )
and wcl(S) € A *(cl(W)). We have A(wcl(S)) € cl(W) € T, therefore 4 is strongly é-w-continuous.
Hence A is strongly é-w-perfect mapping.

Corollary 3.5. Let (H, z) be regular spaces. The mapping A: (G, ©) = (H, o) is w-perfect if and only
if it is strongly 6-w-perfect.

Example 3.6. Let 1: (¥, 1) — (97, ) be a mapping where A(g) = g, and let (¥, ©) where 7 is the
topology with a basis whose members are of the form (a, b) and (a, b) -Nsuchthat N ={1\n;n e Z*
}. Then (¥7, 7) is a Hausdorff but not w-regular. Then 4 is w-perfect but not almost strongly w-perfect
mapping.

Theorem 3.7. Let 4 : (G, ©) — (H , o) be a mapping such that G be an w-regular space. If A1is w-
perfect mapping then it is almost strongly w-perfect mapping.
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Proof : Let A be an w-perfect mapping. It suffices to demonstrate that A is almost strongly w-
continuous. Let g € G and T be an open set containment A (g) in H. Since A is w-continuous, there is
an w-open set S containment g in G such that A(S) € Tand T < cl(T), then A(S) € cl(T). Since G is w-
regular, there is an w-open set S1 in G such that g € S1 and cl(S1) € S, so A(cl(S1)) € A(S), A(S) €
cl(T) and int(cl((T)) < cI(T) . It follows that A(cl(S1)) < int(cl((T)), therefore A is almost strongly -
continuous. Hence A is almost strongly w-perfect mapping.

Corollary 3.8. Let (G, ) be w-regular spaces. The mapping 1: (G, ) - (H, o) is w-perfect if and
only if itis almost strongly w-perfect.

Example 3.9. LetG={u,vyw}and 1:(G,7) —- (G, o),suchthatt= {G,o,{u,v}} o ={G, 0,
{v,w}},and A (u)=A4 (W) =w, A(v)= v. Then 1 is Gw-perfect mapping but not strongly &cw-
perfect mapping.

Theorem 3.10. Let A: (G, t) - (H, o) be a mapping such that H be an regular space. If 1is Gw-
perfect mapping then it is strongly 6-w-perfect mapping.

Proof : Let A be an Gw-perfect mapping. It suffices to demonstrate that A is a strongly 6w-
continuous, let g € G also T be an open set containment A (g) in H. Since A is ¢-w-continuous, there is
an w-open set S containment g in G such that A( wcl(S)) € cl(T). Since H is regular, there is an open
set W such that 4 (g) eW < cl(W) € T, then A(wcl(S)) € cl(W) < T, therefore A(cl(S)) S T. So 4 is
strongly @-w-continuous. Hence A is strongly &-w-perfect mapping.

Corollary 3.11. Let (H, z) be regular spaces. The mapping A: (G, ©) - (H, o) is Gw-perfect if and
only if it is strongly 6-w-perfect.

Theorem 3.12. A space G is w=-regular if and only if, for any space H, any perfect mapping A: (G, ©)
—(H, o) isstrongly é-w-perfect.

Proof : Sufficiency. Let 1 : G — G be the identity mapping. Then A is continuous and strongly &
w-continuous by our hypothesis. For any open set S of G and for any point g of S, we have A(g) =g €
S . Also, there is Te wO(G, g) such that A(wcl(T)) € S, therefore g e T € wcl(T) € S. It follows from
Lemma 2.9 that G is o*-regular.

Necessity. Assume that 4 : G — H is continuous and G is w=-regular. For any g € G and any open
neighborhood T of 4 (g), A *(T) is an open set of G containing g. Since G is w*-regular, there is S e
wO(G) suchthat g € S € wcl(S) € A X(T) by Lemma 2.9. Therefore, A(wcl(S)) € T. Hence A is
strongly ¢w-perfect.

Example 3.13. Let 1: (G, ) — (G, = ) be a mapping suchthat G = { K, L, M } and t = {9o, G,
{K}{L}{K, L}}, such that A(K) = A(L) = A(M) = M. Then 1 is G-w-perfect mapping, but not almost
strongly w-perfect mapping.

