Hamko et al Iragi Journal of Science, 2020, Vol. 61, No. 11, pp: 3072-3081
DOI:10.24996/ijs.2020.61.11.28

]'nu:]z'
Journal of
Science

o —~——
ISSN: 0067-2904

On Soft P -Connected Spaces

Qumri H. Hamko ™, Nehmat K. Ahmed®, Alias B. Khalaf*
'Department of Mathematics, College of Education, Salahaddin University, Kurdistan-Region, Iraq.
’Department of Mathematics, College of Science, University of Duhok. Kurdistan Region-Irag.

Received: 27/10/2019 Accepted: 15/3/2020

Abstract

In this paper, we define the concept of soft p.-connected sets and soft p.-connected
spaces by using the notion of soft p.-open sets in soft topological spaces. Several
properties of these concepts are investigated.
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1 Introduction

In topology, connectedness is used to refer to various properties meaning in some sense, (all in one
piece). When a mathematical object has such a property, we say that it is connected; otherwise, it is
disconnected. Connectivity occupies very important place in topology. Many authors have presented
different kinds of connectivity in general, including fuzzy settings and intuitionistic fuzzy settings such
as P-connectedness and semi-pre connectedness in intuitionistic fuzzy topological spaces. After the
foundation of the soft set theory by D. Molodtsov [1], many researchers studied soft topological
structures. In 2012, Peyhan et al. [2] introduced soft connectedness in soft topological spaces. In 2013,
Lin [3] continued the study of soft connectedness. In 2015, Husain [4] provided more characterizations
of soft connectedness in soft topological spaces. In the present paper, we introduce another type of soft
separation and soft connectedness in soft topological spaces by using the concept of soft p.-open and
soft p.-closed sets, called soft p.-separation and soft p.-connected space. We also describe the
essential properties of these concepts along with the relations between these types and other existing

types.
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Throughout this paper, X will be a nonempty initial universal set and A will be a set of parameters.
Apair (F,A) iscalled a soft set over X, where F isafunction F: A - P(X). The collection of soft sets
(F,E) over a universal set X with the parameter set A is denoted by SP(X),. Any logical operation
(1) on soft sets in soft topological spaces is denoted by the usual set theoretical operations with the
symbol (5(1)).

2 Preliminaries

This section contains the main definitions and results in soft topological spaces which are needed in
other sections. All these definitions can be found in several articles concerning soft set theory and soft
topological spaces [5- 9].
Definition 2.1 [5] A soft set (F,A) over X is said to be empty soft set denoted by ¢ if for all e € 4,
F(e) = ¢ and (F,A) over X issaid to be absolute soft set denoted by X if for all e € 4, F(e) = X.
Definition 2.2 [5] The complement of a soft set (F,A) is denoted by (F,A)¢ or X\(F,A) and is
defined by (F,A)¢ = (F¢, A) where F¢:A - P(X) is a function given by F¢(e) = X\F(e), for all
e EA.

It is clear that ((F,A)¢)¢ = (F,A), ¢¢ =X and X¢ = ¢.

Definition 2.3 [5] For two soft sets (F,A) and (G, B) over a common universe X, we say that (F, A)
is a soft subset of (G, B), if

1. AS B and

2. forall e € A, F(e) S G(e)

We write (F,A) € (G, B).
Definition 2.4 [5] The union of two soft sets of (F,A) and (G, B) over the common universe X is the
soft set (H,C) = (F,A) U (G,B),where C =AUB andforall e € C,

F(e) if e€A\B
H(e) ={G(e) if e€B\A
F(e)uG(e) if e€eANB

In particular, (F,A) U (G,A) = F(e) UG(e) forall e € A.

Definition 2.5 [5] The intersection (H,C) of two soft sets (F,A) and (G,B) over a common
universe X, denoted (F,A) N (G,B), is defined as C =ANnB, and H(e) = F(e) N G(e) for all
e€C.

In particular, (F,A) N (G,A) = F(e) nG(e) forall e € A.

Definition 2.6 [7] The soft set (F,A) is called a soft point, denoted by (x.,A) or x,, if for the
element e € A, F(e) = {x} and F(e") = ¢ forall e’ € E\{e}.

We say that x, € (G, A) if x € G(e).

Two soft points x, and y,, are distinct if either x = y or e # €.

Definition 2.7 [10] Let ¥ be a collection of soft sets over a universe X with a fixed set E of
parameters. Then ¥ € SP(X), is called a soft topology, if

1. ¢ and X belongs to .

2. The union of any number of soft sets in 7 belongsto .

3. The intersection of any two soft sets in ¥ belongs to .

The triplet (X, T, A) is called a soft topological space over X. The members of ¥ are called soft open
sets in X while the complements of them are called soft closed sets in X, and they are denoted by
SO0(X) and SC(X), respectively. Soft interior and soft closure are denoted by Sint and 3cl,
respectively.

