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Abstract 

     In this paper, we introduce and study the notions of fuzzy quotient module, fuzzy 

(simple, semisimple) module and fuzzy maximal submodule. 

Also, we give many basic properties about these notions. 
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 المقاسات الجزئية العظمى الضبابية
 

حاتم يحيى خلف ،*ميدون علي هامل  
 قدم الرياضيات، كلية التربيه )ابن الهيثم(، جامعة بغداد، بغداد، العراق

 الخلاصه
ودرسنا المفاهيم مقاس القدمة الضبابي ,   المقاس البديط) وشبه البديط( الضبابي في هذا البحث قدمنا      

 والمقاس الجزئي الاعظم  الضبابي .وكذلك اعطينا العديد من الخهاص الاساسية حهل المفاهيم
 

Introduction  
     Recall that an R-module M is called simple if and only if it has no proper non trivial submodules 

[1]. M is called semisimple if and only if it is a sum of simple submodules of M. While, a submodule 

N of an R-module M is called maximal if and only if there is no proper submodule M that is different 

from N containing N properly   [1]. Also,  a semi –T- maximal submodule introduced as follows [2]: 

Asubmodule K of R-module M is called semi –T- maximal if     ⁄  is a semisimple R-module M 

(where T is a submodule of M ). 

     Hamel [3] introduced the  definition of fuzzy simple and  fuzzy   semisimple modules. Some   

properties  of  these concepts  which   are useful  in the next   sections are given, while we add many 

other results. 

     A fuzzy module X is called  simple if X has no nontrivial fuzzy submodules . 

     In other words , X is simple if whenever      X , either               Moreover ,  let      , 

A  is a fuzzy simple submodule of X if A is a fuzzy  simple   module . 

Also, we define and introduce quotient fuzzy modules and fuzzy maximal submodules as a 

generalization of  maximal submodules and give some properties of these concepts. 

This paper consists of three sections . In section 1, we recall many definitions and properties which are 

needed in our work. In section 2, various basic properties about fuzzy simple ( semisimple) modules  

are discussed. In section 3, we study the behavior of fuzzy maximal  submodules . 

1. Preliminaries   

     This section contains some definitions and properties of fuzzy sets , fuzzy modules , and quotient 

fuzzy  modules.  

ISSN: 0067-2904    
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 Definition   1.1 [`4] 

     Let S be a non-empty set and I be the closed interval  ,   - of the real  line (real numbers). A fuzzy 

set  A in S (a fuzzy subset of S) is a function from   S  into I. 

Definition  1.2 [4] 

     A fuzzy set A of a set S is called a fuzzy constant if   ( )                          ,   -           
Definition    1.3[5] 

Let             ,   - be a fuzzy set in S, where x  S , t  [0, 1] defined by: 

          ( )  {   
                                     
                                         

for all           is called a fuzzy singleton or fuzzy point in S. 

Definition   1.4[5] 

        Let A and B be two fuzzy sets in S, then:  

  1-          if and only if   ( )   ( )              . 

  2-                         ( )   ( )               . 
   

                                         ( )  
 ( )                                                                 
By part (2), we can deduce that                             ( )   . 
Definition   1.5 [5],[6]  

     Let M  be an R-module. A fuzzy set X of M is called fuzzy module of an R-module M if : 

1-  (   )      * ( )                 +     
2- (  )   ( )                   . 

3- ( )    

Definition  1.6 [6] 

Let X and A be two fuzzy modules of R-module M. A is called a fuzzy submodule of X if     . 

Definition 1.7 [6] 

    If A  is a fuzzy module of an R-module M, then the submodule               is called the level 

submodule of M where   ,   -  
Proposition  1.8 [6] 

     Let A be a fuzzy set of an R-module M. Then the level subset        ,   -      is a  submodule  of  

M if and only if A is a fuzzy submodule of  X where X is a fuzzy module of an R-module M. 

Now, we shall give some properties of   fuzzy submodules, which are used in the next section. 