Theorem 3.14. Let 1: (G, ©) — (H, o) be a mapping such that H be an w-regular space. If 1is 6w-
perfect mapping then it is almost strongly w-perfect mapping.

Proof : Let A be an G-w-perfect mapping. It suffices to demonstrate that A is almost strongly w-
continuous, let g € G and T be an open set containment A (g) in H. Since 1 is 8-w-continuous, there is
an w-open set S containment g in G such that A( wcl(S)) € cl(T). Since H is an w-regular, there is an
w-open set T1 in H such that A4 (g) €T1, also cl(T1) € T and int(cl(T1) € cl(T1). It follows that
A(cI(S)) <€ int(cl(T1), therefore A is almost strongly w-continuous. So A is almost strongly w-perfect
mapping.

Corollary 3.15. Let (G, ©) be w-regular spaces. The mapping 1: (G, t) - (H, o) is w-perfect if and
only if it is almost strongly w-perfect.

Example 3.16. Let 1 :(G,7) - (H o)suchthat G={u,v,w} H={abc} = {G,o,
{u}{v}{u, v} }and o ={H, ¢, {a}{b}.{c}{a, b}, {a, c}{b, c} }, suchthat A (u)=b, A (v) =1
(w) = a. Then A is almost w-perfect mapping, but not almost strongly w-perfect mapping.

Theorem 3.17. Let A : (G, ©) - (H, o) be a mapping such that G be an w-regular space. If A is
almost w-perfect mapping then it is almost strongly w-perfect mapping.

Proof : Let A be almost w-perfect mapping. It suffices to demonstrate that A is almost strongly w-
continuous, let g € G and T be an open set containment 4 (g) in H. Since 4 is almost w-continuous,
there is an w-open set S containment g in G such that A(S) < int(cl(T)). Since G is w-regular, there is
an w-open set S1 in G such that g € S1, also cl(S1) € S, so A(cl(S1)) € A(S), then A(cl(S1)) € A(S) =
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int(cl(T)). It follows that A(cl(S1)) < int(cl(T)), therefore A is almost strongly w-continuous. So A is
almost strongly w-perfect mapping.
Corollary 3.18. Let (G, t) be w-regular spaces. The mapping A: (G, ©) — (H, o) is almost w-perfect
if and only if it is almost strongly w-perfect.
Lemma 3.19. Leta mapping 4 : G — H be strongly ¢-w-perfect and x: H — L be perfect. Then uol
is strongly G-w-perfect.
Theorem 3.20. Let A : (G, 7) — (H , o) be a mapping and x : G — G x H the graph mapping of A
defined by 1 (9) = (g, A(g)) for each g € G. Then x: G — G x H is strongly é¢-w-perfect if and only if
A:(G,t) - (H,o)isstrongly 8-w-perfect and G is an w-regular.
Proof : By Lemma 3.19, A is strongly 6-w-perfect if the graph mapping u is strongly 6-w-perfect.
Also it follows that G is regular. To prove the converse, assume that A is strongly 6-w-perfect. Let g e
G and W be an open set of G x H containment . (g). There are the open sets S1 € G and T € H such
that 2 (g) = (g, A(g)) € S1 x T € W. Since A is strongly &cw-continuous, there is S2 € wO(G, g) such
that A (wcl(S2)) < T. Because G is an w-regular and S1 N S2 € wO(G, g), there is S € wO(G, g) such
thatg € S € wcl(S) < S1 N S2 (by Lemma 2.9). Therefore, u (wcl(S)) € S1 x A (wcl(S2)) € S1xTCc
W. Then w is strongly 6-w-continuous. So w is strongly 6-w-perfect mapping.
Example 3.21. Let 1: (G, t) - (H,0),suchthat G=H = {u,v,w}and = { ¢, G, {u},{v}, {u, v} }
o= { o, H, {w} }, defined by A(u) = A(v) = A(w) =w .Then A is strongly G-w-perfect doesn't the
mappings x of the A. Then, «(g) = (g, A(g)), then it is not strongly 6-w-perfect mapping atu andv .
Example 3.22. from in Example 3.9, 1 is almost w-perfect mapping, but not strongly &w-perfect
mapping.
Theorem 3.23. Let A: (G, ) — (H, ) be a mapping, such that H be an w-regular space. If A is
almost w-perfect mapping then it is strongly 6-w-perfect mapping.
Proof: Let A be almost w-perfect mapping. It suffices to demonstrate that A is strongly¢-w-
continuous, let g € G and T be an open set containment 4 (g) in H. Since A is almost w-continuous,
there is an w-open set S containment g in G such that A(S) < int(cl(T)). Since G is w-regular, there is
an w-open set S1 in G such that g € S1 and cl(S1) € S. So A(cl(S1)) € A(S), also int(cl(T)) < clI(T). It
follows that A(cl(S1)) < T, therefore A is strongly G-w-continuous. So A is strongly 6-w-perfect
mapping.
Corollary 3.24. Let (G, ) be a w-regular spaces. The mapping A : (G, ) — (H, o) is almost w-
perfect if and only if it is strongly 6-w-perfect
Theorem 3.25. For a mapping A :(G, t) — (H ,c) and H is regular space, the following properties are
equivalent :

