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Abstract 

     In this paper, the concept of Jordan triple higher      -homomorphisms on prime 

rings is introduced.  A result of Herstein is extended on this concept from the ring   

into the prime ring   .  We prove that every Jordan triple higher      -

homomorphism of ring   into prime ring    is either triple higher      -

homomorphism  or triple higher      -anti-homomorphism of   into   . 

 

Keywords: Jordan homomorphisms, triple homomorphism, Jordan triple higher 

     - homomorphism. 

 

الاولية الحمقات عمى تشاكلات جوردان الثلاثية العالية          
 

2*سميمان, نيشتمان نورالدين 1صلاح مهدي صالح  

العخاق بغجاد،، الجامعة ا لطستظصخية، ةقسم الخياضيات، كمية التخبي1  
العخاقاربيل، قسم الخياضيات، كمية التخبية، جامعة صلاح الجين، 2  

 الخلاصة
الثلاثية العالية عمى الحمقات الاولية. لقج عططت       في هحا البحث ,قجمت مفههم تشاكلات جهردان      
تشاكلات جهردان . حيث بخهظا كل   الى الحمقة الاولية    ى هحا الطفههم من الحمقة عم Hersteinنتائج 

تشاكلات الثلاثية العالية او       تشاكلات اما    الى الحمقة الاولية    من الحمقة الثلاثية العالية       
    الى    من الثلاثية العالية       الطضادة 

 

Introduction 

     The idea of Jordan homomorphism of rings initially appeared in Ancochea’s [1] study of semi-

automorphisms, the later investigated by Kaplansky, Jacobson and Rickart [2, 3]. Herstein [4] studied 

Jordan homomorphisms in prime rings. He proved that a Jordan homomorphism onto prime ring of 

characteristic different from 2 and 3 is either a homomorphism or an anti-homomorphism.  Bresar [5] 

generalized Herstein’s work on semiprime rings. 

    Throughout this paper,   is a ring with the center      prime if         implies     or     

with        , and is semiprime if         implies    .   is n-torsion free if            
then      
     In this paper, we extend the result of Herstein to triple higher      -homomorphism and Jordan 

triple higher      -homomorphism. We show that every Jordan triple higher      -homomorphism, 

from prime ring R into prime ring R', is triple higher      -homomorphism or triple higher      -anti-

homomorphism. 
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2. Preliminaries 
We begin by the following definition. 

Definition 2.1. [3, 4, 5] 

  An additive mapping   of a ring   into a ring    is called, 

(a) a homomorphism  if                for all        
(b) anti-homomorphism if                                
(c) a Jordan homomorphism if                            for all       and  

(d) a Jordan triple homomorphism if                      for all       .  

Obviously, every homomorphism or anti-homomorphism is a Jordan homomorphism and every Jordan 

homomorphism is Jordan triple homomorphism but the converse needs not to be true in general. 

Definition 2.2. [6] 

 Let ℕ be the set of natural numbers. A family of additive mappings            ℕ  of   into    is 

called  

(a) a higher homomorphism  if for all   ℕ       , 

       ∑     

 

   

       

(b) a higher anti-homomorphism  if for all   ℕ       , 

       ∑     

 

   

       

 

(c) a Jordan  higher homomorphism if for all   ℕ       , 

          ∑     

 

   

                 

(d) a triple higher homomorphism if for all   ℕ       , 

        ∑      
 
              , 

(e) a Jordan  triple higher homomorphism if for all   ℕ       , 

        ∑     

 

   

            

Definition 2.3. [7] 

 Let ℕ be the set of natural numbers.  A family of additive mappings            ℕ of   into    and 

     as two homomorphisms of   is said to be 

(a) a       higher homomorphism if for each   ℕ and for all       ,   

       ∑  ( 
   )  ( 

    )

 

   

 

(b) a       higher anti-homomorphism if for each   ℕ and for all       ,   

       ∑  ( 
   )  ( 

    )

 

   

 

 

(c) a Jordan       higher homomorphism if for each   ℕ and for all       ,   

          ∑  ( 
   )  ( 

    )  

 

   

  ( 
   )    

      

 

(d) a Jordan triple       higher homomorphism  if for all   ℕ       , 

        ∑  ( 
    )

 

   

  ( 
        )    
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Definition 2.4.  