Definition 2.8 [10] Let (X, , A) be a soft topological space and let (G, A) be a soft set. Then,

1. The soft closure of (G, A) is the soft set
5cl(G,A) =N {(K,B) € SC(X): (G,A) € (K,B)}

2. The soft interior of (G, A) is the soft set
$int(G,A) =U {(H,B) € SO(X): (H,B) € (G, A)}.
Definition 2.9 [11] Let (X, ¥, A) be a soft topological space, (G, A) is a soft set over X and x, € X.
Then (G, A) is said to be a soft neighborhood of x,, if there exists a soft open set (H, A) such that
x. € (H,A) C ((G,A).
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Proposition 2.10 [10] Let (Y, %y, A) be a soft subspace of a soft topological space (X,%,A) and
(F,A) € SP(X)g. Then:
1. If (F,A) isasoftopensetin ¥ and ¥ € %, then (F,A) € %.
2. (F,A) isasoftopensetin ¥ ifand only if (F,A) =Y A (G, A) forsome (G,A) € %.
3. (F,A) is asoft closed set in ¥ if and only if (F,A) = ¥ A (H,A) for some soft closed (H, A)
in X.
Definition 2.11 [12] A soft subset (F,A) of a soft space X is said to be soft pre-open if
(F,A) € Sint5cl(F,A). The complement of soft pre-open set is said to be soft pre-closed. The family of
soft pre-open (soft pre-closed) set is denoted by §PO(X) and $§PC(X) respectively.
Lemma 2.1 [12] Arbitrary union of soft pre-open sets is a soft pre-open set.
Definition 2.12 [13] Let (X, 7, A) be a soft topological space and let (G, A) be a soft set. Then
1. The soft pre-closure of (G, A) is the soft set
Spcl(G,A) =N {(K,B) € 5PC(X):(G,A) € (K,B)}
2. The soft pre-interior of (G, A) is the soft set
$pint(G,A) =U {(H,B) € $PO(X): (H,B) € (G,A)}.
In [14], Bayramov and Aras defined a soft T;-space as:
Definition 2.13 [14] A soft topological space (X, %, A) is said to be soft T;, if for each pair of distinct
soft points x, , ., € SP(X),, there exist two soft open sets (F,A) and (G, A) such that x, € (F,A)
but y,, € (F,A) and y,, € (G,A) but x, € (G, A).
Proposition 2.14 [14] A soft topological space (X, %, A) is soft T; if and only if each soft point is soft
closed.
Definition 2.15 [15] A soft pre-open set (F,A) in a soft topological space (X,%,A) is called soft
pc-open if, for each x, € (F, A), there exists a soft closed set (K, A) such that x, € (K,A) € (F, A).
The soft complement of each soft p.-open set is called soft p.-closed set.
The family of all soft p.-open (resp., soft p.-closed) sets in a soft topological space (X,t,A) is
denoted by 5p.0(X, 7, A) (resp., Sp.C(X,%,A) )or 5p.0(X) (resp., §p.C(X) ).
Lemma 2.2 [15] A soft set (F, A) in a soft topological space (X, %, A) issoft p.-open if and only if for
each x, € (F,A), there exists a soft p.-open set (K, A) suchthat x, € (K,A) € (F,A).
Definition 2.16 [16] Let (X, %, A) be a soft topological space and let (G, A) be a soft set. Then,
1. A soft point x, € X is said to be a soft p.-limit soft point of a soft set (F,A), if for every soft
pc-open set (G, A) containing x,, (G,A) 0 [(F, A)\{x.}] # ¢.
The set of all soft p.-limit soft points of (F,A) is called the soft p.-derived set of (F,A) and is
denoted by 5p.D(F, A).
2. The soft p.-closure of (G, A) is the soft set
Sp.cl(G,A) =N {(K,B) € §P.C(X):(G,A) € (K,B)} .
3. The soft p.-interior of (G, A) is the soft set
Sp.int(G,A) =0 {(H,B) € 5P,(X): (H,B) € (G, A)}.
Lemma 2.3 [15] Let (X,7,A) be a soft topological space and let (G,A) be a soft set. Then,
$p.cl(G,A) = (G,A) T sp.D(G,A).
Lemma 2.4 [15] If (F,A)EY € X and Y is soft clopen, then, (F,A) € §p.0(Y) if and only if
(F,A) € 5p.0(X).
Lemma 2.5 [15] Let (F,A), YEX and Y be soft clopen. If (F,A)€35p.0(X), then
(F,A)DY € 3p.0(Y).
Lemma 2.6 [16] Let (F,A) €Y € X. If Y is soft clopen, then §p.cly(F,A) = §p.cly(F,A)NY.
Definition 2.17 [17] Let SP(X), and SP(Y)g be families of soft sets. Let u: X = Y and p: E - B be
functions. Then, a function f,,: SP(X)4 — SP(Y)p is defined as follows:
1. If (F,A) is a soft set in SP(X),, then the image of (F,A) under f,, written as f,, (F,A) =
(fou(F),p(A)), isasoftsetin SP(Y)p such that

