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Abstract

In this paper, we suggest a descent modification of the conjugate gradient method
which converges globally provided that the exact minimization condition is
satisfied. Preliminary numerical experiments on some benchmark problems show
that the method is efficient and promising.
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Introduction
The conjugate gradient algorithms are among the most efficient algorithms because of their
simplicity, convergence properties, and competence to solve large-scale unconstrained optimization
problems. Consider the unconstrained optimization problem
min f (x),x € R" 1)

where f* B™ = R js smooth whose gradient g(x) is available. The conjugate gradient (CG) methods
are among the most preferred methods for solving problems (1). Starting with an initial point x,, the
CG method generates a sequence of iterates {x .} through the following scheme [1].

.h';l-_'_j_:.h';‘:‘l'ﬂt;l-d;l- kEU (2)

where ®x€ R s the step size computed along the search direction d;. The first direction of search is
usually the negative of the gradient which is the steepest descent direction, i.e., d, = —g,, While
subsequent directions are recursively defined as follows.

Ay = —gi + By 3)
in which g, is known as the CG update parameter capable of reducing to linear CG method if the step
size satisfies the exact minimization condition and (1) is a quadratic function that is strictly convex.
The performance of these CG methods differs for general non-quadratic objective functions [2, 3].
Some of the efficient conjugate gradient coefficients are the Hestenes-Stiefel, (HS) [4], Polak-Ribiere-
Polyak (PRP) [5, 6], and Liu and Siorey (LS) [7] with tpeir formula defined Pelow.

ws _ Gx)k Fre _ _9kVk Gx Vi
A =ar e B T gL —aT_ge s
where ¥ = gz — g, and Il. Il is known as the Euclidean norm.
The methods of HS, PRP, and LS have the same numerator and can perform a restart when the
algorithm moves along d;._, with a very small step size, that is, x;., = x; implying g; — g._, & 0, and
thus, produce effective numerical results. Their global convergence has been studied by numerous

gis =
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researchers. For the convergence of various CG methods, it is usually required that «; satisfies the
exact minimization condition: f(xy + agdy) = minf(x; + ady) e = 0. (4)
On the other hand, other researchers require «; satisfying the inexact line search such as the standard
Wolfe condition:
Flrg +apdy) = Flxp) — Sapgidy, (5)
E'::J.';l- + Et;l-d;l-:]Td;l- = Efggd;l-. (6)
The convergence results of some unconstrained optimizations methods are obtained under the strong
Wolfe line search (5) and
|9 Crye + adil)"dy] < logld,l. (7)
One interesting features of these methods is that, if &; is the exact minimizer, then HS = PRP = LS.
But, Powell [8] provided a counter-example which shows that there exist some nonconvex functions in
which PRP does not converge, which also applies to the HS method. Despite the effective
computational results of these methods, their convergence is yet to be established under some inexact
line searches. Various modifications have received a growing interest around the globe.
Recently, Rivaie et al. [9] constructed a new denominator while retaining the numerator of the HS,
PRP, and LS method, as follows;
gk i (8)
df:—j_':dk—i )
The global convergence was established under exact line search. The RMIL method was extended by
Rivaie et al. [1], as follows;

Ef.‘lﬂl —

Faize _ 9k J ©)
B = Ty, I
It is clear to see that 0 = g#"it* = g78% The RMIL* and PRP methods have similar features and thus
possess the restart properties. Also, RMIL reduces to RMIL* if the exact minimization condition is
satisfied. The global convergence of the RMIL AND RMIL* has been studied under exact line
searches. Convergence analysis of recent modifications of the CG methods can be referred to form
literature [10, 11, 12]. Also, application of the CG method to real-life problems can be referred to [13,
14].
New formula and its properties

In an attempt to enhance the performance of the CG methods while retaining the nice convergence

properties, various researches have proposed many variants of the CG coefficient and established their
global convergence proof. However, some of the recent modifications of the CG methods are too
complicated and thus, their proofs are difficult to establish. Motivated by the descent properties and
numerical efficiency of the RMIL and RMIL* methods, we proposed a simple variant of RMIL AND
RMIL* as follows.

Q’Jl:}’k (10)
ld,_yII?
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where MIMS denotes the researchers hame Mamat, Ibrahim Mohammed Sulaiman. The following
algorithm describes the proposed MIMS method. This method inherits some nice properties of the
RMIL and RMIL* method with better numerical performance. Another interesting feature of the
proposed MIMS method is the ability to reduce to the standard RMIL* method provided that the exact
minimization condition is satisfied. The algorithm of the proposed MIMS method is described as
follows.