    Let ℕ be the set of natural numbers.  A family of additive mappings            ℕ of   into    and 

    as two homomorphisms of   is said to be 

(a) a triple       higher homomorphism  if for all   ℕ       , 

        ∑  ( 
    )

 

   

  ( 
        )    

      

(b) a triple       higher anti-homomorphism  if for all   ℕ       , 

        ∑  ( 
    )

 

   

  ( 
        )  ( 

    )  

     Now, we give an example of triple      -higher homomorphism and Jordan triple      -higher 

homomorphism. 

Example 2.5: 

     Let            ℕ be a triple      -higher homomorphism from   into   . Then for each   ℕ and 

for all        , we have: 

        ∑  ( 
    )  ( 

        )

 

   

    
      

     Let         and               Then   and    are rings. We define              ℕ  to 

be a family of mappings from   to    by: 

  
                               

for all          . 

Then   is a triple      -higher homomorphism. 

     Let   be the subset                of   and    be the subset                 of      Then   and 

   are rings and the family of mappings              ℕ from   to    is defined in terms of the  Jordan 

     -higher homomorphism by  

  
                               

for all             
Then   is a Jordan triple      - higher homomorphism from   to   . 
     Obviously, every triple       higher homomorphism or triple       higher anti-homomorphism 

is a Jordan triple       higher homomorphism but the converse needs not to be true in general.  In an 

earlier work[6], the author provided an example of Jordan higher homomorphism but not higher 

homomorphism on a ring. We extend it to triple       higher homomorphism on ring as follows.  

Example 2.6. 

     Suppose that   is a ring with non-trivial involution *,        ,     such that        and 

          for all           Let          ℕ  be a family of mappings of   into itself defined, for 

each     and             : 

          {
(                                       )                 

                                                                                                                 
 

     Therefore, it is clear that   is a Jordan triple      -higher homomorphism but not a triple      -

higher homomorphism.   

   Now, we will give the following lemmas which are used in the proofs of the main results. 

Lemma 2.7: [5] 

     Let   be a 2-torsion free semiprime ring. If        such that             for all    , then 

         . 

Lemma 2.8: 

     Let          ℕ     be a Jordan triple      -higher homomorphism of   into   . Then for each 

  ℕ and for all        ,   

            ∑  ( 
    )  ( 

        )  ( 
    )

 

   

   ( 
    )  ( 

        )  ( 
    ) 

Proof: Since   is a Jordan triple      -higher homomorphism, hence  
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        ∑  ( 
    )  ( 

        )  ( 
    )

 

   

 

By linearizing  , we get  

                           ∑   ( 
      )  ( 

        )  ( 
      ) 

    

 

                ∑   ( 
    )  ( 

        )  ( 
    )    ( 

    )  ( 
        )  ( 

    ) 
    

                   ( 
    )  ( 

        )  ( 
    )    ( 

    )  ( 
        )  ( 

    )           (1)  

On the other hand: 

                                                                

 ∑  ( 
    )  ( 

        )  ( 
    )    ( 

    )   ( 
        )  ( 

    )

 

   

             
                                                                                                                                                        … (2) 

By comparing (1) and (2), we achieve the result.  

Remark 2.9: 

     Let          ℕ be a Jordan triple      -higher homomorphism from   into   . Then for each 

  ℕ and for all      , we will write  

                  ∑  ( 
    )   ( 

        )  ( 
    )

 

   

 

                  ∑  ( 
    )  ( 

        )  ( 
    )

 

   

 

 

Note that              if and only if    is a triple      -higher homomorphism, and 

             if and only if    is a triple      - higher anti-homomorphism. 

For the purpose of this paper, we can list the following elementary properties about the above:  

1-                        
2-                        
Lemma 2.10: 

     If          ℕ  is a Jordan triple      -higher homomorphism from a ring   into a ring     then for 

all       and   ℕ, 

i)                                 
ii)                                 
iii)                                 

Proof: 

i)                         ∑   ( 
      )  ( 

        )  ( 
    ) 

    

             ∑  ( 
    )  ( 

        )  ( 
    )

 

   

 ∑  ( 
    )  ( 

        )  ( 
    )

 

   

 

Since    is an additive mapping for each    then 

         ∑   ( 
    )  ( 

        )  ( 
    )          

    

∑   ( 
    )  ( 

        )  ( 
    ) 

                          

In a similarly way, we can prove (ii) and (iii). 