u(F(e)) if p(eHNE#¢

U
fou(F)(€) = ecr~Henne
¢ if PHEHNE=¢

for all e’ € B.
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2. If (G,B) is a soft set in SP(Y)g, then the inverse image of (G,B) under f,,, written as
foi (G, B) = (f(G), p~*(B)), isasoft setin SP(X)4 such that

1 _(ui(G(p(e))) if ple)€EB
ﬁ”‘(G)(e)__{¢ otherwise

forall e € A.

The soft function f,,, is surjective, if p and u are surjective and it is injective if p and u are
injective.
Definition 2.18 Let (X,%,A4) and (Y, i, B) be two soft topological spaces. A soft function f,,,: X = ¥
is called soft continuous [18] (resp., 3$p. -continuous [15]), if fpal((G,B)) €T (resp.,
[ (G, B)) € $P,0(X)) for all (G,B) € fi.
Lemma 2.7 [15] A soft function fpu:)? — Y is §p,-continuous if and only if the inverse image of each
soft open (soft closed) set is §P.-open ($P.-closed).
Definition 2.19 [4] A soft subset (F,A) of a soft topological space (X,t,4) is said to be soft
connected, if it does not have a soft separation, otherwise it is called soft disconnected.
Definition 2.20 [4] A soft topological space (X, t, A) is said to be a soft connected space, if it does
not have a soft separation, otherwise it is called soft disconnected .
3 Sp.-separated and Sp.-connected sets

In this section, we introduce the concept of soft p.- separated sets and soft p.- connected sets in a
soft topological space. Also, we discuss some of the main properties based on these concepts.
Definition 3.1 Let (X,t,A) be a soft topological space. Two non empty soft subsets (F,A) and
(G,A) of SP(X), are said to be soft p, -separated ( §p. -separated) sets over X , if
§p.cl(F,A) N (G,A) = 5p.cl(G,A) A (F,A) = ¢.
Remark 3.1 Two soft sets (F,A) and (G, A) are Sp.-separated if and only if (F,A) and (G,A) are
disjoint and neither of them contains Sp.-limit points of the other.

Therefore we have, if (F,A)N3p.cl(G,A)=¢ then (F,A)N(G,A)U 5p.D(G,A) =
[(F,A) A (G,A)]T[(F,A) N3p.D(G,A)] = ¢ so that (F,A) N 35p.D(G,A) = ¢. Therefore, (F,A)
contains no Sp.-limit points of (G, A).

Theorem 3.2 Let (X,7,A) be a soft topological space. Then, the following are equivalent:
1. Theonly p.-clopen setin (X,t,A) is X and ¢.
2. X is not the union of two disjoint non-empty $p.-open sets.
3. X is not the union of two disjoint non-empty3p.-closed sets.
4. X is not the union of two disjoint non-empty §p.-separated sets.
Proof. (1) - (2). If X = (F,A) U (G, A), where (F,A) and (G, A) are disjoint non-empty $p.-open
sets, then, X\(F,A4)= (G,A)is a non-empty $p.-closed set. Hence, (G,A) is a non-empty proper
$p.-clopen set. This contradicts (1), hence (2) is proved.
(2) - (3). Assume that X is not the soft union of two soft disjoint non-empty $p.-open sets. Suppose
that X = (K,A) U (L, A) where (K,A) and (L,A) are two disjoint non empty $p.-closed sets. Now,
(K,A) and (L,A) being respectively the complement of each other. Therefore, (K,A) and (L, A)
are Sp.-open sets which contradicts (2). Hence, we obtain (3).
(3) - (4). Suppose that X = (F,A) U (G, A), where (F,A) and (G, A) are non-empty $p.-separated
sets. Since (F,A) N §p.cl (G,A) = ¢, we get Sp.cl (G,A) € X\(F,A), hence (G,A) is §p.-closed
set. Similarly, (F,A) must be §p.-closed set. This contradicts (3) and hence the proof is finished.
(4) - (1). Suppose that (F,A) is a non-empty proper $p.-clopen subset of X. Then, (G,A) =
X\(F,A) is a non-empty proper §p.-clopen subset of X. Since X = (F,A)U (G,A), so (F,A) and
(G, A) are Sp.-separated sets, which shows that (4) is false. Therefore, (1) is proved.
Definition 3.3 A soft p.-separation (§p.-separation) of a soft topological space (X, t, A) is a pair of
$p.-separated sets (F,A) and (G, A) whose union is X.
The following example illustrates a non-trivial $p.-separation of a soft topological space (X, 1, A).
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Example 3.1 Let X ={x,y}, A={ej,e,}. Let (X,7,A) be the soft topological space where
7= {X' &: (Fl'A)' (FZIA)' (FB'A)' (F4»' A)} where