(a) A is almost strongly 6-w-perfect.

(b) 1 is w-perfect.

(c) A is almost w-perfect.

(d) 1 is G-w-perfect .
4. Relationship between Weak and Strong Forms of m-Perfect Mappings

In this section, we study the relationship between weakly &-w-perfect mappings and strongly 6-w-

perfect mappings and some theorems concerning them.
Definition 4.1. A mapping A: (G, ©) — (H ,0) is said to be super (resp., weakly, strongly) -
continuous if for each g € G and each open neighborhood (resp., open set) T of H containing A(g),
there exists an w-open neighborhood (resp., w-open set) S of G, such that A (int (cl(S)) < T (resp., 4
() =cl(M), 2((cI(S) =T)) .
Definition 4.2. A mapping Z: (G, t) — (H ,o) is said to be almost weakly (resp., almost
strongly) continuous if for each g € G and each open (resp., regular open) set T of H
containing A(g), there exists an open set S in G, such that 4 (S)) < cl(T) (resp., 4 (cl(S) < T).
Definition 4.3. A mapping 4. (G, 1) — (H ,0) is said to be weakly 6-continuous if for each g € G and
each open set T of H containing A(g), there exists an open set Sin G, such that 4 (S)) < cl(T).
Definition 4.4. A mapping A: (G, ©) — (H ,o) is called to be super w-perfect mapping ( resp., weakly
w-perfect mapping, strongly w-perfect mapping , almost weakly perfect mapping, almost strongly
perfect mapping, weakly #-perfect mapping) if it is super w-continuous (resp., weakly w-continuous
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,strongly w-continuous , almost weakly continuous, almost strongly continuous, weakly 6-
continuous), closed, and, for every h e H, A~*(h),compact.

The relationships weakly and strongly w-perfect mappings are given by the following figure:

strongly i weakly &
G-w-perfect = ar;];)er?ra]ct = w-perfect
Mapping ppIng mapping
U U i
super o- almost o- &?_t
perfect = perfect = ngaer e'(;\
mapping mapping pping
U ) U
almost almost
w-perfect stronglyw- weaklyw-
: = =
mapping perfect perfect
mapping mapping
) U v i
& = weakly & almost
&nc;;peir;ect < perfect perfect = rﬁ:rfﬁt = perfect
pping mapping mapping pping mapping
U i
almost almost
weakly strongly
perfect < perfect
mapping mapping
i i
weakly & weakly < perfect strongly
perfect = perfect mapping perfe_ct
mapping mapping mapping
U U U U
weakly & weakly < - perfect strongly w-
w-perfect = w-perfect mapping = perfe_ct
mapping mapping mapping

In the figure above, the converses are not to be right as demonstrated by the following examples:
Example 4.5. Let 4: (G, t) — (G, t) ,suchthat G={u,v,w}and 7= {o,G, {u}p{v} {u, v} }
defined by A(u) = u, A(v) =v, A(w) =w. Then A is super w-perfect mapping but it is not strongly 6-w-
perfect mapping.

Theorem 4.6. Let 1: (G, ) - (H, o) be a mapping, such that G be a regular space. If 4 is super w-
perfect mapping then it is strongly &-w-perfect mapping.