 

 

 



Salih and Sulaiman                        Iraqi Journal of Science, 2020, Vol. 61, No. 10, pp: 2671-2680 
 

2675 

3. Main Results 

Lemma 3.1: 

     If          ℕ  is a Jordan triple higher      -homomorphism of R into R', then for each   ℕ 

and for all         , 

  ( 
        )  ( 

    )  ( 
        )    ( 

      )  ( 
    )  ( 

        )   . 

Proof: 

     We proceed by the induction on   ℕ. Assume that   is a Jordan triple higher      -

homomorphism and take            
If    : Define                 , then we get the required result.  

We can assume that the following equation is true for all              ℕ and   :            

  (          )  (     )  (          )   (         )  (     )  (         )    

Now, we have  

                              

 ∑  ( 
    )  ( 

            )  ( 
    )    ( 

    )  ( 
            )  ( 

    )

 

   

 

 ∑    
         

      ∑  (           ) 

 

   

  ( 
    )  ( 

    )

 

   

   ( 
    )     

      ∑  (           ) 

 

   

  ( 
    )  ( 

    ) 

 ∑    
      

 
       

 

   

 ∑  (           )   (               )     
              ( 

    )  ( 
    )

 

   

 ∑    
         

     

 

   

 ∑  (           )  (               )     
              ( 

    )  ( 
    )

 

   

 

 ∑    
         

       ( 
          )  ( 

              )     
              ( 

    )  ( 
    )

 

   

 ∑    
         

       ( 
          )  ( 

              )     
              ( 

    )  ( 
    )

 

   

 

 

 ∑    
         

       ( 
          )   ( 

              )∑    
            

 

   

  (     )  (     )

 

   

 ∑    
         

       ( 
          )  ( 

              )∑    
            

 

   

  (     )  (     )

 

   

 

   ( 
    )  ( 

    )    
        ( 

      )∑    
            

 

   

  (     )  (     )

 ∑   ( 
    )  

 
(     )  ( 

          )   ( 
              )∑    

            

 

   

  (     )  (     )

   

   

   ( 
    ) 

 
(     )    

        ( 
      )∑    

            

 

   

  (     )  (     )

 ∑     
      

 
         ( 

          )  ( 
              )∑    

            

 

   

  (     )  (     )

   

   

 

                                              …  (3 )

On the other hand 

        (                       ) 
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 ∑  ( 
      )  ( 

        )  ( 
      )    ( 

      )  ( 
        )  ( 

      )

 

   

 

Since   is a Jordan triple higher      -homomorphism, then 

 ∑  ( 
      )  ( 

        )(∑  (     )  (     )

 

   

  (     )

 

   

   (     )   (     )  (     )      
      ,

 ∑ 

 

   

∑   (       )  (       
 
   *  (   

 
   *

 

   

 

                         

   (       )  (       
 
   *  (   

 
   *    ( 

      )   ( 
        )  ( 

      ) 

 

 ∑  ( 
      )  ( 

        )∑  (     )  (     )

 

   

  (     )

 

   

 

 ∑  ( 
      )  ( 

        )∑  (     )  (     )

 

   

  (     )

 

   

 ∑  ( 
      )  ( 

        )

 

   

    
       

 ∑∑  (       )  (       
 
   *  (   

 
   *

 

   

 

   

  ( 
        )  ( 

      ) 

   ∑∑   (       )  (       
 
   *  (   

 
   *

 

   

 

   

  ( 
        )  ( 

      ) 

 ∑∑  ( 
      )   ( 

        )  ( 
      )

 

   

 

   

 

 

  ∑  ( 
      )  ( 

        )  ∑    
         (     )  (     )

 

   

 
 
(     )

 

   

 

  ∑  ( 
      )  ( 

        )  ∑    
         (     )   (     )

 

   

 
 
(     )

 

   

 

 ∑  ( 
      )  ( 

      
 
   *  ( 

  
 
   *

 

   

  ( 
        )  ( 

      ) 

 ∑  ( 
      )  ( 

      
 
   *  ( 

  
 
   *

 

   

  ( 
        )  ( 

      ) 
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  ∑  ( 
      )  ( 

        )   