(F, A) = {(e1, {x, ¥}, (e2, 9)}, (F2, A) = {(e1, {x}), (e2, {x}},

(F3,4) = {(e1, d), (ez, {x, ¥y}, (Fa, A) = {(e1, ¢), (e, {x}}- B

Then, it is easy to check that $p.0(X) ={X, ¢, (F;,A),(F5,A4) and Sp.cl(F;, A) N (F3,4) =
§p.cl(F3,A) N (F, A) = ¢. Therefore, (F;,A) and (F;,A) are $p.-separated sets. Hence (F;, A) and
(F5,A) forman $p.-separation of X.

Theorem 3.4 Let (F,A) and (G, A) be two non empty soft sets in a space X. Then, the following
statements are true:

1. If (F,A) and (G,A) are Sp.-separated and (Fy,A) € (F,A) , (G1,A) € (G,A), then (F,A)
and (G,,A) arealso 5p.-separated.

2. If (F,A)N(G,A) = ¢ such that each of (F,A) and (G,A) are both 3p.-closed (if they are
§p.-open and their union is X), then (F,A) and (G, A) are §p,-separated.

3. If each of (F,A) and (G,A) are both 3p.-closed (3p.-open) and if (U,A4) = (F,A) N X\
(G,4)), (V,A) = (G,A) 0 (X\(F,A)), then (U,A) and (V,A) are §p.-separated.
Proof. (1) Since (F,A) € (F,A), then 3p.cl(F;,A) € §p.cl(F,A. So, 3p.cl(F,A) N (G,A) =¢
implies  $p.cl(F,A) N (G,A)=¢ and 35p.cl(F,A) 0 (G,A) =¢ . Similarly (F,4)
N Sp.cl(Gy,A) = ¢. Hence, (F;,A) and (G4, A) are $p.-separated.
(2) Since (F,A) = Sp.cl(F,A), (G,A) = 3p.cl(G,A), and (F,A)N (G A =¢ , then
Sp.cl(F,A)N(G,A)=¢ and 3p.cl(G,AN(F,A)=¢ . Hence (F,A) and (G,A) are
§p.-separated. If (F,A) and (G,A) are §p.-open and their union is X, then their complements are
$p.-closed with empty intersection.
(3) If (F,A) and (G,A) are §p.-open, then X\(F,A4) and X\(G,A) are $p.- closed. Since
(U,A) € (X\(G,4)), 3p.cl(U,A) € p.cl(X\(G,A)) = (X\(G,A)) and so §p.cl(U,A) N (G, A) =
¢ . Thus, $p.cl(U,A) N (V,A) = ¢. Similarly, (U,A) A Sp.cl(V,A) = ¢. Therefore, (U,A) and
(V,A) are Sp.-separated.
Theorem 3.5 The soft sets (F,A) and (G,A) of a space X are §p.-separated if and only if there
exist $p.-open sets (U,A) and (V,A) such that (F,4) € (U,4), (G,A) € (V,A) and (V,A)
N(F,A) =¢, (G,A) AU,A) = ¢.
Proof. Let (F,A) and (G,A) be 3p.-separated sets. Then, the sets (V,A4) = X\8p.cl(F,A) and
(U,A) = X\8p.cl(G,A) are 3p,-open sets such that (F,A) € (U,A), (G,A) € (V,A) and
(V,A) D (F,A) =, (G,A) A (U,A) =¢.

Conversely, let (U,4), (V,A) € spCO(X) such that (F,A) € (U, 4), (G,A) € (V,A) and
(V,A) N (F, A) =¢, (G AN (U,A)=¢. Since X\(V,4) and X\(U, A) are Sp. -closed, then
Spccl(F,A) € X\(V,A) € X\(G,A) and Sp.cl(G,A) € X\(U,A) € X\(F : Thus,
Sp.cl(F,A) N (G,A) = ¢ and 3p.cl(G,A) 0 (F,A) = ¢ and hence the proof is finished.

