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Abstract

In this paper, we introduce the concepts of higher reverse left (resp.right)
centralizer, Jordan higher reverse left (resp. right) centralizer, and Jordan triple
higher reverse left (resp. right) centralizer of I'-rings. We prove that
every Jordan higher reverse left (resp. right) centralizer of a 2-torsion free prime
I'-ring M is a higher reverse left (resp. right) centralizer of M.
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INTRODUCTION

LetM and T be two additive Abelian groups. Suppose that there is a mapping from
MxT'xM ——> M, where the image of (x, a,y) isdenoted by x oy, wherex,y e M
and o € T, satisfying the following properties forall x,y,z e Manda,p €T.
(Nx+y)az=xaz+yaz
X(ot+B)z=xaz+xPz
Xa(y+2z) = Xay + Xaz
(i) (xay)pz=xa(ypz).
Then Mis called a T-ring [1,2] .
M is called a prime if x T M T"y = (0) implies that x=0o0ry =0, wherex,y € M [3, 4].
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M is called a semiprime if x I' M T" x = (0) implies that x = 0, where x € M [4].
M is called a 2-torsion free if 2 x = 0 implies that x = 0, for all x € M [3, 4].
If M isa I'-ring, then [X,y]. = Xay — yox , for all x,ye M and a € T, is known as a commutator
[2, 4].
An additive mappingd : M —— M s called a derivation if the following holds :

d(xay) =d(X)ay + xod(y), forallx,y e Mand a € T [5] .
Additionally, d is called a Jordan derivation if the following property holds :

d(xax) = d(X)a X + xa d(x), forall x e Mand o € T" [5] .

In the following M.Sapanci and A.Nakajima [6] gave the conditions which makes a Jordan derivation
is a derivation on I'- ring .
If M is a 2-torision free completely prime I'- ring such that forany x,y,ze M anda,p € ', we
have zBapB [x,y]l.= 0or [xyl.8apz =0.Impliesthat z=0, x € M. Then every Jordan
derivation is a derivation on M .
Let D = (dj); < n be a family of additive mappings of a I'-ring M into itself such that
do = idyw. Then D is called higher derivation if

d,(xay)= > d;(X)ad;(y), forallxye M,ael'and ne N[7].
i+j=n

Consequently , D is called a Jordan higher derivation if
d (Xoax)= i+J_ani(X)oc d;(xX), for all x ¢ M, o € T and n € N [7].
Also, proved that Let M be a 2-torsion free prime I'-ring and U be an admissible Lie ideal
(U not contained in Z(M) and uaueU, for every ueU and o € I') of M. Then every Jordan
higher derivation of U into M is a higher derivation of U into M [7].
A left (resp. right) centralizer of a T'-ring M is an additive mappingt : M —— M
which satisfies the following equation
t(xay) =t(x) ay (resp. t(xay) = xat(y),forallx,y e M and o e T.
tis called a centralizer of M if it is both a left and right centralizer [8] .
A left (resp. right) Jordan centralizer of a I'-ring M is an additive mappingt : M —— M
which satisfies the following equation

t (xax) = t(x) ax (resp. t(xax) = xot(x)),forallx € M and a € T.
t is called a Jordan centralizer of M if it is both a left and right Jordan centralizer [8] .
And proved that every Jordan centralizer of a 2-torsion free semiprime I'-ring M satisfying
XaypBx = XByoax is a centralizer [8] .
Let t = (t;);c n be a family of additive mappings of a ring R into itself . Then t is called
a higher left centralizer, we have that

t, (xy) = iti(x)ti—l(y) , forall x,y e Rand ne N [9].

In addition, t is called a Jordan higher left centralizer if the following equation holds :
t, (x*) =D t,()t,,(x), forall x e Rand ne N [9].
i=1

And proved that every Jordan higher left centralizer of a 2-torsion free prime ring R
is a higher left centralizer of R and let t= (t;) icn be a Jordan higher left centralizer of
a 2-torsion free ring R . Then t is a Jordan triple higher left centralizer of R .