Algorithm 2.1:

—&
Step 1. Given xp € R™, £ = 0, set dy, = —gg for k = 0. If |9xll = 107 then stop.
Step 2. Compute a;; by (4), (5 & 6), or (5 & 7).
Step 3. Let xy,, = x + a,dy and check if gy .. |l = £, then stop.
Step 4. Compute g ™= py (10) and obtain the next dx.; by (3).
Step 5. Update x ., by (2).
Step 6. Repeat Steps 2 to 4 with k:= & + 1 until tolerance is satisfied.
For the convergence analysis, the following assumptions are frequently needed.
Assumption A. The function f(x) is bounded below on the level set & = {x € R™: f(x) = f(x,)k
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Assumption B. In some neighbourhood € of 2, f is smooth and its gradient Vf(x) = gis  (11)
Lipschitz continuous, thatis, ¥x.y € €,3 L = 0 such that lgx) — gyl = Lllx — vl
Convergence Analysis
For the convergence analysis, we need to simplify the proposed method. From Rivaie et al.,, RMIL
coefficient [9],
pEML _ gk Vi _ gl - gk Gx-1
o di_y(di-s —gi)  ldpil? —df_ g

Also, from RMIL*, it follows that;

gz _ 95 lgell” ~ gi gy
AT P R P
From (10), we have
__afw | giw Mgl -—gle . lgl*-gle.
T + 2 " T + n
gMIMS di_ (s —g)  ldp sl _ lde o lI? — 47, g ld;_, I2
h lgs If 2
< T (12)
ld;_, lI?
Hence, we have "
"Q‘;l- I (13)

U 5 E_:.PHMS 5 —,
o lldj_, II2

We begin by showing that the method is descent.
3.1 Sufficient descent condition

For this to hold, then gidy = —Cligl®. vk = 0,€ = 0. (14)
Theorem 1 below would be used to show that (14) holds for the proposed MIMS method under (4).
Theorem 1. Consider a CG method with search direction (3) and CG coefficient (10), then condition
(14) holds for all £ > 0.
Proof. The proof of this theorem is by induction. If k = 0, then g7 d, = —Cllg,lI*. Hence, condition (14)

holds true. We need to show that (14) holds for all k=1 Multiplying through (3) by gZ will give;

gidy = gi gk + Brdy_1) = —lgi I + Brgiidi_s - (15)
However, gfd;_, = 0 under exact minimization rule [1, 2]. Hence,
Q‘: E= —"5‘;; ":

Therefore, (14) holds true for k + 1 and this completes the proof. m
3.2. Global convergence properties

The following lemma, which follows from the assumptions above, is useful in the convergence
analysis of the CG methods.
Lemma 1. [15]. Suppose that Assumptions A and B hold true. Consider any CG methods of the form
(2) and (3) where d;. satisfies

gid; < 0 s)
and a is obtained using the exact minimization rules (4). Then,
y e ' (17)
ZW < @ or limllg_,ll = 0.
k-1 K==

=0
Proof: The proof follows from [9]. By contradiction, we suppose that (17) is not true and that 3 ¢ = 0
such that llg; _,ll = «.
From (3) and (10), we have

dp+gx = Bi Cdgy (18)
Squaring (18) will give
ldgll? = (B lldy_, II° — 26 dy — ll g IIP (19)
Dividing (16) by (gf d,)* gives
ldll? @™ lld,_ 7 2 g |17
(gidp) ki) grd;  (gfdy)?
_ () Nldy_y I 1 g 1My 1
- Td,)? _(||g;l-||+g§.'d;l.] ll g I2
(B R ldy_, 117 1
C TR PR TE
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From (13), we have

( llgicI2 ]2 lde_gl2 1 llgi 112 1 1 1 (20)
. 4 - = —— 4+ - = —+ .
ld;._,lI2 rdp)® gl Ndg_ 1PN 2~ g 112~ o 112 7 llg 12
By definition, ﬁ = "g;" thus, from (20), it follows that;
o o -
ld;_,II? 1 1

T - — -+ —
(gl_sdi-1?® lgoll? " gl

lld;_y II? i 1
T - = —
{Eﬁ—idk—ij‘ = "_5'[_1"‘

which implies

{35—1':;&—1:]:_} ¢’ (21)
ldp_ Il — &k
Since llg; _. |l = ¢, then from (21), we have
i {Hg—ldk—l:]:
SRR
o lds_, 12
which contradicts the assertion in Lemma 1, and thus, the proof is completed. ]

