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Abstract 

     This study investigates the numerical identification of time-dependent 

coefficients, numerically in a one-dimensional parabolic partial differential equation 

subject to nonlocal initial, mixed boundary, and overdetermination conditions of 

general integral type. The Crank-Nicolson finite difference method (FDM) was 

employed to solve the direct (forward) problem, whilst the inverse problem (IP) was 

reshaped as a nonlinear regularized least-square optimization problem and solved 

iteratively using the lsqnonlin routine from MATLAB's optimization toolbox, given 

the ill-posed nature of the IP, where small perturbations in input data may cause large 

deviations in the solution. Therefore, Tikhonov regularization (TR) was applied to 

ensure stability and improve the reliability of the numerical results.  
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فقد    (IP). أما المسألة العكسية  (FDM)نيكلسن للفروق المحدودة    -المسألة المباشرة استخدمت طريقة كرانك  
أعيدت صياغتها كمسألة تحسين غير خطية من نمط اقل المربعات مع تنظيم, وحلت بكفاءة باستخدام الروتين  

(lsqnonlin)    من صندق أدوات التحسين في(MATLAB)  ونظرا لكون المسألة سيئة الوضع, حيث تؤدي .
لضمان  (TR) الاضطرابات الصغيرة في بيانات الإدخال إلى انحرافات كبيرة في الحل, فقد طبق تنظيم تيخونوف  

 الاستقرار وتعزيز موثوقية النتائج العددية.
 

1. Introduction 

     Partial differential equations (PDEs) are essential tools in describing physical phenomena 

that depend on several variables and their rates of change. They are widely used to model 

continuous processes in various disciplines, including physics, engineering, and biology [1]-

[6]. Applications range from fluid dynamics and electromagnetism to materials science and 

financial systems. Due to the complexity of these equations, obtaining closed-form analytical 

solutions is often impractical or impossible, necessitating numerical approximations. Among 

numerical techniques for solving PDEs, the finite element method (FEM) is highlighted as a 

particularly powerful and general approach [7]. Numerous practical applications naturally lead 

to IPs, in which the objective is to infer unknown causes from observable outcomes. This stands 

in contrast to direct problems, which focus on predicting the system's response when all 

influencing coefficients are already specified. Solving IPs is often more difficult than solving 

their direct problems because of their ill-posed nature. Typically, an IP may lack a solution, 

have multiple solutions, or exhibit high sensitivity to small changes in input data [8]. In 

problems of mathematical physics, direct problems aim to determine accurate or approximate 

functions that characterize physical phenomena, including wave propagation, heat conduction, 

and electromagnetic fields. These problems generally assume that the properties of the medium 

and the initial or BCs are known. 

 

     Nevertheless, in many practical cases, the properties of the coefficient field are unknown, 

giving rise to IPs. These problems involve determining the coefficients of the governing 

equations using available information. Most of these problems are ill-posed. IP techniques are 

also valuable for identifying the geometry, location, and nature of hidden anomalies such as 

sources, defects, or inclusions [9]. Inverse boundary value problems find applications across a 

wide spectrum of disciplines, including geophysical exploration, seismic imaging, biomedical 

diagnostics, industrial quality assessment, and biological modeling, which makes them an 

active field of contemporary mathematics and physics [10]. A substantial amount of research 

has investigated IPs related to parabolic equations governed by nonlocal integral 

overdetermination conditions, as reported in [11],[12],[13], and for some methods are mesh-

based methods such as the finite element method (FEM) [14]-[18], finite difference method 

(FDM) [19]-[27], while numerical approach associated with Inverse problems for (Elliptic, 

Hyperbolic and Parabolic) equations have been investigated by many researchers and 

monographs, in particular, to mention a few, [28]-[33]. This paper's inverse problem for a 

second-order parabolic equation has been shown by Elvin Azizbayov and Yashar Mehraliyev 

[34] to have a classical solution. Consequently, the major objective of the current task is a 

numerical realization of such a problem. This paper is divided into five sections. Section 2 

includes a mathematical formulation of the IP under study. In Section 3, a numerical method 

for solving the forward problem using C-N FDM is presented. In section 4, the IPs 

mathematical solution is shown with an initial guess. Section 5 will discuss the numerical 

problem and explain the obtained results. 
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2. MATHEMATICAL FORMULATION 

     As a mathematical model, DT considered  to be a rectangular region that is defined by  DT ∶
{ 0 ≤ v ≤ 1, 0 ≤ τ ≤ T } and T be a fixed positive number. The oneـdimensional IP of 

determining a pair of unknown functions {w(v, τ), a(τ)} for the upcoming parabolic equation,   

            c(τ)wτ(v, τ) = wvv(v, τ) + a(τ)w(v, τ) + f(v, τ)      (v, τ) ∈ DT,                          (1)       
with the nonlocal initial condition (IC),  

         w(v, 0) + δw(v, T) + ∫ Ƥ̂(τ)w(v, τ)dτ = ζ(v),
T

0
           v ∈ [0,1],                              (2)    

with boundary condition (BC),   

  w(0, τ) = wv(1, τ) = 0,                                                                 τ ∈ [0, T],                         (3) 

and the overdetermination condition 

          ∫ H(v)w(v, τ)dv = z(τ),
1

0
                                                  τ ∈ [0, T],                           (4) 

 

     where, δ ≥ 0, is a fixed number, c(τ) > 0, f(v, τ), Ƥ̂(τ) ≥ 0, ζ(v), H(v), and z(τ), are 

given functions, w(v, τ), a(τ) are the sought functions (v is the space component and τ is the 

time component).   

 

2.1. Solvability of the inverse problem  

Theorem 1 [31]: Let the assumptions (μ1) − (μ3) and the condition  

((E(T) + 2)G(T) + V(T))(E(T) + 2) < 1, 
where,  

μ1)ζ(v) ∈ C2[0,1], ζ(3)(v) ∈ L2(0,1), ζ(0) = ζ′(1) = ζ′′(0) = 0; 
μ2)  f(v, τ), fv(v, τ), fvv(v, τ) ∈ C(DT), fvvv(v, τ) ∈ L2(DT), 
 f(0, τ) = fv(1, τ) = fvv(0, τ) = 0, (0 ≤ τ ≤ T); 
μ3) δ ≥ 0, 0 ≤ Ƥ̂(τ) ∈ C[0, T], H(v) ∈ C[0,1], z(τ) ∈ C1[0, T], z(τ) ≠ 0, (0 ≤ τ ≤ T). 