Theorem 3.6 Let (F,A) and (G,A) be nonempty soft disjoint subsets of a space X and (V,A) =
(G,A) U (F,A). Then (F,A) and (G,A) are Sp.-separated if and only if each of (F,A) and (G, A)
is §p.-clopenin (V, A).

Proof. Let (F,A) and (G,A) be 5p.-separated sets. By Remark 3.1, (F,A) contains no Sp.-limit
points of (G,A). Then, (G,A) contains all $p.-limit points of (G,A) which implies that (G, A) is
Sp.-closed in (G,A) U (F,A) = (V, A). Similarly (F,A) is §p.~closed in (V, A).

The converse part is obvious.

Theorem 3.7 If (F,A) is an Sp.-connected set and (F,A) € (G, A) € 3p.cl(F,A), then (G,A) is
$p.-connected.

Proof. Let (F,A) € SP(X)4 be an §p.-connected set and (G, A) be any soft subset of X such that
(F,A) € (G,A) € 5p.cl(F,A). We have to show that (G,A) is an §p.-connected set. Suppose that
(G, A) is not §p.-connected. Then, there exists a pair of $p.-separated sets (F;,A) and (F,, A) such
that (G,A) = (F;,A) U (F,,A) . Since (F,A) € (G,A) , then (F,A)C (F,A) U (F,A) . If
(F,A) 0 (F;,A) # @ and (F,A) 13 (F,,A) # @, then (F,A) = ((F,A) 1 (F,A) T ((F,A) & (F,, A).
But (F,A) N (F;,A) and (F,A) N (F,,A) are 3p.-separated sets. This is a contradiction to the
$p. -connectivity of (F,A). Hence, either (F,A) € (F;,A) or (F,A) € (F,,A). Suppose that
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(F,A) € (F;,A), then 3p.cl(F,A) € §p.cl(F,,A). Since (F;,A) and (F,, A) are $p.-separated sets,
then $p.cl(F;,A) N (F,,A) = @. Therefore, Spccl(F,A) A (Fyp, A) = @ but (F,,A) € (G, ,A). Then,
by the hypothesis, we have (F,,A) € (G,A) € 3p.cl(F,A). Therefore, Sp.cl(F,A) N (FZ,A) =
(F,,A). Thus, Sp.cl(F,A) i (F,,A) = @ and Sp.cl(F,A) 1\ (F,,A) = (F,, A). Hence, (F,A) =
which is a contradiction. Similarly, if (F,A) € (F,,A), then we obtain that (F;,A) = @, which is a
contradiction. Therefore, there does not exist an Sp. -separation of (G,A). Hence, (G,A) is
$p.-connected.

Theorem 3.8 Let (Y,ty,A) be a soft subspace of a soft topological space (X,t,A4) and (F,A),
(G,A) €Y E X. Then, (F,A), (G,A) are soft p.-separated in ¥ if and only if (F,A), (G,A) are
soft §p.-separated in X.

Proof. (F,A) and (G,4) are Sp.  -separated in Y
Specly(F,A) N (G, A) = (F A) N Sp.cly (G, A) = S [$pccly(F,A)A YA (G, A) =
Specly(F,A) N (G, A) = qb and spccly(G A) N (F,A) = [5p.cly(G,AAY] A (F,A) =

$p.cly(G,A) N (F,A) = ¢. & (F,A) and (G,A) are §p.-separated in X.
4 §p.-connectedness

In this section, we introduce the concept of $p.-connected spaces by using $p.-open and $p.-closed
sets in soft topological spaces. Basic properties of this space are obtained.
Definition 4.1 Let (X,7,A) be a soft topological space. A soft set (F,A) € SP(X), is said to be
Sp.-connected if it does not have an $p.-separation, otherwise it is called 5p.-disconnected.
Remark 4.2 The following statements are obvious.
1. The singleton soft set in a soft topological space is an $p.-connected set.
2. All soft subsets in the soft indiscrete topological space are $p.-connected.
Definition 4.3 A soft subset (F,A) of a soft topological space (X,7,A4) is said to be soft
pre-connected if it does not have a soft pre-separation, otherwise it is called soft pre-disconnected.
Proposition 4.4 Every soft pre-connected set is an $p.-connected set.
Proof. Let (F,A) be a soft pre-connected set in the soft topological space (X, t, A). Hence there does
not exist a soft pre-separated set of (F, A). Since every $p.- open set is a soft pre-open set, hence there
does not exist an Sp.-separated set of (F,A). So, (F,A) is §p.-connected.

If the soft topological space is a soft Ty, then by Proposition 2.14, the converse of Proposition 3.9 is
also true.

An $p.-connected set needs not be a soft pre-connected set as it is shown in the following example:
Example 4.1 Any subset in the indiscrete soft topological space is §p.-connected and since the family
of soft pre-open sets forms the discrete soft topology, then any soft subset containing more than one soft
point is not soft pre-connected.