 

   

                   

 ∑  ( 
      )  ( 

        )

 

   

    
                 

 ∑  ( 
      )  ( 

      
 
   *  ( 

  
 
   *

 

   

  ( 
        )  ( 

      ) 

 ∑  ( 
      )  ( 

      
 
   *  ( 

  
 
   *

 

   

  ( 
        )  ( 

      ) 

 

    ( 
      )  ( 

    )    
          ∑   ( 

      )  ( 
        )   

   

   

           

   ( 
      )  ( 

    )    
          ∑   ( 

      )  ( 
        )   

   

   

           

   ( 
    )  ( 

    )  ( 
    )  ( 

    )  ( 
      )

 ∑   ( 
      )  ( 

      
 
   *  ( 

  
 
   *

   

   

  ( 
        )  ( 

      ) 

   ( 
    )  ( 

    )  ( 
    )  ( 

    )  ( 
      )

 ∑   ( 
      )  ( 

      
 
   *  ( 

  
 
   *

   

   

  ( 
        )  ( 

      ) 

                                                                                                                                                                    

                                       … (4) 

 

From equation (3) and (4), we get  

     ( 
      )  ( 

    )    
           ( 

      )  ( 
    )    

         

 ∑   ( 
      )  ( 

      
 
   *  ( 

  
 
   *

   

   

  ( 
        ) (  ( 

      )

   ( 
       ( 

    )  ( 
    )*) 

 ∑   ( 
      )  ( 

      
 
   *  ( 

  
 
   *

   

   

  ( 
        ) (  ( 

      )

   ( 
       ( 

    )  ( 
    )*) 

   ( 
    )  ( 

    )  ( 
    )  ( 

    ) (  ( 
      ))

 ∑  ( 
    )  ( 

    )  ( 
    )

 

   

 

   ( 
    )  ( 

    )  ( 
    )  ( 

    ) (  ( 
      ))

 ∑  ( 
    )  ( 

    )  ( 
    )
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 ∑   ( 
      )  ( 

        )   

   

   

           

 ∑   ( 
      )  ( 

        )

   

   

    
          

 

    ( 
      )  ( 

    )    
           ( 

      )  ( 
    )    

         

   ( 
    )  ( 

    )  ( 
    )  ( 

    )    
           ( 

    )  ( 
    )  ( 

    )  ( 
    )    

         

 ∑   ( 
      )  ( 

      
 
   *  ( 

  
 
   *

   

   

  ( 
        )    

         

 ∑   ( 
      )  ( 

      
 
   *  ( 

  
 
   *

   

   

  ( 
        )    

         

 ∑   ( 
      )  ( 

        )   

   

   

           

 ∑   ( 
      )  ( 

        )

   

   

    
          

 

    (          ( 
    )  ( 

    )  ( 
    ))  ( 

    )    
         

   (          ( 
    )  ( 

    )  ( 
    ))  ( 

    )    
         

 (∑   ( 
      )    ( 

      )   ( 
      

 
   *  ( 

  
 
   *

   

   

+  ( 
        )    

         

 (∑   ( 
      )    ( 

      )  ( 
      

 
   *  ( 

  
 
   *

   

   

+  ( 
        )    

         

 

      
          ( 

    )    
             

          ( 
    )    

         

 (∑     
        

   

   

+  ( 
        )    

        

 (∑     
        

   

   

+  ( 
        )    

         

 

Hence, we have 

    
          ( 

    )    
             

          ( 
    )    

            
Lemma 3.2: 

   Let          ℕ  be a Jordan triple higher      -homomorphism of R into R', then for each   ℕ 

and for all            

    
          ( 

    )    
             

          ( 
    )    

            
Proof. 

By Lemma 3.1 and Lemma 2.7, we achieve the result. 

Theorem 3.3: 

Let          ℕ  be a Jordan triple higher      -homomorphism of ring R into prime ring R'. Then for 

each   ℕ and for all                  

  ( 
        )   ( 

    )  ( 
        )   . 

Proof. 