E1(T) = √6‖ζ(3)(v)‖
L2(0,1)

+ √6T (1 + δ)‖
1

c(τ)
‖

C[0,T]
‖fvvv(v, τ)‖L2(DT) ,              (5) 

  E2(T) = ‖[z(τ)]−1‖C[0,T] {‖c(τ)z′(τ) − ∫ H(v)f(v, τ)dv
1

0
‖

C[0,T]
+

‖H(v)‖C[0,1](∑ λk
−2∞

k=1 )
1

2 [ ‖ζ(3)(v)‖
L2(0,1)

+ (1 + δ) ‖
1

c(τ)
‖

C[0,T]
√T‖fvvv(v, τ)‖L2(DT)]},  

                                                              (6) 

V1(T) = √6T‖Ƥ̂(τ)‖
C[0,T]

,                                                                                           (7)                                                              

        V2(T) = ‖[z(τ)]−1‖C[0,T](∑ λk
−2∞

k=1 )
1

2 ‖H(v)‖C[0,1]‖Ƥ̂(τ)‖
C[0,T]

T,                            (8) 

G1(T) = √6(1 + δ) ‖
1

c(τ)
‖

C[0,T]

T,                                                                                        (9) 

G2(T) = ‖[z(τ)]−1‖C[0,T] (∑ λk
−2∞

k=1 )
1

2  ‖H(v)‖C[0,1](1 + δ)‖
1

c(τ)
‖

C[0,T]
T,              (10)  

   λk =
π

2
(2k − 1), E(T) = E1(T) + E2(T), V(T) = V1(T) + V2(T) and, G(T) = G1(T) +

     G2(T), 

holds, then IP (1) − (4), has a unique solution in the ball K = KR, of the space XT
3. 

 

3. FDM Scheme for Direct (Forward) Problem 

     The direct problem will be resolved in this section, i.e., when unknown a(τ) was assumed 

to be given. In order to solve this problem, the Crank-Nicolson (C-N) FDM scheme was used 

to find the solutions of the nonlocal problem given by the equation (1) − (3). Where the 
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domain DT was divided into an M × N mesh with a spatial step size ∆v =
1

M
 and the time step 

size ∆τ =
T

N
 where M and N are given positive integers. The grid points have been given by 

 

         v𝗂 = 𝗂∆v,     𝗂 = 0,M.̅̅ ̅̅ ̅̅                                          (11) 

 

         τ𝗃 = 𝗃∆τ,     𝗃 = 0, N.̅̅ ̅̅ ̅̅                                             (12) 

  

These quantities' discretized form is given as follows, 

        w(v𝗂, τ𝗃) ≕ w𝗂,𝗃 , a(τ𝗃) ≕ a𝗃, c(τ𝗃) ≕ c𝗃,  f(v𝗂, τ𝗃) ≕ f𝗂,𝗃 , and ζ(vi) ≕ ζ𝗂   

Then, the C-N FDM, and the trapezoidal rule quadrature for integration, the equation (1), can 

be approximated as,  

 
w𝗂,𝗃+1 − w𝗂,𝗃

∆τ
= 

1

2
(d̃𝗃

w𝗂−1,𝗃−2w𝗂,𝗃+w𝗂+1,𝗃

(∆v)2
+ ã𝗃w𝗂,𝗃 + θ̃𝗃 + d̃𝗃+1

w𝗂−1,𝗃+1−2w𝗂,𝗃+1+w𝗂+1,𝗃+1

(∆v)2
+ ã𝗃w𝗂,𝗃+1 + θ̃𝗃+1),      (13)  

 

where, d̃𝗃 =
1

c𝗃
 , ã𝗃 =

a𝗃

c𝗃
, θ̃𝗃 =

f𝗂,𝗃

c𝗃
, d̃𝗃+1 =

1

c𝗃+1
 , ã𝗃+1 =

a𝗃+1

c𝗃+1
, and, θ̃𝗃+1 =

f𝗂,𝗃+1

c𝗃+1
,  

Simplifying the above equation (13), get the following difference equation,   

−Ê𝗃+1w𝗂−1,𝗃+1 + (1 + R̂𝗃+1)w𝗂,𝗃+1 − Ê𝗃+1w𝗂+1,𝗃+1 = Ê𝗃w𝗂−1,𝗃 + (1 − R̂𝗃)w𝗂,𝗃 + Ê𝗃w𝗂+1,𝗃 +
∆τ

2
F̂, 

    (14)                                                                                           

where, Ê𝗃 =
∆τd̃𝗃

2(∆v)2
, Ê𝗃+1 =

∆τd̃𝗃+1

2(∆v)2
, F̂ = θ̃𝗃 + θ̃𝗃+1, R̂𝗃+1 = (2Ê𝗃+1 −

∆τ

2
ã𝗃+1), R̂𝗃 = (2Ê𝗃 −

∆τ

2
ã𝗃), 

Ŝ𝗃 = Ê𝗃 −
∆τ

2
ã𝗃, and Ŝ𝗃+1 = Ê𝗃+1 −

∆τ

2
ã𝗃+1. 