In this paper we define and study the concept of higher reverse left (resp. right) centralizer of prime
I'-rings and we present some properties about higher reverse left (resp. right) centralizers one of these
theorems is :

Let t = (t)ic n be a Jordan higher reverse left (resp. right) centralizer of a 2-torsion free I'-ring M , such
that xaypx = xByax, for all X,y € M and a , Be I'. Then t is a Jordan triple higher reverse left
(resp. right) centralizer of M .
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Jordan Higher Reverse Left (resp. right) Centralizer on Prime I'-Rings
In this section we will introduce the concept of higher reverse left (resp. right) centralizer on prime
I-rings.
Definition (2.1)
Lett=(t)icn be afamily of additive mappings of a I'-ring M into itself .Then t is called a higher
reverse left (resp. right) centralizer if forallx,y € M, o € I" and n € N,

t,(Xay) =Zti(y)ati-1(X) (resp. t,(X o y) =Zti-1(y) at;(x))

Definition (2.2)

Let t = (1) ic v be a family of additive mappings of a I'-ring M into itself .Then t is called a Jordan
higher reverse left (resp. right) centralizer if forallx e M, o € I and n € N, the following
equation holds ;

t,(Xa X)=Zti(x)ati_1(x) (resp. tn(XaX)=iti_l(x)(xti(x) ).

Definition (2.3)

Lett = (t;) ;. n be a family of additive mappings of a I'-ring M into itself .Then t is called a Jordan
triple higher reverse left (resp. right) centralizer , if forallx,ye M,a, B € "'andn € N, the
following equation holds :

@y Bx)= 3 6E0BL M0t ()
(resp. £ (XY BX) =Dt 4GB LA t,(0).

Lemma(2.4)
Lett = (t;) ic n be @ Jordan higher reverse left (resp. right) centralizer of a I'-ring M .Then for all
X,y,ze M,a,Beland n e N, the following equations hold :

(t,(Xoy+yox)= Zti(y)ati.l(XHZ t, (ot (y)

(resp. £, (X @y +ya ) = > t,(0at,00+ > LI t,())

(iNt,xayBx+xByax)=> t,()PBt, (ot ;CI+> t,)at, (Pt (x)
n =1 N i=1
(resp. t,(xayBx+xByax)=>t (Bt _ (Mat;x)+> t_ ,()at, ,(y)Bt;x))

()t (cayPpzrzayB0 =3 t,@Bt M at 100+ (It LM at, (@)
(resp. tn(XO(YBZ+ZOLYBX)=|an:ti:(2)l3ti.1(Y)a ti(X)+iZj12 ti-l(X)I_Bti-l(y)a t,(2))
(iv) In particular, if M is a 2-torsion free commutative I"-ring, then
t,(xayp2) =iti(z>ﬁti_l(y>ati_1(x)
(resp.t, (x @y B 7) = inzlti.l(z) Bt (o t,(0)

(Wt (xayaz+rzayax)=Dt,@at, () at, ;)+> 6,0 at, ;) at,, ()

i=1 i=1
(I’ESp-tn(Xayaz+zcxyax)zZti_l(z)ati_l(y)a ti(x)+z ., (Xat, ;(y)a ti(z))

Proof .,
(i) t,((X+Y)a(x+y)= Zti(X+ yat,  (x+y)
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SN ACTIINCITE RHO LTI ED R UG LTINSED RALIIN I E)
Meanwhile , we have that
t, (X+y) a(x+ y)z =t,(xaxt+x ay+nya X+yoy)

=Dt at 0+ 2 M at M+t (xay+yax) . (2)

We obtain the following equation by Comparing equations (1) and (2)
t,(Xay+yax)=> t,(at,_,(x)+ D> t,(Xat; ()
i=1 i=1

(if) By substituting x By +yp x foryin (i), we have that
=S OB G GO0t GO+ EEOB L)t GO+

ot MPL ,(D+t;(X)at; ()Pt (---(D)

In addition , we obtain that
t(Xa(xBy+yBx)+(XBy+yBx)ax)

= tn(anBy) + tn(yBXG'X) + tn(X(XYBX_'_XBan)

= Zn:ti(y) B t; _1(X)ati-1(x) + ti(x) at; -1(X) Bt i-1(Y) + tn (X a YB X+X B ya X)(Z) We
i=1

get the required result by Comparing equations (1) and (2) .