Theorem 4.5 Let (X,7,A) be a soft topological space and (F,A) be an Sp.-connected set. Let

(F1,A) and (F,,A) be 3p.-separated sets. If (F,A) € (F;,A) U (F,,A), then either (F,A) € (Fy, A)
or (F,A) € (F, A).
Proof. If (F,A) & (F;,A) and (F,A) ¢ (F,,A), then (G,A) = (F,A)N (F,A) #@, (HA) =
(F,A)A (F,,A) # @, and (F,A) =(G,A) T H,A) . Since (G,A) E (F,A), implies that
Sp.cl(G,A) € §pccl(F1,A) . Since (F,A) , (F,,A) are 3p. -separated sets, we have
spccl(Fl,A) N (F,A) = Therefore,
@ = 5p.cl(Fy, A) R (F,, A ) 3 $p.cl(G,A) A (F,,A) 3 spccl(G A) N (H,A) . Hence,
Specl(G,A) N (H A)=@. By the same way, we can show that (G,A) A 3p.cl(H,A) = @, but
(F,A) = (G,A) U (H,A). Hence, there exists an $p.-separation of (F, A). Therefore, (F,A) is not an
$p.-connected set, which is a contradiction. Hence, either (F,A) € (F;,A) or (F,A) € (F,,A).
Corollary 4.6 If (F,A) is an $p.-connected set, then Sp.cl(F, A) is §p.-connected.
Proof. The proof follows directly from Theorem 3.7 .
Theorem 4.7 The soft union (F,A) of any family {(F;, A):i € I} of §p.-connected sets having a
nonempty soft intersection is an $p.-connected set.
Proof. Let (F,A) be a soft union of any family of $p.-connected sets having a non-empty soft
intersection. Suppose that (F,A) = (Hy,A) U (H,,A), where (H;,A) and (H,,A) form an
Sp.-separation of (F, A). By hypothesis, we may choose a soft point

Xq € Nier (Fy, A).
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Then, x, € (F;,A) forall i € I. So x, € (F,A), and then either x, € (H;,A) or x, € (H, A). Since
(Hy,A) and (H, A) are soft disjoint, we must have (F;, A) € (H;,A) (say), since (F;,A) is
Sp.-connected and it is true for all i € I, and so (F,A) € (H,,A) . From this we obtain that (H,, A) =
@, which is a contradiction.

Definition 4.8 A soft topological space (X, t,A) is said to be a 5p.-connected space if it does not
have an $p.-separation, otherwise it is called $p_.-disconnected.

It is clear that every soft indiscrete topological space with at least two soft points is an $p.-connected
space and is soft pre-disconnected.

Definition 4.9 A soft topological space (X, t,A) is said to be a soft pre-connected space if it does not
have a soft pre-separation, otherwise it is called soft pre-disconnected.

Proposition 4.10 Every soft pre-connected space is an $p.-connected. Furthermore, the converse is
also true if the space is soft Tj;.

Proof. Similar to the proof of Proposition 4.4 and the converse follows from Proposition 2.14.
Corollary 4.11 A soft topological space (X,t,A) is §p.-disconnected if and only if there exists a
non-empty proper soft subset of X which is §p.-clopen.

Proof. It follows directly from (1) and (4) of Theorem 3.2.

Proposition 4.12 If (X, 1, A) is a soft disconnected space, then it is §p.-disconnected.

Proof. If (X,t,A) is a soft disconnected space, then it contains a non-empty proper soft clopen set
(F,A), so (F,A) is both Sp.-open and 3p.-closed. Hence, by Corollary 4.11, (X,t,A4) is
§p.-disconnected.

Proposition 4.13 Let (X, t, A) be a finite soft topological space. If (X,7,A) contains a non-empty
proper Sp.-open set, then (X, 7, A) is a soft disconnected space and hence, $p.-disconnected.

Proof. In a finite space (X, t, A), if (F,A) is a non-empty proper $p.-open set, then (F,A) is a union
of soft closed sets and hence it is closed. Also (F, A) is pre-open, implies that (F,A) € Sint3cl(F, A),
so (F,A) €35int(F,A) which implies that (F,A) is soft open. Therefore, (X,t,4) is soft
disconnected and by Proposition 4.12 it is $p.-disconnected.

Corollary 4.14 A finite soft space (X, t,A) is Sp.-disconnected ($p.-connected) if and only if it is
soft disconnected (soft connected).

Proof. Follows from Proposition 4.12 and Proposition 4.13.

The following example shows that a soft connected space may not be $p.-connected.