 

The C-N FDM discretizes equations (2) − (4) which approximated as, 

 

         w𝗂,0 + δw𝗂,N + I(v𝗂) = ζ𝗂,  𝗂 = 0,M,̅̅ ̅̅ ̅̅                                                                 (15) 

 

where, I(v𝗂) is integral in the equation (2), which approximated as,     

 

I(v𝗂) =
∆τ

2
(Ƥ̂(τ0)w(vi, τ0) + Ƥ̂(τN)w(vi, τN) + 2∑ Ƥ̂(τ𝗃)w(vi, τ𝗃)

N−1
𝗃=1 ),                     (16) 

 

           w0,𝗃 = 0 ,                                                                   𝗂 = 0, 𝗃 = 0, N,̅̅ ̅̅ ̅̅                 (17) 

         
wM+1,𝗃−wM−1,𝗃

2(∆v)
= 0,                                                      𝗃 = 0, N − 1,̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅                             (18) 

 

From equation (14), with the nonlocal initial conditions w(v, 0) = ζ(v𝗂), (assuming Ƥ̂(τ) =
δ = 0), and using equations (15) − (18), with each time step τ𝗃, it can be described in matrix 

form as 
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LW𝗃+1 = L1W𝗃 +
∆τ

2
F̂,         𝗂 = 1,M̅̅ ̅̅ ̅, 𝗃 = 0, N − 1,̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅                                              (19)  

L =

[
 
 
 
 
 
 
 
 
1 + R̂𝗃+1 −Ê𝗃+1 0 0 0 … 0 0 0 0 0

−Ê𝗃+1 1 + R̂𝗃+1 −Ê𝗃+1 0 0 … 0 0 0 0 0

0 −Ê𝗃+1 1 + R̂𝗃+1 −Ê𝗃+1 0 … 0 0 0 0 0

… … … ⋱ ⋱ ⋱ ⋮ … ⋮ ⋮ ⋮
0 0 0 0 0 … 0 −Ê𝗃+1 1 + R̂𝗃+1 −Ê𝗃+1 0

0 0 0 0 0 … 0 … −Ê𝗃+1 1 + R̂𝗃+1 −Ê𝗃+1

0 0 0 0 0 … 0 … 0 −Ê𝗃+1 1 + Ŝ𝗃+1]
 
 
 
 
 
 
 
 

(M)х(M)

  

with, 

L1 =

[
 
 
 
 
 
 
 
 
1 − R̂𝗃 Ê𝗃 0 0 0 … 0 0 0 0 0

Ê𝗃 1 − R̂𝗃 Ê𝗃 0 0 … 0 0 0 0 0

0 Ê𝗃 1 − R̂𝗃 Ê𝗃 0 … 0 0 0 0 0

… … … ⋱ ⋱ ⋱ ⋮ … ⋮ ⋮ ⋮
0 0 0 0 0 … 0 Ê𝗃 1 − R̂𝗃 Ê𝗃 0

0 0 0 0 0 … 0 … Ê𝗃 1 − R̂𝗃 Ê𝗃

0 0 0 0 0 … 0 … 0 Ê𝗃 1 − Ŝ𝗃]
 
 
 
 
 
 
 
 

(M)х(M)

, 

and, 

F̂ =

[
 
 
 
 
 
 
 
 
 
 (

f1,𝗃

c𝗃
+

f1,𝗃+1

c𝗃+1
)

(
f2,𝗃

c𝗃
+

f2,𝗃+1

c𝗃+1
)

(
f3,𝗃

c𝗃
+

f3,𝗃+1

c𝗃+1
)

⋮

(
fM−1,N−1

c𝗃
+

fM−1,N

c𝗃+1
)

(
fM,N−1

c𝗃
+

fM,N

c𝗃+1
)

]
 
 
 
 
 
 
 
 
 
 

, W𝗃+1 = [ w1,𝗃+1, w2,𝗃+1, … ,wM+1,𝗃+1, wM,𝗃+1  ]
T 

 W𝗃 = [ w1,𝗃, w2,𝗃, … ,wM−1,𝗃, wM,𝗃  ]
T ,                                                            𝗃 = 0, N̅̅ ̅̅ ̅  

In equation (4), the  desired output data will be  approximated using the trapezoidal rule as  

  z(τ𝗃) = ∫ H(v)w(v, τ𝗃)dv 
1

0
 

            = 
∆τ

2
(H(v0)w(v0, τ𝗃) + H(vM)w(vM, τ𝗃) +

2∑ H(vk)w(vk, τ𝗃)
M−1
k=1 ),                                   (20)  

 

3.1 Stability and Convergence Analysis 

     The adopted C-N finite difference scheme for solving the direct problem is unconditionally 

stable and second-order accurate in both spatial and temporal discretization. A brief von 

Neumann stability analysis shows that the amplification factor satisfies |𝐺| = 1, for all mesh 

ratios, guaranteeing the unconditional stability of the scheme. The local truncation error is of 

order 𝜗((∆𝑣)2, (∆𝜏)2) confirming that the method provides second-order accuracy and reliable 

convergence toward the analytical solution as the mesh is refined. Hence, the C-N formulation 

ensures both numerical stability and accuracy for the present problem.   
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3.2 Example for the direct problem 

3.2.1. Example 1: Assume an illustration for the direct problem given by (1) − (3) with DT ∶
{ 0 ≤ v ≤ 1, 0 ≤ τ ≤ 1 },  and the input data are  

f(v, τ) =
e−4.1+4τ

2
(12v2 − 40v3 + 30v4) − 1206e−4.1+4τ(v4 − 2v5 + v6) −

     
e−4.1+4τ(v4−2v5+v6)

2(1+τ2)
, ζ(v) =

−(v6−2v5+v4)e−4.1

2
, c(τ) = 603, z(τ) =

−1

210
e−4.1+4τ ,  

   H(v) = 1,                                                                                               τ ∈ [0,1], v ∈ [0,1], 

  and the analytical solution is w(v, τ) =
−(v6−2v5+v4)e−4.1+4τ

2
, a(τ) =

−1

1+τ2,            v ∈ [0,1]. 

     The accuracy of the solution was investigated for diverse mesh grid sizes, say M = N ∈
{20,40,80,160}. In Figure 1(a) − (d). It can explicitly observe an exceptional match between 

the exact solution and numerical approximation, and that accurate results are found. As the 

number of meshes expands, the accuracy of the acquired solution increases, revealing the 

freedom of mesh selection. Moreover, the absolute error graph at each mesh exhibits that the 

maximum magnitude of error didn't exceed (10−6) as depicted in the third column in Figure 

1(a) − (d). 

  

Figure 1: The graphs showing analytical and computational distribution with absolute error 

for the direct problem (1) − (4), for example, 1(𝑎) − (d), represent the size of mesh N = M =
{20,40,80,160}, respectively. 

 

(a)
(b)

(d)
(c)



 
Al-Shatrah et al.                                                    Iraqi Journal of Science, 2026, Vol. xx, No. x, pp: xx   

     Whilst Figure 2 shows the numerical outcomes for the required information, z(τ) evaluated 

at various mesh sizes, it is observed that a strong agreement has been obtained.   