Proof: Let A be a super w-perfect mapping. It suffices to demonstrate that A is strongly 6w-
continuous, let g € G and T be an open set containment A (g) in H. Because of 1 is a super w-
continuous, there is a regular open set S containment g, such that A (S) € T. Because int(cl(T)) <
cl(T), then A (S) < int(cl(T)) < cl(T), then A (S) < cl(T). Also G is a regular space, there is an open set
W such that g € W < cl(W) € S, so A(cl(W)) & T . Therefore A is strongly é-w-continuous. Hence
consider that A is strongly 6-w-perfect mapping.

Corollary 4.7. Let (G, z) be regular spaces. The mapping 4 : (G, 7) = (H, o) is super w-perfect if
and only if it is strongly &-w-perfect.

Example 4.8. Let 4: (G, ) — (H, ) be a mapping, suchthat G={u,v,w} H={a b}, andz={
0, G, {u}{v}, {u, v}, {v,w}}, 0 ={H, o, {a}} defined by A(u) = A(w) =b, A(v) =a. Then, 1 is w-
perfect but it is not super w-perfect.
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Theorem 4.9. Let 1: (G, ©) - (H, 0) be a mapping, such that G be a regular space. If A is w-perfect
mapping then it is super w-perfect mapping.

Proof: Let A be w-perfect mapping. It suffices to demonstrate that A is super w-continuous, letg € G
and T be an open set containment A (g) in H. Because of 1 is w-continuous, there is S € wO(G, g),
such that A (S) € T. Also, int( cl(S)) < cl(S), then A (int( cl(S)) € A (cl(S)). Also G is a regular space,
there is an open set S1 such thatg € S1 < cl(S1) < S, so A(int(cl(S)) € A (cl(S1)) also A (S) € T. So
A(int(cl(S)) < T, then A is super w-continuous. Hence consider that A is super w-perfect mapping.
Corollary 4.10. Let (G, z) be regular spaces. The mapping 4 : (G, ) — (H, o) is w-perfect if and
only if it is super w-perfect.

Example 4.11. Let A : (%, ©) — (¥, t) be a mapping, such that A(g) = g, and let (¥, t) where 7 is
the topology with a basis whose members are of the form (a, b) and (a, b) -V, such that ¥ = {1\n ; n
e Z" }. Then (97, 7) is a Hausdorff but not c-regular. Then A is perfect but it is not strongly perfect
mapping.

Theorem 4.12. Let A : (G, ©) — (H , o) be a mapping such that G be an regular space. If A is perfect
mapping then it is strongly perfect mapping.

Proof: Let A be perfect mapping. It suffices to demonstrate that A is strongly continuous, let g € G and
T be an open set containment A (g) in H. Since A is continuous, there is an open set S containment g in
G such that A(S) € T. Since G is regular space, there is an open set S1 in G such that g € S1 and
cl(S1) € S, so A(cl(S1)) € A(S). Then A(cl(S1)) < T, therefore A is strongly continuous. So A is
strongly perfect mapping.

Corollary 4.13. Let (G, ©) be regular spaces. The mapping 1: (G, ©) — (H, o) is perfect if and only
if it is strongly perfect.

Theorem 4.14. Let 1: (G, ©) — (H, o) be a mapping such that H be a regular space. If A is weakly
perfect mapping then it is perfect mapping.

Proof: Let A be weakly perfect mapping. It suffices to demonstrate that A is continuous, let g € G
and T be an open set containment A (g) in H. Since H is regular, there is an open set T1 in H such that
Ag) € T1 and cl(T1) € T. Since A is weakly continuous, there is an open set S containment g in G,
such that A(S) € cl(T1), then A(S) € T. It follows that A is continuous. So A is perfect mapping.
Corollary 4.15. Let (G, t) be regular spaces. The mapping 1: (G, t) - (H, o) is weakly perfect if
and only if it is perfect.

Example 4.16. A mapping A: (G, 1) »>(H,o0)suchthatG={u,v,w} H={a,b},t={G, o, {U}
Avi {u,vh{v,w}} o= {H, o, {a}}, definedby A (u) = A (v) = A(w) =b . The mapping A is
almost w-perfect mapping but it is not super w-perfect mapping.

