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Abstract

One aims this work is insert comprehensible of e*SS-supplement submodules,
weakly e*SS-supplement submodules, e*SS-supplemented modules, weakly e*SS-
supplemented modules, Cofinitely e*SS-supplemented modules as generalization of
supplement submodules, weakly supplement submodules, supplemented modules,
weakly supplement submodules, weakly supplemented and Cofinitely supplemented
modules consecutively. We will display a few characteristics of these concepts.

Keywords: e*SS-supplement submodules, weak e*SS-supplement submodules,
e*SS-supplemented modules, weakly e*SS-supplemented modules.
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1. Introduction

In this article M will be a unitary left R-module, and R be any ring with identity.
Remember that a submodule S of M is named small (§ << M) if any submodule Jof M, § +
J = M, then ] = M, [1-3]. Many popularizations of small submodules were introduced see,
[4-5]. A non-zero submodule Eof M is considered to be essential if each V € M,V =
{0} where E NV = {0}, symbolizes that E S, M moreever M is known as the essential
extension of E, see [2], [4], [6] and [7]. Baanoon in [8] introduced a latest type of
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submodules as a popularization of essential submodule named ¢"-essential as follow:

For any non-zero cosingular submodules B of M, if X N B # 0, already X is named ¢'-
essential submodule in M, symbolized by X <, M. The singular submodule is known as
Z(M) ={t € M:ann(t) <, R}. If Z(M) = M, then M is called a singular module and a
non-singular module if Z(M) = 0, this can be found in [9], and [10]. In [11] Ozcan defined
cosingular submodule as follows: Z*(M) = {w € M:wR << E(M)}, where E(M) is the
injective hull of the module M. Recall that, the injective hull of the module M is a minimal
injective extension of M, [9]. A module M is named cosingular whenever Z*(M) = M. A
generalization of singular module had been given by Kamil and Davvaz in [12]. As well as,
in [13], Kabban utilized e -essential submodule to insert a popularization to singular module
as following: Z,-(M) = {v € M:ann(v) <, R} if Z,-(M) = M, (Z,~(M) = 0), from that
M will called an e”-singular (¢"-non-singular), the concept of e"-singular had been by Kabban
in [13] to introduce an e'S-essential submodule, when a submodule K of a module M is
named e*S-essential if for any non-zero e’-singular submodule L, K N L # 0. A submodule
Tof M is termed a supplement of Hin M it M =T+ H withTNH <<T, see [14-16]. In
this work we have presented a new popularization of the concepts supplement submodules,
weak supplement submodules supplemented modules, weakly supplemented modules,
Cofinitely supplemented modules like in [17-18]. Many generalizations of supplemented,
weakly supplemented modules were introduced in, [19-22]. In [23-25] one of popularization
of supplemented modules define as follows, M is termed SS-supplemented whether any
submodule P of M has a supplement Q in M then P N Q is semi simple.

2. e*SS-supplement submodules

This section is devoted to study a popularization of supplement submodules. Remember
that, a submodule T of M is named e -singular essential small submodule of M (signified
T <<,+ss M), if whenever M =T+ H, with H is e'-singular essential submodule
(H Sg+s M), leadsto,M = H.

Definition 2.1:

Suppose that Q and D are submodules of M. If M = Q + D and Q N D <<+, P, then Q is
named e’SS-supplement of D in M. If any submodule of M has e’SS -supplement, thereafter
M is named e’SS -supplemented module.

Remark 2.2:

The submodule P is €"SS -supplement of H in M if and only if P is minimal with references
toM=H+D, VD C, P.

Proof:

Suppose M =H + D,and D S, P. Wehave M = H+Pand PNH <<, P. We have
to prove D=P. Since P=MNP=(H+D)NP=HNP+DNP=D+HNP, as
D c,«; P.Hence, P =D + H N P, this is because P N H <<,z P, therefore P = D.
Conversely, suppose P is minimal with regarding to property M = H + P, i.e., if there exists
X C.+5 P, satisfies

M = H+ X, then X =P. To prove PNH <<g P,let PNH +X =P, X S5 P,
sincc M=H+P, so M=PNH+X+H=X+H, as PNHCH. Therefore, by
minimality of P we get, X = P,and hence P N H <<,+5 P.