 

 
Figure 2: The graphs illustrate a comparison between the computed results and the exact 

solution of the target output 𝑧(𝜏) equation (4), for example 1 (𝑎) − (d), with the size of mesh 

N = M = {20,40,80,160}, respectively. 

 

4. Solution Technique for the Inverse Problem 

      For the numerical solution of the nonlinear inverse problem (IP) defined by equations (1) −
(4). The problem is reformulated as a nonlinear least-squares minimization task. Due to the ill-

posedness of such problems, particularly when noisy data was included, Tikhonov 

Regularization (TR) was employed to stabilize the solution. The regularization parameter β ≥
0 was carefully selected to balance the trade-off between the measured and numerically 

computed solutions. For this purpose, MATLAB routine lsqnonlin was employed with the 

Trust-Region-Reflective (TRR) algorithm [35]-[36], to minimize the Tikhonov Regularized 

objective functional. The procedure begins with a suitably selected initial guess.  The TR 

functional was derived based on the condition (4), and the functional error is incorporated as 

follows:  

F(a) = ‖∫ H(v)w(v, τ)dv 
1

0
− z(τ)‖

2

L2[0,τ]
+ β‖ a(τ)‖2

L2[0,τ]                                          (21)  

where β > 0 is a regularization parameter. The discretization form of  (21) is  

  F(a) = ∑ [∫ H(v)w(v, τ𝗃)dv 
1

0
− z(τ𝗃)]

2N
𝗃=1 + β∑ a𝗃

2N
𝗃=1                                               (22) 

 

     The unregularized case, i.e., β = 0, produces a regularized nonlinear least-squares 

functional that is inherently unstable when dealing with noisy data. The MATLAB routine 

(𝒂)

(𝒃)

(𝒄)            (𝒅)
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lsqnonlin is used to minimize F subject to physical constraints. The following parameters were 

used for the subroutine: 

• (Maxlter) maximum number of iterations = 106х(N). 

• Solution and Objective function tolerance = 10−10 

• The lower and upper bounds on the component of the vector a are −10−2 and 102, 

respectively.   

The IP (1) − (4) were resolved via both precise and noisy measurements (4). By including a 

random error, the noisy data was  numerically simulated, 

             zε(τ𝗃) = z(τ𝗃) + ε𝗃                                 𝗃 = 0, N.̅̅ ̅̅ ̅̅                                       (23)                                                                                     

where ε is a random Gaussian normal distribution vector, with mean zero, and standard 

deviations σ, given by  

            σ = ρ х maxτϵ[0,T]|z(τ)|                                                                              (24)                                                                                                   

where ρ is the percentage of noise. The MATLAB function ''normrnd'', was used as: 

             ε = normrnd(0, σ, N),                                                                                 (25)                                                                     

to generate the random variables, ε = (ε𝗃) and, 𝗃 = 0, N.̅̅ ̅̅ ̅̅   

 

5. Numerical outputs and discussion    

     To evaluate the precision and stability of the numerical methods, a set of numerical 

experiments was conducted. These experiments are designed to assess the accuracy of the 

computed outcomes by simulating realistic measurement conditions that introduce noise into 

the input data.  To quantitatively evaluate the discrepancy between the exact and numerically 

calculated solutions, the root-mean-square error (RMSE) is used as follows. 

RMSE(a) = √
1

N
∑ (a𝗂

exact − a𝗂
numerical)

2N
𝗂=1 ,                                                          (26)                                                           

For simplicity, T = 1 was taken as an example below:  

 

5.1. Test Example for IP: 

5.1.1 Example 2: Consider the IP (1) − (4) with the following input data, 

f(v, τ) =
1

4
(π2(3 + τ2) − 4(3 + 4τ + τ2))Sin(

πv

2
),  ζ(v) = 3Sin(

πv

2
),  z(τ) =

2(3+τ2)

π
, c(τ) =

1 + τ2, H(v) = 2Cos(
πv

2
), 

where the analytical solution for this IP is provided as follows,  

     w(v, τ) = (3 + τ2)Sin (
πv

2
) , a(τ) = 1 + 2τ,               τ ∈ [0, T], (v, τ) ∈ DT, 

The time-dependent coefficient a(τ), was then reconstructed (in case, M = N =
{20,40,80,160}, is taken), and consider the case of noise-free in the measurements, this mean 

p = 0, in (22) and, no regularization applied, Figure 5, shows the objective function (22) 

without regularization, i.e., (β = 0), while, in Figure 6, no noise with regularization β ∈
{10−2, … , 10−8}.  
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Figure 5: The graph showing the objective function when no noise and no regularization for 

the IP (1) − (4), in example 2, when the size of the mesh N = M = {20,40,80,160}, 
respectively. 

 

 
 

Figure 6: The graph showing the objective function when no noise with regularization,  β ∈
{10−2, … , 10−8}, for the IP (1) − (4), in example 2, when the size of mesh N = M = 80. 

 

     From this figure, it can be seen that a rapid decline in the convergence of the objective 

function. On the other hand, Figures 7 and 9 show the results when noise is present (i.e., p =
1%). In Figure 6, the best choice for the regularization parameters is 10−8, and in Figure 9, the 

best choice for the regularization parameters is 10−3, Table 2, which results in the lowest 

RMSE values. 
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Figure 7: The graph showing the objective function when 𝑝 = 1%, no regularization for the 

IP (1) − (4), in example 2, when the size of the mesh N = M = {20,40,80,160}, respectively. 

 

 
Figure 8: The graph showing the exact and (unstable) numerical solution, when 𝑝 = 1%, no 

regularization for the IP (1) − (4), in example 2, when the size of the mesh is N = M = 160. 
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Figure 9: The graph showing the objective function when 𝑝 = 1%, with regularization,  𝛽 ∈
{10−2, 10−3, 10−4, 10−5, 10−6, 10−7, 10−8}, for the IP (1) − (4), in example 2, when the size 

of mesh N = M = 80.  

 

 
Figure 10: The graph showing the exact and (stable) numerical solution when 𝑝 = 1%, and 

regularization,  𝛽 ∈ {10−2, … , 10−8}, for the IP (1) − (4), in example 2, when the size of mesh 

N = M = 80. 