Numerical experiment

In this section, we investigate numerical performance of the proposed MIMS conjugate gradient
method on some unconstrained optimization benchmark problems considered from Andrei [16] and
Molga & Smutnicki [17], as listed in Table 1. The performance result was compared with the existing
CG methods of RMIL and RMIL*, based on iteration number and CPU time under exact minimization
conditions defined in (4). For each benchmark problem, four different initial guesses with a varying
dimension (n) are selected, ranging from points closer to the solution to points further away, as
suggested [18]. The stopping condition was set as |l g; .. |l = &, where : = 10%. Meanwhile, the iteration
is also terminated if the function evaluation exceeds 10000, or the number of iterations exceeds 1000 .
All test problems were coded on MATLAB version 7 (2015a) subroutine programming and solved on
an Intel® corei5-2410M CPU @ 2.30 GHz processor, 4GB for RAM operating system. Also, the
performance result was plotted using the Dolan and More [19] performance profile as shown in
Figures-1 and 2, respectively.
Table 1- List of Test Functions

No Function (n) Initial Guess

1 Treccani 2 (2,2), (9,9), (10,10), (13,13)

2 DQDRTIC 2 (2.2). (9.9), (10.10), (13.13)

3 Three Hump Camel 2 (0.5,0.5), (5,5), (10,10), (15,15)

4 Booth 2 (2.2), (9,9), (10,10), (13,13)

5  Ext DENCHNB 24 (5,5), (10.10), (20.20), (50,50)

X Sphere 2 410,100 2.2,...2),99, ... 9),1(;;),10, .., 10), (15,15,
7 ExtWhiteand Holst 2.4,10,100,0000 (%0, (2.2,....2), 1(;;”0’ -+ 10), (13,13,
8  GenTridiagonal  2,410,100,1000 (0,0, ..., 0), (22, ..., 2), (66, .... 6), (99, ..., 9)
9 Diagonal 4 2410100000 (%% 2> 09, ... 9), 1%;”10’ -+ 10), 5,15,
10  ExtTridiagonal 1 2,410,100,000 (%2 2 9.9,....9), 1(;;)’10’ -+ 10), (15,15,
11 ExtRosenbrock  24,10,100,1000 (00> 0) (2.2, .. 2), 1(;;)’10’ -+ 10), (15,15,
12 Fletcher 2410100000 (22203 3{’0§9’9’ 2 9, (10,10, ..,
13 NONSCOMP  24,10,100,1000 (%22 (9.9, ...9), 1(;;)’10’ -+ 10), (15,15,
14 ExtQuadratic QP2  2.4,10,100,1000 (2% +»2)»:9,....9), 1(;;)’10’ -+ 10), (15,15,
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22, ....2),(99,...,9), (10,10, ..., 10), (15,15,

15 Gen Quartic 2,4,10,100,1000 15)

Figure-1 illustrates the performance comparison based on iteration number. It is obvious that the
proposed MIMS method outperformed both methods of RMIL and RMIL*. Also, Figure- 2 shows
that the MIMS method is preferable to the methods of RMIL and RMIL* based on CPU time.

Performance profile:
1 T ,_e_-a_._. T

o

Performance Profile

RMIL
0.1 ¥ RMIL* | ]
—e—— MIMS

(0] 1 2 3 4 5
Tau

Figure 1 — Performance profile based on number of iterations

Performance profile:
T

Performance Profile

RMIL
0.1 RMIL* | |
MIMS

L 1 L L .
(o] 1 2 3 4 5
Tau

Figure 2 — Performance profile based on CPU time

As a final note, we can conclude that the proposed MIMS method has the best performance based
on the performance profile illustrated in Fig 1 and Fig 2 above, since it can solve all of the test
problems successfully.

Conclusions

In this paper, the proposed modification of RMIL methods guaranteed the descent condition and
converged globally, provided that the exact minimization condition is satisfied. Also, the MIMS
method inherited the restart mechanism of the RMIL* method with a better numerical performance.
The proposed method was compared with RMIL and RMIL* conjugate gradient methods under exact
line search. Numerical results illustrates the efficiency of the MIMS method. For further work,
researchers interested in the area of conjugate gradient method can test this g#** coefficient using
the inexact line search.
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