Theorem 4.17. Let A: (G, t) - (H, o) be a mapping, such that G and H are semi-regular spaces. If
A is almost w-perfect mapping then it is super w-perfect mapping.

Proof: Let A be an almost w-perfect mapping. It suffices to demonstrate that A is super w-
continuous, let g € G and let T be an open set containment A (g) in H. Because of A is almost w-
continuous, there is an w-open set S containment g, for each regular open set T of H containment
A(g) such that A (S) € T. So 4 (S) < int(cl( T)). Because the space G is semi-regular space, there is an
openset S1in Gsuchthatg e SLand T € int(cl(T)) €S, s0 A (T) € A (int(cl(T))) € A (S). Also 4 (S)
C int(cl( T)). Then A (int(cl(T))) € A (S) < int(cl(T)). Also the space H is semi-regular space, there is
an open set T1 in H such that 2 (g) € T1, and S < int(cl(S)) € T, so 4 (S) € A (int(cl(S))) . It follows
that A (int(cl(S))) € T. Then A is super w-continuous. Hence A is super w- perfect mapping.

Corollary 4.18. Let (G, 7) and (H , o) be semi-regular spaces. The mapping 4 : (G, ) - (H, g) is
almost w-perfect if and only if it is super w-perfect.

Example 4.19. Amapping A: (G, ) - (G, ) suchthat G={uv,w}t={G, 0, {u} {v},{uv}}
, A= A(v)=u,and A (w) =w , then 4 is almost weakly perfect mapping but it is not almost
strongly perfect mapping

Theorem 4.20. Let A: (G, t) - (H, o) be a mapping, such that G is a regular space. If A4 is almost
weakly perfect mapping then it is almost strongly perfect mapping.

Proof: Let A be almost weakly perfect mapping. It suffices to demonstrate that A is almost strongly
continuous, let g € G and let T be an open set containment A (g) in H. Because of A is almost weakly
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continuous and g € G for each open set T of H containment A(g), there is an open set S containment
g, such that A (S) < cl( T). Because the space G is a regular space, there is an open set S1 in G such
that g € S1 also cl(S1) € S, so A (cl(S1)) € A (S). Also A (S) < clI( T). Then A (cl(S1)) < cl(T) and
int(cl(T1)) < cl(T1). Then A (cl(S1)) < int(cl(T1)). It follows that A is almost strongly continuous.
Hence A is almost strongly perfect mapping.

Corollary 4.21. Let (G, ) and (H, o) are regular spaces. The mapping 4 : (G, 1) = (H, o) is almost
weakly perfect if and only if it is almost strongly perfect.
Theorem 4.22. Let 1: (G, ) - (H, o) and (H, o) be regular spaces, then the following properties
are equivalent :
(a) Ais strongly perfect.
(b) A is perfect.
(c) A is weakly perfect.
Theorem 4.23. Let A: (G, ©) - (H, o) be a mapping with a regular space and ¢:G — G x H .
where the A defined by x (g) = (g, A(g)) foreachg € G. If 4. (G, ©) - (H, o) is strongly perfect ,
then 1: G — G x H is strongly perfect.
Proof : Assume that A is strongly perfect, let g € G and W be an open set of G x H containment  (Q).
Yond represents open sets S1 < G and T € H such that «(g) = (g, A(g)) € S1 x T € W. Since 1 is
strongly continuous and G is a regular space. an open set S containing g in G such that cl(S) € S1 and
A (cl(S) € T . Therefore u (cl(S)) € S1 x T < W, then g is strongly continuous. So the mapping x =
id,Al: G — G x H maps G homeomorphically onto the graph « (g) which is a closed subset of G x
H . So u is perfect, and because G is regular, then G x H is regular by theorem 4.22. Hence u:G —
G x H is strongly perfect.
Theorem 4.24. For a mapping A : (G, ©) — (H, o) and since H is a regular space, the following
properties are equivalent :
(a) A is almost strongly 6-w-perfect.
(b) A is w-perfect.
(c) A is almost w-perfect.
(d) 1 is G-w-perfect .
(e) A is almost weakly w-perfect.
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