Examples and remarks 2.3:

1. Every supplement submodule is e"SS-supplement. The opposite is not true, for example, <
2 > is 'SS -supplement of Z, as Z-module since <2 > +Z, =Z,and < 2 >N 7, =<2 >
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<<prss< 2 > . But < 2 > is not a supplement of Z, since< 2 > is not small in < 2 >.

2. In any module M. The submodule {0} is ¢"SS-supplement of M in M and M is the e’SS-
supplement of {0} in M.

3. From (1) and (2), we see that an e"SS-supplement is not unique since < 0 > and < 2 > are
e SS -supplement of Z, in Z,.

4. In generic the e"SS-supplement submodule need not be existed. To explain that, in Z-
module Z , 2Z has no e SS-supplement submodule. Since the only e’S-essential small
submodule of Z is {0}.

5.In Z;, as Z-module, < 4 > is not e"SS-supplement of < 2 >, since < 4 > +< 2 >=<
2>+ Zy5.

6. The e"SS-supplement is non commute. To explain this the Z-module Z,,, < 2 > has an
e’SS-supplement of < 3 >. But < 2 > is not ¢'SS-supplement of < 3 >, since < 2 >N<
3>=<6>and <6>isnoteSS-smallin <2>.<6>+<4>=<2>, but <4 > not
equal to < 2 >.

7. Presume M is e’-singular R-module, then supplemented and e’SS-supplemented modules
coincide (for e"-singular modules Z(M) = Z, (M), [13]).

8. The direct summand of any module M is an e*SS-supplement. To see this let T Sg M. By
definition of direct summand there exists a submodule W such that M =T + W and T N
W = {0}. Since the submodule {0} is always an e’SS small. Hence, T is an e'SS-supplement
inM.

In following the main results of ¢"SS-supplement submodules have been illustrated:

Proposition 2.4:

Suppose E and W are submodules of a module M achieve W € E € M. Let W be an e’SS-
supplement in M, then W is an e’SS-supplement in E.

Proof:

Since W is an e SS-supplement in M, then there is a submodule D of M achieves W + D =
Mand W N D <<g.ss W.The submodule E = ENM =E n (W + D) and by Modular law
E =W + (ENnD). Hence, W is an ¢"SS-supplement of EN D in E since W n (END) =
W N D <<, W.Hence, W is an e"SS-supplement in E.

Proposition 2.5: Let M be module,
1) Presume that T, K, and J are submodules of M, with K € T;

a)  IfT Kprgo M, then K Koo o M and£ Lot % _
b) T+ ] Kpreg Mifand only if T KL+ o M and ] KL+ M.
2) Suppose that K <g-;c M and W:M — N, is a homomorphism, therefore,

W(K) Ke+¢s N.Special case, if K K+ X & N, subsequently K <<+ . N.

3) Assume that C; S,,.s M EM, C,S,,sM; €M and M = M; G M,, then
61662 K g Ml 69 MZ if and Only 1fC1 K M1 and Cz Ko MZ.

e'ss e'ss e'ss

Proof.1) a) Let L S« Mand L+ K = M, then L +T = M.

Thus, L = M for T Kgego M, 50 K Kergg MIf ] < M, with 2 S, = and £+ = == _ then
J+T= Mand]_eSMby[l4],hence]—Mand£—%.

b)=) Clear by (a).
<) Suppose K S+ M, with T+ ]+ K =M, then /] + K =M, since | + K S,.,s M and
T Ke+go M, thus K = M, since | K+ M.

e'ss
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2) Suppose D S+, N, and D +W(K) =N, it is enough to prove that D = N. By [14,
Proposition 2.1.6] we obtain ¥~1(D) S,,s M. Let t € M, hence W(t) € N = D + ¥(K), so
there exists k € K and d € D achieves W(t) = d + W(k), then d = W(t — k), this implies
t—ke WD) and t=t—k+ke¥Y1(D)+K. Hence Y 1(D)+K =M, since
K Kevgo M, thus W~1(D) = M and ¥(M) = ¥(¥~1(D)) = ¥(D)ND, so ¥(M) S D, that
means W(K) € D . Therefore, D = W(K) + D = N,and W(K) <+, N.