 

     The time-dependent coefficient a(τ) was investigated under both exact and perturbed 

measurements, as demonstrated in Figures 5 − 9. The associated results are unstable, as 

illustrated in Figure 5. This reveals that the problem is not properly posed; a noticeable 

instability appears in the results, which is anticipated due to the ill-posed nature of the 

investigated IP. The unregularized solutions exhibit noticeable instability even in the noise-

free case, demonstrating the problem’s sensitivity to minute perturbations in the supplied input 

data. The TR approach is used by incorporating the penalty term β‖ a(τ)‖2
L2[0,τ] into the 

classical least-squares formulation, as presented in equation (22). In Figure 6, the noise-free 

strategy is employed to enhance the solution's robustness with regularization parameters, β ∈
{10−2, … , 10−8}, yielding numerically stable regularized reconstructions of a(τ), as shown in 
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Table 1. These results indicate that smaller values of β are effective when the data is not 

contaminated.  

 
Figure 11: The graph showing the exact value of 𝑎(𝜏), when no noise, no regularization for 

the IP (1) − (4), in example 2, when the size of the mesh N = M = {20,40,80,160}, 
respectively. 

 

     Next, will study the proportion of noise contamination with a noise ratio of p = 1% in (23) 

via (24); the associated results are unstable, as illustrated. This reveals that the problem is not 

properly posed, and that small errors in the input data lead to large errors in the output solution; 

thus, the problem needs to be regularized. As a consequence, for the situation of p = 1% noise, 

the best selection for the regularization parameters is 10−3as in Table 1, which results in the 

lowest RMSE values.  

 

Table 1: Numerical information for various no regularization 𝛽 = 0 and noise 𝑝 = 0 

𝑵 20 40 80 160 

RMSE 0.0937 0.0475 0.0223 0.0151 

Computational time 38Sec 191Sec 1458Sec 8703Sec 

No. of Iterations 25 20 20 14 

Obj. Function 9.2251×10−10 1.6385×10−10 3.7151×10−10 2.6420×10−10 

 

Table 2: Numerical information for various regularization parameters and noise = 1% , (𝑁 =
80) 

β = 10−2 β = 10−3 β = 10−4 

RMSE Computational time RMSE 
Computational 

time 
RMSE Computational time 

0.6140 1501Sec 0.4001 1622Sec 1.0287 1780Sec 

β = 10−5 β = 10−6 β = 10−7 β = 10−8 

2.8931 682Sec 5.6015 1012Sec 12.6326 3649Sec 27.0585 22609Sec 

 

6. Conclusions 

      In this study, the recovery of the unknown coefficient a(τ) A one-dimensional parabolic 

PDE is investigated. The problem is formulated from a numerically evaluated nonlocal integral 

subjected to initial and boundary conditions (BCs). The direct problem is solved using the 
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Crank-Nicolson scheme, while the IP is transformed into a nonlinear least squares optimization 

problem using the lsqnonlin routine in MATLAB. A test case is employed in numerical 

experiments to evaluate the accuracy and stability of the proposed method. According to the 

results, using TR significantly enhances the solution's stability. When the root-mean square 

error (RMSE) numbers are at their lowest, the most effective approach is identified. 

Furthermore, numerical results have been provided to illustrate the accuracy and stability of 

the numerical method. It found that applying the TR method stabilizes the solution. A 

numerical result exists with noise p = 1% (with and without regularization). In the first case, 

when no noise and various regularizations are used as in Figure 6, the results are stable and 

accurate. On the contrary, in other cases, when noise is introduced with no regularization, 

highly oscillated results for the reconstructed coefficient a(τ), which are (unstable) numerical 

solutions. As for the remaining cases, when including noise p = 1%, and some regularizations, 

we observe that the results are stable and steady when the regularization values are 10−3. In 

addition, will address in future work extending the finite difference approach to multi-

dimensional domains for higher-order parabolic, hyperbolic, and Elliptic PDEs, and develop 

numerical approaches for third and fourth-order PDEs with mixed, integral, or nonlocal 

boundary conditions.  
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   D  T   considered  


   D T   : {   0 ≤ v ≤ 1 ,     0 ≤ τ ≤ T   }  


  T


  { w  ( v , τ ) , a ( τ ) }


                            c  ( τ ) w τ  ( v , τ ) =  w vv  ( v , τ ) + a  ( τ ) w  ( v , τ ) + f  ( v , τ )              ( v , τ ) ∈  D T ,                                                     ( 1 )        


                    w  ( v , 0 ) + δ w  ( v , T ) +   ∫ 0 T   Ƥ ^  ( τ ) w  ( v , τ ) d τ = ζ  ( v ) ,                       v ∈  [ 0 , 1 ] ,                                                             ( 2 )  


    w  ( 0 , τ ) = w v  ( 1 , τ ) = 0 ,                                                                                                                                   τ ∈  [ 0 , T ] ,                                                   ( 3 )


    ∫ 0 1  H ( v ) w  ( v , τ ) dv = z ( τ ) ,                                                                                                       τ ∈  [ 0 , T ] ,                                                       ( 4 )


  δ ≥ 0 ,


  c  ( τ ) > 0 ,     f  ( v , τ ) ,      Ƥ ^  ( τ ) ≥ 0 ,     ζ  ( v ) ,     H ( v ) ,


  z ( τ )


  w  ( v , τ ) ,   a  ( τ )


  v


  τ


   ( μ 1 ) − ( μ 3 )


  ( ( E  ( T ) + 2 ) G  ( T ) + V  ( T ) ) ( E  ( T ) + 2 ) < 1 ,


  μ 1 ) ζ  ( v ) ∈  C 2  [ 0 , 1 ] ,    ζ   ( 3 )  ( v ) ∈  L 2  ( 0 , 1 ) ,   ζ  ( 0 ) =  ζ ′  ( 1 ) =  ζ  ′ ′  ( 0 ) = 0 ;


  μ 2 )     f  ( v , τ ) ,  f v  ( v , τ ) ,    f vv  ( v , τ ) ∈ C  (  D T ) ,  f vvv  ( v , τ ) ∈  L 2  (  D T ) ,


  μ 2 )     f  ( v , τ ) ,  f v  ( v , τ ) ,    f vv  ( v , τ ) ∈ C  (  D T ) ,  f vvv  ( v , τ ) ∈  L 2  (  D T ) ,


    f  ( 0 , τ ) =  f v  ( 1 , τ ) =  f vv  ( 0 , τ ) = 0 ,   ( 0 ≤ τ ≤ T ) ;


    f  ( 0 , τ ) =  f v  ( 1 , τ ) =  f vv  ( 0 , τ ) = 0 ,   ( 0 ≤ τ ≤ T ) ;


  μ 3 )   δ ≥ 0 ,   0 ≤  Ƥ ^  ( τ ) ∈ C  [ 0 , T ] , H  ( v ) ∈ C  [ 0 , 1 ] ,   z  ( τ ) ∈  C 1  [ 0 , T ] ,   z  ( τ ) ≠ 0 ,    ( 0 ≤ τ ≤ T ) .