Example 4.2 Let R be the set of real numbers and A = {e4,e,} and let T be a family consisting of
¢ and all soft subsets (F,A) such that F(e;) = B where R\B is finite and F(e,) = D where
D < R. Then, this space is soft connected but it is §p.-disconnected because the soft sets (G, A) such
that G(e;) = Q, F(e;) =D, where D € R and (H,A) such that H(e;) = R\Q and F(e,) = D€,
where D S R, are disjoint $p.-open and $p.-closed and their union is R.

In Proposition 4.13, the condition of the soft topological space to be finite is necessary. The following

example shows that there exists a non-empty proper $p.-open set in the space but the space is neither
soft disconnected nor $p.-disconnected.
Example 4.3 Let X be any infinite set, A consists of infinite parameters, P, is a fixed soft point in
X, and let ¢ be the family of all soft subsets (F,A) such that either P, & (F,A) or, if P, € (F,A), then
Ueer X\F(e) is finite. Then, this space contains a non-empty proper $p.-open set but it is neither soft
disconnected nor Sp.-disconnected .

In the following example we show that it is not necessarily true that if the space is §p.-connected then

every subspace must be §p.-connected.

Example 4.4 Let X = {x,y} and A = {e,e;,}. Let

t={X,p,(F,A),(F,A),(Fs,A),(F,,A)} be the soft topology where

(F1,A) = {(e1, {x}), (2, #)}, (F2,4) = {(e1,{x}), (e2, {¥y P}

(F3,4) = {(e1, X), (e2,{yD}, (Fy, A) = {(e1, $), (e, {¥yD}.

This space is both soft connected and S$p. -connected. Consider the soft subset (F,, A) =
{(e1,{x}), (e2,{y}D}. Then the soft relative topology induced on the soft set (F,,A) is

Teya) = {0, (Fy, A), (Fy, A), (Fy, A)}. Then, 3p.0((Fs, A)) = T(s, ). Therefore, the soft set (F,, A)
has an $p.-separation in the soft relative topology induced on the soft subset (F,,A). Hence, (F,, A) is
an §p.-disconnected subset of a soft topological space (X,t,A4) .
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Corollary 4.15 A soft topological space (X,t,A) isan §p.-disconnected space if and only if any one
of the following statements is satisfied.

1. X is asoft union of two non empty disjoint $p.-open sets.

2. X isasoft union of non empty disjoint §p.-closed sets.
Proof. It follows directly from parts 1,2, and 3 of Theorem 3.2.
Theorem 4.16 Let (X,t;,A) be a 3p.-connected space and 7, € ;. Then, (X,7,,4) is
$p.-connected.
Proof. Suppose on the contrary that (X, 7,, A) is not §p.-connected, and let (H,A) and (G, A) be an
Sp.-separation of (X, t,,A). Since ¥, € £, then (H,A) and (G,A) are Sp.-separation of (X, 4, A4),
which is a contradiction. Therefore, (X,7,,A) is §p.-connected.
Theorem 4.17 Let (X,74,4) and (Y,7,,B) be two soft topological spaces and u:X — Y and
p: A — B be functions. Also a soft function f,,: SP(X), — SP(Y)p is Sp.-continuous and onto. If
(X,14,4) is §p.-connected, then the soft image (Y, 1,, B) is soft connected
Proof. Let a soft function f,,:SP(X), — SP(Y)p be Sp.-continuous and onto. On the contrary,
suppose that (Y,7,, B) is soft disconnected and let (H,B) be a soft non-empty proper subset of
(Y,7,B) which is both soft open and soft closed. Since f,,:SP(X)4 — SP(Y)p is soft
$p.-continuous. Therefore, by Lemma 2.7, f,;}(H,B) is both Sp.-open and $p.-closed in (X, t4,A4),
which is a contradiction. Hence (Y, t,, B) is soft connected.
Definition 4.18 Let (X,7,A) be a soft topological space and x, € (F,A) € SP(X),. The
$p.-component of (F,A) corresponding to x, is the union of all $p.-connected subsets in (F,A)
containing x,.