Proposition 1.9[7] 

     Let A be a fuzzy module in M ,then we define      (  )   *      ( )   +   (  )      

Proposition  1.10 [8] 

     Let A be a fuzzy  module of an R- module  in M , then    is a submodule of M .        

    We  add the following  results. 

Proposition 1.11 

     Let X be a fuzzy module of an R-module M  and                  ( )          ( )   . 

Proof: It is clear by the definition  of  fuzzy modules . 

Remark 1.12 

If A and   B are fuzzy modules of a fuzzy module X such that                        
Proof: 

Let                 ( )   ( )  
But   ( )    ( ) 

              ( )   ( )   ( )   ( )             ( )   =      . 

 Remark 1.13 

     The converse of  the above   Remark is not true in general as the following example  shows : 

Let         ,   -             ( )                   ,   

Let    ( )   {
                           

                              
 

          ( )  { 
                                       
 

 
                              

 

Definition 1.1.2 [1] : 

 

Definition 1.2.1 [2], [5] : 

Definition  1.2.4 [4] : 

Definition 1.2.1 [2], [5] : 

Definition 1.2.1 [2], [5] : 
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It is clear that A and B are fuzzy submodules of X and  that                   
Hence                            ( )        ( )           
Remark  

We assume  that  if       =      , then A =  B   is called a  Condition   (*). 

Lemma 1.14 [9]  

     Let  A    be a fuzzy  submodule of   fuzzy   module X,  (   )            (  :    )  ,For all t (   -  
Also , we can prove that by Lemma 2.3.3.[8]. 

It follows that if ,  X  =A  B ,  for  A  , B     , then      =(     ) =       . 

Remark  1.15[9] 

     It is not necessarily that   (   )         (      )  for any   fuzzy  submodule  A  of  a  fuzzy   module X. 

Proposition    1.16[9] 

     If   A    is  a  prime  fuzzy  submodule of   fuzzy    X,  then  (   )      (  :    ) ,for all t 

(   -                  . 

      Recall that a submodule N of R-module M is called an essential if   H=   
For nontrival submodule H of M.[10],[11], [12]. 

Rabi [9]  introduced the following definition : Let X be a fuzzy module of  an R-module M. A fuzzy 

submodule A of X is called  an essential if                                                     . 

    Now we add  the following definition. 

Definition    1.17 

     Let X be  a fuzzy   module of an R – module M and let A be fuzzy  submodule of X .  

                 ⁄       -   ,   -       : 

 

                      (    ⁄  )                                                                                         

 {
                                                               

        * (   )                                                           
 

 for all coset        
  

⁄ . 

P                 

                                                                     
                        ⁄                                           

       
                                                             ⁄    

                                                          
                                                                                 implies that           
            
          Therefore                            implies that                    . 

     
          (⁄        )     . 

   Hence   ⁄    is  well defined .  

  Now  , we must prove that    ⁄      is  a fuzzy   module  of   M/     . 

1)    If                , then either           or                        and  either              or 

                     
Thus, if          , then,  ⁄ (         )          *⁄  (        )   (⁄            )+              
If                  , then  

 
  (          )      * ( )               * (      )    

                         +    
⁄  

       *   * (  )  (  )+|                         } 

       *    * (  )|                 *  (  )|            +,  - 
    *   *         )      +     * (       )       ++ 

      *  (       )     (        )+ 

          | (         )      *    | (       )   | (      )+    
2                  ⁄ (      )    ⁄ (    )                     
    if        , then    ⁄ (     )   , which implies        ⁄ (           ⁄ (    )). 

                then         Hence,   ⁄ (      )     *   (   ⁄  )      + and 

   ⁄ (      )      *  (      (   )      +⁄⁄        

Lemma 1.2.8 [2] : 



   Hamel and Khalaf                                 Iraqi Journal of Science, 2020, Vol. 61, No. 5, pp: 1164-1172 
 

1111 

          * (    )      +      * (     )       +   
          * , (   )     +         
      * ,(   )     + 
     | (    +  
           Thus, **    *    * (     )      +    | (    +  
               ⁄ (     +     (      )  ⁄   

3)  To prove that (     )    ,,     -        

  (  ⁄   )    
                                          

    *  (   )                                         
          

 {   
                                          

    *  (   )                                         
     

If               
   (    ⁄ )                       (    )           
Thus   ⁄  is  called a quotient fuzzy   module. 