  μ 3 )   δ ≥ 0 ,   0 ≤  Ƥ ^  ( τ ) ∈ C  [ 0 , T ] , H  ( v ) ∈ C  [ 0 , 1 ] ,   z  ( τ ) ∈  C 1  [ 0 , T ] ,   z  ( τ ) ≠ 0 ,    ( 0 ≤ τ ≤ T ) .


   E 1  ( T ) =  6    ‖  ζ  ( 3 )  ( v ) ‖   L 2  ( 0 , 1 ) +  6 T    ( 1 + δ )    ‖  1  c  ( τ ) ‖  C  [ 0 , T ]    ‖  f vvv  ( v , τ ) ‖   L 2  (  D T )   ,


  ( 5 )


        E 2  ( T ) =    ‖    [ z  ( τ ) ]  − 1 ‖  C  [ 0 , T ]  {    ‖ c  ( τ )  z ′  ( τ ) −   ∫ 0 1  H ( v ) f  ( v , τ ) dv ‖  C  [ 0 , T ] +      ‖ H ( v ) ‖  C  [ 0 , 1 ]  (   ∑  k = 1 ∞     λ k  − 2 )   1 2  [      ‖  ζ  ( 3 )  ( v ) ‖   L 2  ( 0 , 1 ) +  ( 1 + δ )    ‖  1  c  ( τ ) ‖  C  [ 0 , T ]  T    ‖  f vvv  ( v , τ ) ‖   L 2  (  D T ) ] } ,


   V 1  ( T ) =  6 T    ‖  Ƥ ^  ( τ ) ‖  C  [ 0 , T ] ,    


  ( 7 )


                    V 2  ( T ) =    ‖    [ z  ( τ ) ]  − 1 ‖  C  [ 0 , T ]    (   ∑  k = 1 ∞     λ k  − 2 )   1 2      ‖ H  ( v ) ‖  C  [ 0 , 1 ]    ‖  Ƥ ^  ( τ ) ‖  C  [ 0 , T ] T ,


  ( 8 )


   G 1  ( T ) =  6  ( 1 + δ )    ‖  1  c  ( τ ) ‖  C  [ 0 , T ] T ,                                                                                                                                                                                 ( 9 )


   G 2  ( T ) =    ‖    [ z  ( τ ) ]  − 1 ‖  C  [ 0 , T ]      (   ∑  k = 1 ∞     λ k  − 2 )   1 2        ‖ H  ( v ) ‖  C  [ 0 , 1 ]  ( 1 + δ )    ‖  1  c  ( τ ) ‖  C  [ 0 , T ] T ,                             ( 10 )


   λ k =  π 2 ( 2 k − 1 ) ,


  E  ( T ) =  E 1  ( T ) +  E 2  ( T )


  V  ( T ) =  V 1  ( T ) +  V 2  ( T )


  G  ( T ) =  G 1  ( T ) +             G 2  ( T )


   ( 1 ) −  ( 4 )


  K =  K R ,


     X T 3


  a  ( τ )


   ( 1 ) −  ( 3 ) .


   D T


  M × N


  ∆ v =  1 M


  ∆ τ =  T N


  M  


  N


                 v  𝗂 = 𝗂 ∆ v ,           𝗂 =   0 , M . -                                                                                   ( 11 )


                     τ  𝗃 = 𝗃 ∆ τ ,           𝗃 =   0 , N . -                                                                                          ( 12 )


                  w  (  v  𝗂 ,  τ  𝗃 ) ≕  w  𝗂 , 𝗃   ,   a  (  τ  𝗃 ) ≕  a  𝗃


  c  (  τ  𝗃 ) ≕  c  𝗃


  f  (  v  𝗂 ,  τ  𝗃 ) ≕  f  𝗂 , 𝗃


  ζ  (  v i ) ≕  ζ  𝗂


   ( 1 ) ,


     w  𝗂 ,   𝗃 + 1 −  w  𝗂 ,   𝗃  ∆ τ =


   1 2  (    d ~  𝗃    w  𝗂 − 1 , 𝗃 − 2  w  𝗂 , 𝗃 +  w  𝗂 + 1 , 𝗃     ( ∆ v ) 2 +    a ~  𝗃  w  𝗂 , 𝗃 +    θ ~  𝗃 +    d ~  𝗃 + 1    w  𝗂 − 1 , 𝗃 + 1 − 2  w  𝗂 , 𝗃 + 1 +  w  𝗂 + 1 , 𝗃 + 1     ( ∆ v ) 2 +    a ~  𝗃  w  𝗂 , 𝗃 + 1 +    θ ~  𝗃 + 1 ) ,             ( 13 )


     d ~  𝗃 =  1   c  𝗃


     a ~  𝗃 =    a  𝗃   c  𝗃


     θ ~  𝗃 =    f  𝗂 , 𝗃   c  𝗃


     d ~  𝗃 + 1 =  1   c  𝗃 + 1


     a ~  𝗃 + 1 =    a  𝗃 + 1   c  𝗃 + 1


     θ ~  𝗃 + 1 =    f  𝗂 , 𝗃 + 1   c  𝗃 + 1


  ( 13 )