3) Direct from (1) and (2).

Proposition 2.6:
Assume that Tand L are submodules of M achieves T € L € M. Whenever L is an e"SS-

supplement in M, therefore % is an e"SS-supplement in g

Proof:

Since L is an e"SS-supplement in M, then there exists Q © M, suchthat L+ Q = M, and L N
M L+Q Q+T Q+T Ln(Q+T) _ T+(LNQ)

Q <<eiss L, now L4227 and & TN , by Modular law.

o TI(LnQ)T Ty ! L
Since L N Q <<g.ss L, then <<esss 7 [ Proposition 2.5, (1)]. Therefore, p is an
e"SS-supplement ging.

Recall that, where M is a module such that (M # 0) then is named an ¢" -singular essential-
hollow module (for brief eSS-hollow) if any submodule P of M such that (P # M) isane" -
singular essential small submodule of M.

Proposition 2.7:

Suppose that V be an e"SS-hollow submodule of M. Then V is an e"SS-supplement of each
proper submodule P of M, suchthat M =V + P.

Proof:

Presume that P is a proper submodule of M achieves M =V + P. So, VNP is a proper
submodule of V, if VNP =V. Then V € P and M = P, which is a contrary the hypothesis.
Since V is an e"SS-hollow means V N P <<,,ss V. Thus, V is an e SS-supplement of P.

Proposition 2.8:

Suppose that H and Q are submodules of M achieves H is an ¢"SS-supplement of Q in M. If
M =L+ H, for some L € Q, then H is an e”SS-supplement of L in M.

Proof:

Let M = L + H, for some L € Q of Q and H is an e’SS- supplement of Q in M, we have M =
H+Q and HNQ <<gas H, since LS Q. So, LNH € HNQ << H by [Proposition
2.5,(1)]and M = L + H. Therefore, H is an e"SS-supplement to L in M.

Proposition 2.9:
Assume that P and G are submodules of M. If G is an e"SS- supplement of P, then % is an

e"SS-supplement of = 1n ; for K C P.

Proof:
Presume that G is e"SS-supplement of P in M. Then M = P + G and P NG <<gs G, for

K< P,wehave PN (G+K) = (PNG) + K, by Modular law, and N (G+K) = (Pniﬂ(),
since (P NG) <<e*SS G consequently, (PAGHO) <<e>,<SS —, by [Proposmon 2.5, (2)].
Now, M P;G LIS Therefore —K e"SS-supplement of 1n%
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Proposition 2.10

Let T and H be submodules of M, the subsequent conditions are identical:

1) H is an e"SS-supplement of T in M;

2) M =T + H and for every proper submodule X of H, achieve X G,+; H,then M # T + X"
Proof:

(1) = (2) Assume that H is an e SS-supplement of Tin M and assume that X -, H. Then
by Modular law, H=HNM=Hn(T+X)=X+(TNH). Since H is an e'SS-
supplement of Tin M and by (1) (T N H) <<g.ss H , X S+ H by Remark 2.2, we get H =
X, which is a contradiction. Thus, M = T + X.

(2) = (1) Assume that M = H + T. To show H is an e'SS-supplement of Tin M, it is
enough to prove that (HNT) <<g.s H. Let C be submodule of H such that H = (T n
H) + C, where C S.,s H. If C is a proper submodule of H, then by our assumption M #
T+X.ButM=T+H=T+(TNH) + C =T+ C, that is a contradiction. Therefore, H
is an e’SS-supplement to T in M.