    However,  in a previous work  [10 ] there  exists a definition of quotient  fuzzy  module as follows, 

which is an  equivalent  to  Definition 3.1 where  ( )     
Proposition 1.20[10] 

     Let X be  a  fuzzy  module of  an R- module M and A be a fuzzy   submodule  of   X . Define  

         ⁄  ,   -   ⁄ , such that  

  (    ⁄ )      * (   )           + . 
Lemma 1.21 

     Let A be fuzzy  submodule of fuzzy   module  X , then      ⁄     (   )              
Proof : 

     Let            |    ,  hence                      ,           which implies that   ( )   . 

     Now ,  

  (  )    (  ⁄⁄   )      * (   )      } 

    *    ( )  ( )+ 
    *   *   ++       * +    

Hence    (  )          (   ) ⁄  .  Hence               (    )         . 
Proposition 1.22   

     Let X be a fuzzy module of an R- module M,   such  that  ( )                   
(      )                                    
Proof: 

                  
  . 

 
/
 
  by  Lemma 1.21. 

Now                                 ,    - ,so for each                   
 

 
(     )     * (   )                +  

Since   (   )     *  ( )  ( )+             (    )   ⁄              
Proposition 1.23 
     Let A , B be fuzzy submodules of fuzzy module X . Then 

    ⁄                      (    ⨁  )⁄⁄   
       
              |       | )      (            )             
                                          , 
      * *               (  )    +    . 
              *             (         )  (      )+ 
               *                   +         
Thus by First Fundamental . theorem  

        ⁄                             ( |      | )         

S.2      Fuzzy  simple (semisimple)  modules 

     Recall that an R-module M is called simple if and only if it has no proper non trivial submodules  

and that  M is called semisimple if and only if M is a sum of simple submodules of M  [1]. 

Hamel [3] introduced the  definition of fuzzy simple  
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modules  and  fuzzy   semisimple modules . Some   properties  of  these concepts    which    are useful  

in next  the   sections are  given, while we add many other results . 

Definition 2.1 
     A fuzzy module X is called  simple if X has no nontrivial fuzzy submodules . 

     In other words , X is simple if whenever      ,either              

     Moreover,  let        , A  is a fuzzy simple submodule of X if A is a fuzzy  simply   module . 

Remarks   2.2 [3] 

      Let X be a fuzzy module , then the followings  hold: 

1) Every simple fuzzy module is  F_ regular  fuzzy module ,where   F_ regular  is   every fuzzy 

submodule  of  X   is  pure  . 

2) If  X is a simple fuzzy module, then                             (   -  
3) If                              (   - , then is not necessarily that X is                             
Proposition   2.3 

      Let X be  a  fuzzy module of an R-module M and A be a fuzzy submodule of   X. If A is simple , 

then                                 
Proof :  

Suppose             is not simple , then there exists submodule N<                    

Define       ,   -            ( )  {  
 ( )                   
                         

      

It is clear that       , but A is a simple fuzzy submodule , which is a contradiction . Thus      is a 

simple submodule. 

Remark   2.4 

The converse of proposition 2.3  is not true in general , as the  following example shows: 

Let                               ,   -               

 ( )   {  
                             ̅   

          
 

 
                                       

 

 It is clear that X is fuzzy module . Also, let  

 ( )  {
                          ̅  

                                  
 

                                           
               ̅̅ ̅̅ ̅̅     ̅̅ ̅̅ ̅                                                                                 

                                        

           ,   -                ( )      {                       ̅    
                          

 

                                                  
               [3] 

                                                                        

                             
Next , we  need  the following lemma. 