(iii) By substituting x +z for x in Definition (2.3) , we have

=3 HO0B 6L LB ot () +
@Bt Mat () +t@DBL () at 1 (2)...D)

Moreover,
t, (X +zpy A X+ 2z)= tn(xayBXerocyBZJrZ(xyBx+zocyBZ)
ziti(x)Bti-l(}’)ati-l(x)+ti(Z)Bti-1(Y)0'~ti-1(Z)+ tn(XOLyBZ+ZOLyB X)(Z)

The following equation is obtained by comparing equations (1) and (2)
t,XayBz+zayBx)= Zti(Z)Bti—l(Y) at; ;(x)+ Z tX)Bt (Y at,, (2)

(iv) Using Lemma (2.4)(iii) and the fact that M is a commutative I'-ring , we have that
t,XayBz+xayBz) =7 t ( XOLyBZ)

= Ziti(z) Bt,..(Mat; (X)

We obtain the required result, by utilizing the fact that M is a 2-torsion free .
(v) The substitution B for a in (iii), we get the required result
Definition (2.5)
Let t = (&) ic n be a Jordan higher reverse left (resp. right) centralizer of a T'-ring M. Then for all
X,y € M, a € Tand ne N , we define

Gn (X,Y)o= ta(X 0 y) — Zti(y)ati.l(X)

(resp. Go(X,y)o = ta(X 0 y) — iti A (Mat(x))

Lemma (2.6)
Let t = () ic n be a Jordan higher reverse left (resp. right) centralizer of a I'-ring M .Then for all
X,¥,Ze M, a,B e T'and n € N, we have that the following equations hold :

(1) Ga(XY)ow = — Gn(Y:X)a
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(i) Ga(x+ Y, 2)a = Gn(X,2)a + Gn(Y,2)«
(iil) Gn (X, y+ 2)a = Gn(X,Y)at Gn(X,2) o

(V) Gn (X,Y)a+p = Gna(X,¥)o + Gnl(X,Y )p
Proof:
(i) By applying Lemma (2.4) (i) , we have that_

t,Xay+yax)= Zti(Y)ati-l(X)"'Z t,(xat; 1 (y)

(X Y) = D EMGL00 =~ (Y a) =3 §eut ()

Gn(X,Y)a = - Gy (y,x)a n
(il) Galx#y,2) = L, (X + V)0 2) = Dt (Dt 5 (X +Y)

=t (X az+yaz)—zn:ti(z)oc ti_l(X)—Zn:ti(z)a t, .Y

(@ 7) — D@ 60+ L (Yaz) — D (@at ()
= Go(X,2)o + GulY12)e ) 7
(i) Go(xy + 2)o = ta(X @ (y +2)) = D _t,(y+ 2o t; 4 (%)

St (Xay+x0z) = DL, 00— D@t (x)

b, (oY) — D (D0, (O (xaZ) — D (@, ()
= Golxy)at GolX2)e n 7
(V) Grlxy)arp =ty (x(a + B)y) ~2 60 (o + B) t4(X)

= 6, (@) - 2L+ L (xBY) — 2O B 4,00

= Gn(xiy)ot-l_ GH(X!y)B
Remark (2.7)
It is noteworthy that t = (t;) ic n i a higher reverse left (resp. right) centralizer of a I'-ring M if and
only if G,(x,y),= 0,forall x,yeM ,aae I'andn € N.
Lemma (2.8)
Lett = (t;)icn be aJordan higher reverse left (resp. right) centralizer of aI'-ring M .
Then the following equations hold forall x,y, z € M,a,BeTandne N:
(DGh(XY)a B tn-2(2) B [ta-1(X), th-1(Y)] = O
(INGn(X,Y)a 0 th1(2) o [th-1(X), ta-1(Y)] o= O
(I)Gn(X.Y)p & th-1(2) @ [ta-1(X), ta-2(Y)]p = O
Proof:
(i) The proof is utilizing induction on n € N
Ifn=1
Let w = XayBzByax + yaxpzpxoy
Then , we obtain that
t(w) = t(xa(yBzPy)ax + yo(xBzpx)ay)
= t(x)aypzpyax + t(y)axpzpxoy ..(D
Moreover, we have that
t(w) = t((xay)BzB(yax) + (yox)BzB(xay))
= t(yox)Bzpyax + t(xoy)Bzpxoy ...(2)
The Comparison of equations (1) and (2) yields that
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0= (t(yax) — t(x)ay)BzByox + (t(xay) — t(y)ox)BzBxay