By replacing     by   in Lemma 3.2, we get  
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  ( 
          )  ( 

    )  ( 
          )    

Hence  

  ( 
        )   (  

    )  ( 
         )   ( 

        )   ( 
    )  ( 

        )   

  ( 
        )  ( 

    )  ( 
         )   ( 

        )   ( 
    )  ( 

        )    

By Lemma 3.2, we obtain 

  ( 
        )   ( 

    )  ( 
        )   ( 

        )  ( 
    )  ( 

        )    

Therefore, we get  

    ( 
        )   ( 

    )  ( 
        )   ( 

    )  ( 
        )  ( 

    )  ( 
        ) 

    ( 
        )   ( 

    )  ( 
        )   ( 

    )  ( 
        )  ( 

    )  ( 
        ) 

Since    is prime, we obtain  

                                 ( 
         )   ( 

    )   ( 
         )                                                … (5 )  

By replacing b   for   in equation (5), we get  

  ( 
          )  ( 

    )  ( 
          )    

Hence  

  ( 
        )   (  

    )  ( 
         )   ( 

        )   ( 
    )  ( 

        )   

  ( 
        )  ( 

    )  ( 
         )   ( 

        )   ( 
    )  ( 

        )    

We can use equation (5), then we get  

  ( 
        )   ( 

    )  ( 
        )    ( 

        )  ( 
    )  ( 

         )    

Therefore, we get  

    ( 
        )   ( 

    )  ( 
        )   ( 

    )  ( 
        )  ( 

    )  ( 
         ) 

    ( 
        )   ( 

    )  ( 
        )    ( 

    )  ( 
        )  ( 

    )  ( 
        ) 

Since    is prime, we obtain  

                                                           ( 
        )   ( 

    )  ( 
        )                         …  (6)  

By replacing     for c in equation (6), we get  

  ( 
          )  ( 

    )  ( 
          )    

Hence  

  ( 
        )   (  

    )  ( 
         )   ( 

        )   ( 
    )  ( 

        )   

  ( 
        )  ( 

    )  ( 
         )   ( 

        )   ( 
    )  ( 

        )    

We can use equation (5), then we get  

  ( 
        )   ( 

    )  ( 
        )    ( 

        )  ( 
    )  ( 

         )    

Therefore, we get  

    ( 
        )   ( 

    )  ( 
        )   ( 

    )  ( 
        )  ( 

    )  ( 
         ) 

    ( 
        )   ( 

    )  ( 
        )    ( 

    )  ( 
        )  ( 

    )  ( 
        ) 

Since    is prime, we obtain  

                                                           ( 
        )   ( 

    )  ( 
        )            

      In the following theorem we give the conditions which make the Jordan triple higher      -

homomorphism is either triple higher      -homomorphism or triple higher      -anti-

homomorphism. 

Theorem 3.4: 

     Every Jordan triple higher      -homomorphism of ring   into prime ring    is either triple higher 

     -homomorphism or triple higher      -anti-homomorphism. 

Proof. 

   Let    be a Jordan triple higher      -homomorphism. Then by Theorem 3.3, we have  

  ( 
        )   ( 

    )  ( 
        )    

Since    is prime, therefore either   ( 
        )    or   ( 

        )   , for each   ℕ and for 

all                

If   ( 
        )   , then by Remark 2.9, we obtain    is triple higher      -anti-homomorphism. 

But if   ( 
        )      then by Remark 2.9, we obtain   is triple higher      -homomorphism. 
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Proposition 3.5: 

     Let          ℕ  be a Jordan triple higher      -homomorphism from prime ring    into prime 

ring   , then   is higher       -homomorphism. 

Proof: 

  Since   is a Jordan triple higher      -homomorphism, then for all        and   ℕ, we have 

        ∑  ( 
    )  ( 

        )

 

   

    
      

By replacing   by   , we get  

  (         )  ∑  ( 
     )  ( 

        )

 

   

    
       

   ( 
     )      ∑  ( 

        )

 

   

    
       

                                                                                                                                                          … (7) 

On the other hand, we get 

  (         )  ∑  ( 
    )   ( 

       )     
      

 

   

 

 ∑  ( 
    )  ( 

    )    

 

   

   ∑  ( 
        )

 

   

    
       

                                                                                                                                                … (8) 

By comparing (7) and (8), we get 

(  ( 
     )  ∑  ( 

    )  ( 
    )

 

   

+       

Since   is prime and          we get 

       ∑  ( 
    )     

     

 

   

 

Hence   is a higher ( , )-homomorphism. 
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