Lemma 2.6 

     Let  X  be a fuzzy module of an R- module M and  let A be a fuzzy direct   summand  in X  ,then  

        direct   summand in     
Proof: 

     As A is a fuzzy direct summand of X , then        , for some                   
Then                                              by Lemma1.14. Therefore,           direct   

summand of         
Proposition  2.7 

                                                                               
             module ,  then                                

       
                                    ,   -                : 

 ( )    {
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So N is                                                     
Proposition   2.8 

     Let  X  be a fuzzy module of an R- module M ,  if      is semisimple , then X  is semisimple  

               ( )        
Proof:  

                           . But      is               
so                                    . By   putting:  

 ( )  {
                                 
                              

 

 then      . Thus                 
                            ( )                                   
Therefore,  X  is a semisimple  fuzzy module . 

 Corollary  2.9 
     Any  fuzzy   submodule of  semisimple  fuzzy   module   is   semisimple. 

Proof: 

     Let X be  a fuzzy semisimple   module and let    . Then    is  semisimple module by 

Proposition 2.8. But                                                                semisimple 

submodule of  X  by Prop 2.8. 

 Proposition   2.10 
Let X be  a fuzzy module of an R-module M ,where Condition (*) holds .Then  the following   

statements  are equivalent : 

1-    X  is semisimple  

2  -  X  has no proper essential fuzzy  submodule .  

3-   Every fuzzy    submodule  of X  is a direct summand of X .  

Proof : (1)  ( ) 

Since X is semisimple , then         semisimple  by prop 2.7, and 

                                       ,  -                          
                                                                               

                                                                     
                           ( )        which is a  contradiction. 

(2)  ( ) 

                                                                          
                                                                                 

Let     ,   -  defined by:   ( )  {
                         
                      

         

Then         and                                                 
  (    )       

, so                                                        
                              
 (3)  ( )                                                                                   
                       of     is a                   by    Lemma   2.7. 

Hence                                is             
   (3)  ( ) 

If every fuzzy submodule  in  X  is a fuzzy d                            

submodule of     is a                   by    prop 2.6.  

Hence                                is                          
Proposition  2.11  
     Let X   be  a fuzzy module of an R –module M . Then  the followings 

are equivalent: 

1. Every  fuzzy submodule of  X is a sum  of  fuzzy simple  submodules. 

2. X is a direct sum of   fuzzy  simple   submodules of  X . 

3. Every fuzzy submodule of  X is a direct  summand  of  X .     

Proof: It is easy . 
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Proposition  2.1 2 
The   following  are  equivalent:  

1. Every fuzzy submodle  of  semisimple  fuzzy  module  is semisimple. 

2. Every epimorphic   image of  semisimple  fuzzy  module  is semisimple . 

3. Every sum of  semisimple  fuzzy  modules  is semisimple . 

Proof: It is easy.   

S. 3    Fuzzy maximal submodules 

     In  this section, we introduce the concept  of a fuzzy maximal submodule as a generalization of 

ordinary concept maximal submodules. Some characterizations of fuzzy maximal submodules  are 

introduced.    

Definition  3 .1          
     Let A be a fuzzy  submodule  of  fuzzy module X , A is called fuzzy maximal  if X /A   is a  simple  

fuzzy  module  

             3.2 

     Let A be  fuzzy submodule of  fuzzy  module X ,  A  is a  fuzzy maximal submodule  if and only if   

whenever                   . 

Proof: 

Assume that                ⁄      ⁄                            ⁄                      
   ⁄                      
                             maximal , we must show that   ⁄     is    simple. Suppose there exists   
                        
                                               
Therefore,    ⁄    is simple . 

                  

     Let X  be fuzzy  module of an R- module M , and let A be a  fuzzy  submodule of X. If A is a fuzzy 

maximal   submodule of X,  then       is maximal submodule of     . 