0= G(y,X)oBzByox + G(X,y), PzBxay

0= - G(XY)o BzByox + G(X,y)s BzBxay

0= G(X,y)« BzB(xay — yax)

Thus, G(X, ¥)« PzB[X,y], =0, forall x,y,ze Manda.,B T

Now , we assume the following :

Gs(X,¥)o B ts1(2)B [ts-1(X),ts-1(Y)] =0, forall x,y,ze M,s,neN and s < n.
ta(W), = ta(xa(yBzPy)ox + ya(xBzpx)ay)

= .Z_al ti(x) a ti-1(yBzBY) o ti4(x) + IZ:; ti(y) o ti-1(XBzBX) o ti-1(y)

= ; ti (X) o ti1(Y) B ti-2(2)B ti-1 (y) o tina(X) + IZ::, ti(y) o i 1(X) B ti-1(2)B i 1(X)a ti-1(Y)

= (an: ti (X) ati—1(Y)) B ta-1(2)B ta-1(y) o th-a(X) + Z ti(x) ati 1 (Y) B ti-o(2) Btiay) atioo(X) +

i=1

n—1

(Z () o ti 1)) Bt 1@ Bto-10) atea(y) + > () ati10) Btio1 (2) Bt 1(X) o ti-a(y)

i=1
... (3)
Thus,

ty(W) = ta((xay)BzB(yax) + (yax)BzB(xay))
= ; ti(yax) B ti-1(2) B ti-1(xay) + ; ti(xay) B ti-1 (2) B ti-1(yox)

= ta(yoX) B th-1(2) B ta-1(Y) ot th-2(X) + g ti(yox) B ti-1(2) B ti—1(y) o ti 1(X) +

ta(xay) B ta-1(2) B ta-2(X) oty a(y) + .2;1: ti(xay) B ti-1(2) B ti-1(x) o ti-1(y) - (4)

By comparing equations (3) and (4) , we have that
0= (talyex) = 2. 109 @ ti1(y)) B ta-2(2) B th-a(y) o tha()+

(ta(xary) — Z ti(y) o ti-100) B t-1(2) B ta-100) ot to-a(y) +
Z (Yox) — ) o t-1(y)) B t-12) B b -a(y) oty - () +

iZ:l: (ti(xay) — ti(y) o ti-1(¥)) B ti-1(2) B ti-1(X) o ti-a(y)