Proposition 2.11:
Assume that N, P and D are submodules of M. If N is an e”SS-supplement of P in M, and P is
an ¢ SS-supplement of D in M, obtaining P is an e"SS-supplement of N in M.
Proof:
Let M=N+P=P+D, NNP <<gss N and PN D <<g,ss P. In order to show that
NNP <<,z P. Let Y be a submodule of P such that Y S, P and P= (NNY)+Y.
Because, M = P + D = (NNP) +Y+D and Y Ces P, DCeus D, then Y +
D Ceus P+D = M, NNP <<gus M, thisimpliesM =Y + D.
Now,P=PNM = Pn (Y+D) =Y+ (PnND),byModular law, from that we have P N
D <<g.s P, this gives P =Y. Thus, P is an e"SS-supplement to N in M .

Remember that a fully invariant submodule N of M is defined as follows: for each g €
End (M), g(N) € N and M is named duo module if each submodule of M is a fully
invariant, look [26] and [27].

Proposition 2.12:
Assume that M be an e’SS-supplemented module, and L be a fully invariant submodule of M,

M . *
therefore — isane SS-supplemented.
Proof:
P_M P x .M .
Let TS we have to prove n has an e SS-supplement in T where P © M. Because M is an

e"SS-supplemented, then there is F C M, achieves, M =P+ F,and PN F <<e*ss F. Now,
M=E——+— to prove—ﬁ—<<e*SS ol , let ( F+L)+—=% 1th Cexs %,

L L
o (Pn(F+L)) = L+(Pnp), then L+(inF) +-= FT ndL+(PNF)+V=F+L,sinceLCSV,

L L

then (PNF) +V=F+L, but PNF <<gs F S F+L, then PNF <<qss F+L by

[Proposition 2.5, (1)], therefore V = F + L and% = # .

Corollary 2.13:

The homomorphic image of an e"SS-supplemented module is e"SS-supplemented.

Proof: As every homomorphic image is isomorphic a quotient module, hence the proof has
been completed.
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Remark 2.14:

In general, the opposite of Proposition 2.12 is not right. To explain that, we have é =

Z¢ as Z-module is an e’SS-supplemented module. However, the Z-module Z is not an e’SS-
supplemented module.

3. Weak e"SS-supplemented submodules

The generalization of weak supplement submodules has been introduced in this section,
and some of facts of this concept have been proved as well. Keep in mind that a submodule D
of M is named a weak supplement of a submodule H in M, if M =D+ Hand D N H << M.

Definition 3.1:

Let A and T be submodules of a module M. If M = A+ T and ANT <<g.ss M, then A is
called a weak e'SS-supplement of Tin M. A module M is named a weakly e"SS-
supplemented if each submodule of M has a weak e*SS-supplement in M .

Examples and remarks 3.2:

1. Presume that M is an e'-singular module, then weakly supplemented and weakly e"SS-
supplemented modules are coincide.

2. In the Z-module Z;,, < 4 > is not a weakly e"SS-supplement of < 2 >,as < 4 > +< 2 >
=< 2 >+*7Z,

3. Every e'SS-supplement submodule is a weak e"SS-supplement. The opposite is not
satisfied, to explain that, the Z-module Z,,, < 2 > is weak e"SS-supplement of < 3 >, but <
2 > is not an e'SS-supplement of < 3 > in Z,,, since < 2 >N< 3 >=< 6 >and < 6 > +<
4>=<2>,<4>C,, <2>but<4>#<2>

4.The Z as Z —module is not a weakly e’SS-supplemented, since 2Z has no e"SS-supplement
(weak e"SS-supplement) submodule.

Proposition 3.3:

Assume that E,G be two submodules of M, and assume that E be a weakly e'SS-
supplemented module. If E + G has a weak ¢"SS-supplement in M then does G.