  −    E ^  𝗃 + 1  w  𝗂 − 1 , 𝗃 + 1 +  ( 1 +    R ^  𝗃 + 1 )  w  𝗂 , 𝗃 + 1 −    E ^  𝗃 + 1  w  𝗂 + 1 , 𝗃 + 1 =    E ^  𝗃  w  𝗂 − 1 , 𝗃 +  ( 1 −    R ^  𝗃 )  w  𝗂 , 𝗃 +    E ^  𝗃  w  𝗂 + 1 , 𝗃 +   ∆ τ 2  F ^ ,


  ( 14 )


     E ^  𝗃 =   ∆ τ    d ~  𝗃  2    ( ∆ v ) 2


     E ^  𝗃 + 1 =   ∆ τ    d ~  𝗃 + 1  2    ( ∆ v ) 2


   F ^ =    θ ~  𝗃 +    θ ~  𝗃 + 1


     R ^  𝗃 + 1 = ( 2    E ^  𝗃 + 1 −   ∆ τ 2    a ~  𝗃 + 1 )


     R ^  𝗃 = ( 2    E ^  𝗃 −   ∆ τ 2    a ~  𝗃 )


     S ^  𝗃 =    E ^  𝗃 −   ∆ τ 2    a ~  𝗃


     S ^  𝗃 + 1 =    E ^  𝗃 + 1 −   ∆ τ 2    a ~  𝗃 + 1


   ( 2 ) − ( 4 )


   w  𝗂 , 0 + δ  w  𝗂 , N + I  (  v  𝗂 ) =  ζ  𝗂


  𝗂 =   0 , M , -


  ( 15 )


  I  (  v  𝗂 )


   ( 2 )


  I  (  v  𝗂 ) =   ∆ τ 2  (  Ƥ ^  (  τ 0 ) w  (  v i ,  τ 0 ) +  Ƥ ^  (  τ N ) w  (  v i ,  τ N ) + 2   ∑  𝗃 = 1  N − 1   Ƥ ^  (  τ  𝗃 ) w  (  v i ,  τ  𝗃 ) ) ,


  ( 16 )


                          w  0 , 𝗃 = 0   ,                                                                                                                                       𝗂 = 0 ,   𝗃 =   0 , N , -                                 ( 17 )


     w  M + 1 , 𝗃 −  w  M − 1 , 𝗃  2  ( ∆ v ) = 0 ,                                                                                                             𝗃 =   0 , N − 1 , -                          


  ( 18 )


   ( 14 ) ,


  w  ( v , 0 ) = ζ  (  v  𝗂 ) ,


   Ƥ ^  ( τ ) = δ = 0


   ( 15 ) − ( 18 )


   τ  𝗃


  L  W  𝗃 + 1 = L 1  W  𝗃 +   ∆ τ 2  F ^


  𝗂 =   1 , M - ,   𝗃 =   0 , N − 1 , -


  ( 19 )


  L =    [    1 +    R ^  𝗃 + 1  −    E ^  𝗃 + 1  0  0  0  …  0  0  0  0  0   −    E ^  𝗃 + 1  1 +    R ^  𝗃 + 1  −    E ^  𝗃 + 1  0  0  …  0  0  0  0  0   0  −    E ^  𝗃 + 1  1 +    R ^  𝗃 + 1  −    E ^  𝗃 + 1  0  …  0  0  0  0  0   …  …  …  ⋱  ⋱  ⋱  ⋮  …  ⋮  ⋮  ⋮   0  0  0  0  0  …  0  −    E ^  𝗃 + 1  1 +    R ^  𝗃 + 1  −    E ^  𝗃 + 1  0   0  0  0  0  0  …  0  …  −    E ^  𝗃 + 1  1 +    R ^  𝗃 + 1  −    E ^  𝗃 + 1   0  0  0  0  0  …  0  …  0  −    E ^  𝗃 + 1  1 +    S ^  𝗃 + 1 ]   ( M ) х ( M )


  L 1 =    [    1 −    R ^  𝗃     E ^  𝗃  0  0  0  …  0  0  0  0  0      E ^  𝗃  1 −    R ^  𝗃     E ^  𝗃  0  0  …  0  0  0  0  0   0     E ^  𝗃  1 −    R ^  𝗃     E ^  𝗃  0  …  0  0  0  0  0   …  …  …  ⋱  ⋱  ⋱  ⋮  …  ⋮  ⋮  ⋮   0  0  0  0  0  …  0     E ^  𝗃  1 −    R ^  𝗃     E ^  𝗃  0   0  0  0  0  0  …  0  …     E ^  𝗃  1 −    R ^  𝗃     E ^  𝗃   0  0  0  0  0  …  0  …  0     E ^  𝗃    1 −  S ^  𝗃 ]   ( M ) х ( M )


   F ^ =  [     (    f  1 , 𝗃   c  𝗃 +    f  1 , 𝗃 + 1   c  𝗃 + 1 )    (    f  2 , 𝗃   c  𝗃 +    f  2 , 𝗃 + 1   c  𝗃 + 1 )    (    f  3 , 𝗃   c  𝗃 +    f  3 , 𝗃 + 1   c  𝗃 + 1 )   ⋮    (    f  M − 1 , N − 1   c  𝗃 +    f  M − 1 , N   c  𝗃 + 1 )    (    f  M , N − 1   c  𝗃 +    f  M , N   c  𝗃 + 1 ) ]


   W  𝗃 + 1 =   [    w  1 , 𝗃 + 1 ,    w  2 , 𝗃 + 1 ,   …   ,   w  M + 1 , 𝗃 + 1 ,    w  M , 𝗃 + 1     ] T


   W  𝗃 =   [    w  1 , 𝗃 ,    w  2 , 𝗃 ,   …   ,   w  M − 1 , 𝗃 ,    w  M , 𝗃     ] T


  𝗃 =   0 , N -


   ( 4 ) ,   the  


  z  (  τ  𝗃 ) =   ∫ 0 1  H  ( v ) w  ( v ,  τ  𝗃 ) dv  


  =     ∆ τ 2  ( H  (  v 0 ) w  (  v 0 ,  τ  𝗃 ) + H  (  v M ) w  (  v M ,  τ  𝗃 ) + 2   ∑  k = 1  M − 1  H  (  v k ) w  (  v k ,  τ  𝗃 ) ) ,                                                                       ( 20 )


   | G | = 1


  𝜗 (    ( ∆ v ) 2 ,      ( ∆ 𝜏 ) 2 )