It follows that
0=Gn(y:X)a B ta-1(2) Btn-1(y) atn-1(X) + Ga(X,¥)a B tna (2) Btn-2(X) o tn-ay)
0=— Gn(X,¥)a B ta-1(2) B tn-1(y) a tn-1(X) + Ga(X,y)a B tn-1(2) B tn-1(X) ats-1(y)
0=Gn(X,Y)a B tn-1(2) B(tn-1(X) o tn-1(y) — tn-1(y) ats-1(X))
Gr(X,Y)a B tn-1(2) Bltn-10(3), th-1(Y)]o =0, forall xy,zeM,a,Belandne N
(i) By substituting  for o in Lemma (2.8)(i) and applying similar arguments as in the  proof
of Lemma (2.8)(i) , we obtain Lemma (2.8)(ii) .
(iii) We get Lemma (2.8)(iii), by Interchanging o and f in Lemma (2.8)(i) .
Lemma (2.9)
Lett = (t;) icn be a Jordan higher reverse left (resp. right) centralizer of a prime T'-ring M.
Thenforall x,y,z,u,ve M, a,p eTand ne N
(1) Ga(X.Y)u Btaa(@) Blta-2(U),tr.a(W)]a =0
(i) Gr (X Y)o 00 tr1(z) [ th-2 (U) T2 (V)]o = O
(iii) Gp (X \Y)a @ th-2(2) o [th-1 (U)  ta-2 (V)] = O
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Proof
(i) Replacing x + u for x in Lemma (2.8)(i) , we have that
Gn (X + U, Y)oP ta1(2) Blta-21(X + U) , th.1(Y)]a = 0
Gn(X,Y)o B th-1(2) BIta-1(X) , th-1(M)]e + Gal(X,Y)a B th4(2) Blta-1(U) , ta-1(Y)]o +
Gn(U,Y)oB th1(2) Blta-1(¥) , ta- 1M1t Ga(U,Y)o B ta-1(2) Blta-1(U) , ta-2(Y)]e = 0
By Lemma (2.8)(i) , we have that
Gn(X,Y) o tn1(2)B[ta - 1(U) b0 - 1Y) ]e + Ga(UY)e B ta-1(2)BIta - 1(X),ta - 2(¥) ] = 0
Therefore, we have that
Gn(X,Y)aBtn 1(2)B[tn - 1(U) t - 1(Y)]oBta -1(Z)BGn(X,Y) Bt 1(2)BLtn - 1(U) ta - 1(Y)]o = O
0 = 7 Gn(X,¥)o B taa(2)BL tn-1(U), ta-1(Y)]aB ta-21(2)BGn(U Y)o B ta1(Z)B[ tn-1(X), ta-2(Y) ]a
Since M is a prime I'-ring , we get
Gn(X,¥)o Bta1(2)B[tn-1(U) ,th-1(Y)]e =0, forallx,y,z,ueM,a,pelandn e N .. (D
Now, replacing y + v for y in Lemma (2.8) (i) , we have that
Ga(X, Y + V)o B th1(2) Bltn-1(X) ta-1(y + V)]a = 0
Gn(X,Y)a B th-1(2) Blta-1(X), th-1(Y)]e + Gn(X,Y)e B th-2(2) Bltn-1(X), tn-1(V)]o +
Gn(X,V)a B th-1(2) Blta- 1(¥)tn-1(V)]e + Ga(X,V)e B ta-1(2) Blta-1(X),tn-1(V)] = O
By Lemma (2.8)(i) , we get
Gn(X,Y)aBta-1(2)BLtn - 1(X),tn - 1(V)] o + Gr(X,V)oBtn -1(2)B[tn - 1(X),tr - 1(Y)]e = O
Therefore, we have that
Gn(x,y)a B t, .1(Z) B [tn - l(X) o l(V)]a B ty -l(Z) B Gn(x,y)a B ty -l(Z) B[tn - 1(X) e l(V)]a =0
0 == Gn(X,Y)aB tn-2(2)B[ ta-1(X) , tn-1(V) uB ta-2(2)B Gn(X V)oBtn-1(2) B[ tn-1(X) ta-1(Y) Ja
Hence, by the primness of M :
Gr(X,Y)uP th-1(2)B[tr-1(X)tr-1(V)] =0, forallx,y,z,ve M,a,Bel’ andneN ...(2)
Now , Gn(X,Y)e B th-1(Z)B[tn-1(X + U),tr-1(y+V)]. = O
Gn(X,Y)a Btn-1(2) Bltn-1(X),ta-1(Y)]a + Ga(X,Y)o Btn 1(2)B[tn - 1(X),tn - 1(V)]e +
Gn(X,Y)a Bta-1(2) Blta-1(U), th- 1(Y)]a +Gn(X,Y)a B th-1(2) Blta-1(U).tr-1(V)] =0
By (1), (2) and Lemma (2.8) (i) , we get
Gn(X,Y)aBtn-1(2) Blta-1(u),th-1(V)] =0, forallx,y,z,u,veM,a,B el and ne N
(ii) Replace B for ain (i) , we get (ii) .
(iii) Replacing o + B for o in (ii) , we have that
Gn(x’y)a+ B a tn -l(Z)a[tn - 1(U), tn - 1(V)]a+ B = O
Gn(x;y)q a 1:n -1(2) 0'v[tn - 1(U),tn - 1(V)]a + Gn(x’y)a o tn -1(2) 0L[tn - 1(u)’tn - l(V)]B +
Gn(X,y)p o th-2(2) aft-1(U), th-1(V)]ot Ga(X ,Y)p & th1(2) afts-1(U)th-2(V)]g = O
By (i) and (ii) , we have that
Gn(X,Y)a o th1(2) oftn- 1(u),th-1(V)]s + Ga(X,Y)pat tn-1(2) afts-1(U),tr-1(V)]a =0
Therefore, we have that
Gn(x 1y)0t oty _1(Z)(X[ tn- l(u) o l(V) ][30( ty -1(2)0(' Gn(x 1y)0t oty -1(2) a [tn - 1(U) o l(V)]B =0
0 = —Gu(X Yot ty a(@afty - 1(U), t - 1(V)]p o th 2(2)aGn (X Y)p o ty a(@)afty - 1(U) , to - 1(V)]e
Since M is aprime I'-ring , we get
Gn(X.Y)o 0 tha(Z)aty-1(u), th.1(V)]p=0, forallx ,y,z,u,ve M,a el and ne N
Theorem (2.10)
Every Jordan higher reverse left (resp. right) centralizer of a 2-torsion free prime T'-ring M
is a higher reverse left (resp. right) centralizer of M .
Proof
Let t= (1) ic n be a Jordan higher reverse left (resp. right) centralizer of a prime I'-ring M .
Since M is a prime I'-ring , then by employing Lemma (2.9)(i) , we have that either
Gni(X.¥)o =0 0r [ty.4(u),th.1(V)]e =0 ,forall x,y,u,ve M, a € Tand ne N.
If[t_1(u), th.1(V)] o 20, forall u,ve M, a e T, then Gy(X,y), = 0,forall x,ye M
and n € N . Hence, using Remark (2.7) , we obtain that t is a higher reverse left (resp. right)
centralizer of M .
If [th.2(u),t.1(vV)]e = 0, forallu,ve M and ne N,then M isacommutative I'-ring .
By utilizing Lemma (2.4) (i), we have that
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t,xay+xay) = 2t,(Xay)
=ZZti(y)0L t.1 (%)