From Theorem 4.7, we obtain that the $p.-component of X is $p.-connected.
Theorem 4.19 For atopological space (X,t,A), the following properties hold:
1. Each 3p.-component of X is a maximal §p.-connected subset of X.
2. The set of all distinct §p.-components of X forms a partition of X.
3. Each §p.-component of X is §p.-closed in X.
Proof. (1) Obvious.
(2) Each soft point x, € SP(X), is contained in an §p.-component of X containing x,. Suppose that
(F;,A) and (F,, A) are two distinct $§p.-components of X. If (F;,A) and (F,, A) intersect, then by
Theorem 3.13, (F;,A) U (F,, A) is $p.-connected. Thus, either (F;, A) is not maximal or (F,,A) is
not maximal, which is a contradiction. Therefore, (F;,A) and (F,, A) are disjoint.
(3) Let (F,A) be any 5p.-component of X containing x,. By Corollary 4.6, Sp.cl(F,A) is
Sp.-connected set containing x,. Since (F,A) is maximal $p.-connected set containing x,, SO
Sp.cl(F,A) € (F,A). Thus, (F,A) is §p.-closed in X.
Theorem 4.20 A soft topological space (X,t,A4) is Sp.-disconnected if and only if there is a
non-empty proper subset which has an empty soft $p.-boundary.
Proof. Let (X,7,A) be soft §p.-disconnected. Then by Corollary 4.11, (X,7,A) has a proper
§p. -clopen soft set (F,A). Thus, 3p.cl(F,A) = (F,A) = sp.int(F,A) = X\{Sp.cl(X\(F,A))}.
Hence, §p.bd(F,A) = 5p.cl((F,A)) N §p.cl(X\(F,A)) = ¢. Therefore, (F,A) has an empty soft
$p.-boundary.

Conversely, suppose that there is a non-empty proper soft subset (F,A) that has an empty soft

§p. -boundary. Then, $p.bd(F,A) = 3p.cl(F,A) N 3sp.cl(X\(F,A) =¢ . Consequently,
Spccl(F,A) € [X\3p.cl(X\(F,A))] = §p.int(F, A), and thus
(F,A) € sp.cl(F,A) C sp.int(F,A) € (F,A). Hence, (F,A) is a proper 5§p.-clopen soft set and by
Corollary 4.11, (X, 1, A) is soft §p.-disconnected.
Definition 4.21 A space (X,t,A) is called locally §p.-connected at x, € SP(X),. if for each
Sp.-open set (G,A) containing x,, there is an Sp.-connected $p.-open set (H,A) such that
X, € (H,A) € (G,A). The space X is locally §p.-connected if it is locally §p.-connected at each of its
soft points.

It is clear that the discrete soft space is locally §p.-connected but it is not §p.-connected.
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Theorem 4.22 A space (X,1,A) is locally Sp.-connected if and only if the §p.-components of each
$p.-open subset of X are $p.-open.

Proof. Suppose that X is locally §p.-connected , (G, A) is an §p.-open subset of X and (F, A) is an
Sp.-component of the soft subset (G, A) corresponding to the soft point x,. Then, by definition, there
is an $p.-connected $p.-open set (H,A) € X such that x, € (H,A) € (G, A). Since (F,A) is an
Sp.-component of (G,A), so we get x, € (H,A) € (F,A). Thus, by Lemma 2.2, (F,A) is an
Sp.-open set.

Conversely, let (G,A) € X be an 3p.-open set and x, € (G,A). By the hypothesis, the

Sp.-component (H,A) of (G,A) containing x, is $p.-open, so X is locally $p.-connected at x,,.
Theorem 4.23 A soft topological space (X,t,A) is locally $p. connected if and only if, given any
soft point x, € SP(X)4 and a Sp.-open set (G,A) containing x,, there is a soft open set (H, A)
containing x, such that (H, A) is contained in a single $p.-component of (G, A).
Proof. Let X be locally §p.-connected, x, € SP(X), and (G,A) be an $p.-open set containing
Xq. Let (F,A) bethe §p. component of (G, A) that contains x,. Since X is locally §p. connected
and (G,A) is S3Sp. open, there is an §p. connected S$p. -open set (H,A) such that
X, € (H,A) € (G,A). By Theorem 4.14, (F, A) is the maximal $p, connected set containing x, and
so x, € (H,A) € (F,A) € (G, A). Since §p. components are disjoint sets, it follows that (H,A) is
not contained in any other §p. component of (G, A).

Conversely, we suppose that, given any soft point x, € SP(X), and any Sp.-open set (G,A)
containing x,, there is a soft open set (H,A) containing x, which is contained in a single
Sp.-component (Fy,A) of (G,A). Then x, € (H,A) € (F;,A) € (G,A). Let xqq € (F;,A), then
X41 € (G, A). Thus there is a soft open set (F,,A) such that x,, € (F,,A) and (F,, A) is contained in
a single $p.-component of (G,A). As the §p. components are disjoint soft sets and x,, € (F;,A),
hence x,, € (F,,A) € (F1,A). Thus, (F;,A) is soft open. Hence, for every x, € SP(X), and for
every Sp.-open set (G,A) containing x,, there is an $p.-connected $p.-open set (F;, A) such that
Xy € (F;,A) € (G,A). Thus, X is locally $p.-connected at x,. Since x, € SP(X), is arbitrary, so
X islocally $p.-connected.
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