  ( 1 ) − ( 3 )


   D T   :  {   0 ≤ v ≤ 1 ,     0 ≤ τ ≤ 1   } ,


  f  ( v , τ ) =    e  − 4 . 1 + 4 τ 2  ( 12  v 2 − 40  v 3 + 30  v 4 ) − 1206  e  − 4 . 1 + 4 τ  (  v 4 − 2  v 5 +  v 6 ) −              e  − 4 . 1 + 4 τ  (  v 4 − 2  v 5 +  v 6 )  2  ( 1 +  τ 2 ) ,


  ζ  ( v ) =   − (  v 6 − 2  v 5 +  v 4 )  e  − 4 . 1 2 ,   c  ( τ ) = 603


  z  ( τ ) =   − 1 210  e  − 4 . 1 + 4 τ   ,


      H  ( v ) = 1 ,                                                                                                                                                                                               τ ∈ [ 0 , 1 ]


  v ∈  [ 0 , 1 ]


  w  ( v , τ ) =   − (  v 6 − 2  v 5 +  v 4 )  e  − 4 . 1 + 4 τ 2


  a  ( τ ) =   − 1  1 +  τ 2 ,


  v ∈  [ 0 , 1 ]


  M = N ∈ { 20 , 40 , 80 , 160 }


   ( a ) −  ( d )


  (  10  − 6 )


   ( a ) −  ( d )


  ( 1 ) − ( 4 )


   ( a ) −  ( d ) ,


  N = M = { 20 , 40 , 80 , 160 }


  z ( τ )


  z ( 𝜏 )


   ( 4 )


     ( a ) −  ( d ) ,


  N = M = { 20 , 40 , 80 , 160 }


   ( 1 ) −  ( 4 )


  β ≥ 0


   ( 4 )


  F  ( a ) =      ‖   ∫ 0 1  H  ( v ) w  ( v , τ ) dv   − z  ( τ ) ‖ 2   L 2 [ 0 , τ ] + β      ‖   a  ( τ ) ‖ 2   L 2 [ 0 , τ ]                                                                                     ( 21 )


  β > 0


  ( 21 )


  F  (  a _ ) =   ∑  𝗃 = 1 N    [   ∫ 0 1  H  ( v ) w  ( v ,  τ  𝗃 ) dv   − z  (  τ  𝗃 ) ] 2 + β   ∑  𝗃 = 1 N     a  𝗃 2


  ( 22 )


  β = 0 ,


  F


  =  10 6 х ( N )


  =  10  − 10


   a _


    − 10  − 2


   10 2


  ( 1 ) − ( 4 )


  ( 4 )


   z ε  (  τ  𝗃 ) = z  (  τ  𝗃 ) +  ε  𝗃


  𝗃 =   0 , N . -


  ( 23 )


  ε


  σ


  σ = ρ   х    max  τ ϵ [ 0 ,     T ]  | z ( τ ) |


  ( 24 )


  ρ


   ε _ = normrnd ( 0 ,   σ ,   N )


  ( 25 )


   ε _ =  (  ε  𝗃 )


  𝗃 =   0 , N . -


  RMSE  ( a ) =   1 N   ∑  𝗂 = 1 N     (  a  𝗂 exact −  a  𝗂 numerical ) 2


  ( 26 )


  T = 1  


   ( 1 ) −  ( 4 )


  f  ( v , τ ) =  1 4  (  π 2  ( 3 +  τ 2 ) − 4  ( 3 + 4 τ +  τ 2 ) ) Sin (   π v 2 )


  ζ  ( v ) = 3 Sin (   π v 2 )


    z  ( τ ) =   2  ( 3 +  τ 2 ) π


  c  ( τ ) = 1 +  τ 2


  H  ( v ) = 2 Cos (   π v 2 )


          w  ( v , τ ) =  ( 3 +  τ 2 ) Sin  (   π v 2 ) ,   a  ( τ ) = 1 + 2 τ ,                               τ ∈  [ 0 , T ] ,      ( v , τ ) ∈  D T ,


  a  ( τ )


  M = N = { 20 , 40 , 80 , 160 }


  p = 0 ,


  ( 22 )


  ( 22 )


  β = 0 ) ,


  β ∈ {  10  − 2 ,   … ,    10  − 8 }


  ( 1 ) − ( 4 )


  N = M =  { 20 , 40 , 80 , 160 } ,


    β ∈ {  10  − 2 ,   … ,    10  − 8 }


  ( 1 ) − ( 4 )


  N = M = 80


  p = 1 % )


   10  − 8


   10  − 3 ,


  2


  p = 1 % ,


  ( 1 ) − ( 4 )


  N = M =  { 20 , 40 , 80 , 160 } ,


  p = 1 % ,


  ( 1 ) − ( 4 )


  N = M = 160


  p = 1 % ,


    𝛽 ∈ {  10  − 2 ,    10  − 3 ,    10  − 4 ,    10  − 5 ,    10  − 6 ,    10  − 7 ,    10  − 8 }


  ( 1 ) − ( 4 )


  N = M = 80


  p = 1 % ,


    𝛽 ∈ {  10  − 2 ,   … ,    10  − 8 }


  ( 1 ) − ( 4 )


  N = M = 80


  a  ( τ )


  −


  β      ‖   a  ( τ ) ‖ 2   L 2 [ 0 , τ ]


  ( 22 )


  β ∈ {  10  − 2 ,   … ,    10  − 8 }


  a  ( τ )


  β


  a  ( 𝜏 )


  ( 1 ) − ( 4 )


  N = M =  { 20 , 40 , 80 , 160 } ,


  p = 1 %


  ( 23 )


  ( 24 )


  p = 1 %


   10  − 3


  𝛽 = 0


  p = 0


  𝑵


   10  − 10


   10  − 10


   10  − 10


   10  − 10


  = 1 %


  , ( N = 80


    β = 10  − 2


    β = 10  − 3


    β = 10  − 4


    β = 10  − 5


    β = 10  − 6


    β = 10  − 7


    β = 10  − 8


  a  ( τ )


  p = 1 %


  a  ( τ )


  p = 1 %


   10  − 3


  θ −