Since M is a 2-torsion free T'-ring , we get that

(X y) = 260 600

Then tis a higher reverse left (resp. right) centralizer of M .
Proposition (2.11)

Let t = () ic n be a Jordan higher reverse left (resp. right) centralizer of a 2-torsion free I'-ring M ,
suchthatxaypx=xpyax,forallx,ye M anda,p eT. ThentisaJordan triple higher
reverse left (resp. right) centralizer of M .

Proof
By the substitution of y for x By +yp x in Lemma (2.4)(i) , we have that

SO B 4,000 £ LG EG) Bt L) @t () +

txX)aoat,,, MPB t,, XN+t,(xX) at,,x)PB t,,¥)..D
Moreover , we get that
t,Xo(xBy+yBx)+(XBy+yBx)ox)
:tn(X(X,XBy) + tn(yBan) + tn(X(X’YBX+XBan)

= Zn:ti(y) Bt o t, (x)+ LX) at (xX)Bt;(¥)+

t,XayBx+xByax)..(2)
By comparing equations (1),(2) and the fact that xaypx = xByax , forallx,y e M anda ,p € T,

we have that
tXayBx+XayBx) -ot, (Xaypx)

=2 36,008 €400 €1 ()

Since M is a 2-torsion free I'-ring, we get the required result .
Lemma (2.12)
Let M be a semiprime I'- ring and t=(t;);cn be a higher reverse left (resp. right) centralizer of

M if t,= 0. Thent,=0, foralln e N
Proof

Since t%, = 0

n
D tltixox)) =0

i=1

n
Z ti(ti(x) o tia(x)) = 0

i=1

n
2 1(t100) @ ta(t(09) = 0

i=1
Replace t;.1(x) by x , we have that

n
D) e ta(t(9) = 0
i=1
Right multiply by o ti(x) , we have that

n

D400 @ () o t(x) = 0

i=1
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Since M is a semiprime I'- ring , we have that

n

D t(x)=0,forallxeM = t,=0, foralln eN.

i=1
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