Proof: 

     If  A is a  fuzzy maximal  submodule of X , then   X/A  is simple   and    

 hence   (    )  is simple by Prop 1.3 . But      ⁄      )                   
That  is       ⁄  (     )                                           is a   maximal submodule  of      
                   

     Let X be fuzzy  module of an R- module M , and let A be a  fuzzy  submodule X . If        is a   

maximal submodule  of                 fuzzy maximal submodule       ,  provided that Condition (*)  

holds. 

Proof: 

     Let       be   a maximal submodule  in      . To prove that A  is a fuzzy maximal  submodule in X , 

if                                               

           . So that         and, so, by condition(*) ,    . 

 Proposition  3.5 

       Let A be fuzzy  submodule of fuzzy module X . If A is  fuzzy maximal  , then            
                                           ( )      . 

Proof: 

     If                  ( )                             But A is a fuzzy maximal  submodule of X.  

Hence      is maximal  submodule    of                     Then                ,  -   
On the other hand , 

       ( )  {  
                                         
                                         

  

Hence  (        )         
Hence (        )             Thus   (       )             

Since               (       )                                                       
    (          )   . 
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Corollary 3.6 

     Let X be a fuzzy module of an R –module  , and let  ( )            .  Let A be a fuzzy 

submoule of X ,. If  K is  a maximal  submodule in     , then there exists a fuzzy submodule A in X 

such that         . 

Proof:  

     Let   K   be  a maximal submodule         . Let      ,   -              

                    ( )       {      
                                          
                                     

               

     It is  clear that   A  is a  fuzzy submodule of X  and        . To prove that A is a maximal fuzzy 

submodule in X, 

                                                                                      
Hence      , since K is a  maximal  in      .Thus,           and, so,    . 

Thus    is  a fuzzy maximal submodule   of  X  . 

Proposition 3.7 

      If A  and B  are fuzzy maximal submodules of fuzzy module X , then      . 

Proof: 

Since                                                   and since  

                                                                    
Proposition  3.8 

     Let                                                                                     
                       
Proof: 

Since f  is epimorphism and       ⁄    , by the first fundamental theorem, thus Y is simple.          

Proposition 3.9 

     If A is fuzzy maximal submodule of fuzzy  X , then  A is a  prime fuzzy                   .              
Proof : 

     Let     be a fuzzy singleton of R and    be a   fuzzy singleton of X such that          
                          . 

            
                                                                                                            

                  . 
     On the other hand ,                                         
                          , 

                     
                                       | Then     

                                (   )  
Remark 3.10  

     The converse  of proposition 3.8  is not true in general . The following example shows that: 

Example 

     Let     ,   -            ( )                         ( )  {
                    

                              
 

            is  a prime fuzzy submodlue of X , but is not a  fuzzy maximal  submodule  since there exists  

a fuzzy submodule A of X, such that : 

 ( )  {  
                               
                                

 

Remark 3.11 

     The intersection of two fuzzy maximal   submodules    is not necessarily fuzzy maximal, as shown 

in the following example. 

Example: 

                                           ,   -     ( )                

          ( )  {
                         
                               

 

       ( )  {    
                              
                                  

 

   A and B are fuzzy  submodules of  X  and A and B    are  maximal of X since               
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However,                    (    )                                                          

Thus        {   
                                         
                                             

 

                                              
Proposition 3.12 

     If X is a finitely generated fuzzy module of an R- module M ,                 

then every proper fuzzy           of X is contained  in                                of X. 

Proof : 

     If X is a finitely generated fuzzy module , then      is finitely  generated as explained in a previous 

work [13].  So        is  a finitely  generated module . Hence every proper  submodule is 

contained                            of       [14]. 

      Let A be a fuzzy submodule of X . Then,                
      ,                                                    
                                   ,   -   : 

 ( )  {  
                                
                               

     

Then                                                           .   

But  by condition (*),                                                 
Submodule    and Condition (*)  holds , then B is a fuzzy maximal submodule  of X  .Thus A is 

contained in  a  fuzzy maximal submodule of  X. 
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