Proof:

From the assumption there is U achieve U € M, therefore, U+ (E+G) = M, and U N
(E + G) <<e.ss M. Since E is weakly e"SS-supplemented module there exists T € E, such
that (U+G) NE+T=F and (U+G)NT <<guss E .Thus, G+U+T =M and (U +
G)NT <<gss E and by [Proposition 2.5 (1)] (U + G) NT <<g.s M, that is T is a weak
e"SS-supplement of U + G in M. We have to prove that U + T is a weak e¢"SS-supplement
of G in M. Itisclear that (U+T) + G = M, it is enough to show (U +T) NG <<guss M.
Notice that, (U+T)NG=UNT+TNnG, and UN(E+G)=UNE+UNG, and
WU+6)NT=UNT+GNT.Thisleadsto (U+T)NGSUNE+G)+U+6G)NT <
<esss M, thus, (U+T) NG <<gss M . Therefore, U + T is a weak e"SS-supplement of G
inM.

Corollary 3.4:

Suppose that M be a module and M = A; + A,. If A, and A, are a weakly e"SS-
supplemented modules, then M is a weakly e"SS-supplemented.

Proof:

Suppose E € M. Since A; + (A, + E) = M, then by Proposition 3.3, we obtain (4, + E)
has a weak e"SS-supplement in M, and again by Proposition 3.3, E has a weak e'SS-
supplement in M. Therefore, M is a weakly e*SS-supplemented.
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Proposition 3.5:
Assume that M is weakly ¢"SS-supplemented module and Y € D € M, if Y<<,,, M implies
that Y <<g.ss D, then D is an ¢"SS-supplement submodule of M.

Proof:

Suppose that M is a weakly e"SS-supplemented. So, M =D+ N, NS M, and DNN <
<esss M. By our assumption we get D N N <<,,ss D. Hence, D is an ¢"SS-supplement of N
in M.

Proposition 3.6:

Assume that M be a weakly e"SS-supplemented module then for C,F € M, with C + F = M,
there is a weak e"SS-supplement K of C in M with K € F.

Proof:

Suppose C,F € M, with C + F = M. Because M is a weakly e"SS-supplemented, C N F has
a weak e’'SS-supplement T in M, thus M = (CNF) + Tand (CNF)N T <<guss M. As
M=C+FadF= (CnNnF)+ (FNT),then, M = C+ (CNF)+ (FNT), since (CN
FyYcC,henceM = C+(FNT).LetL=FNT.Thenn M=C+LandCNL = CNFN
T <<e.ss M. Hence, L is a weak e"SS-supplement of C in M with L € F.

Proposition 3.7:
Assume that P is a weak e"SS-supplement of W in a module M. Consequently for G € W,

% is a weak e"SS-supplement of % in %
Proof:
By assumption P is a weak e SS-supplement of W in M. So M =P+ Wand PNW <

<exss M, for G € W. Now, Yo _ W + Pr6 and Zn (w) = (Wnp)+c, by Modular law,
G G G G G G

G
and Since W NP <<..ss M, therefore WnP)+G

<<esss % by using Proposition 2.5, (1).

P+G . x w. M
Therefore, % is a weak e SS-supplement of S in—

Proposition 3.8

The epimorphic image of a weakly e"SS-supplemented module is weakly e*SS-supplemented.
Proof:

Suppose that ®: M — M’ be an R-epimorphism, and also M is a weakly e"SS-supplemented.
Assum that B € M’, then ®~1(B) € M, because M is e"SS-supplemented. Therefore, there
is P € M achieves M = ® 1(B) + P and ® }(B) NP <<..ss M. Now, M' = B + ®(P),
to show B N ®(P) <<..ss M' it is enough to show that, B N ®(P) € &(d~1(B) N P). Let
wEBN®(P), thenw=aand w= ®(b),beEP,s0ob€ D (w) €D !(B), hence b €
®1(B), beP, so w = ®(b) € ®(PI(B)N(P), but D 1(B)NP <<..s M, hence
O Y(B)NP <<quss f(M) = M', and therefore B N ®(P) <<pyss M.

Corollary 3.9:
Let M is a weakly e"SS-supplemented and T € M, subsequently % is a weakly e"SS-

supplemented.
Remember that a submodule K of M is named coclosed of M (symbolize by K S, M),

if whenever % << % implies that K = L, see [28]. We can develop this definition as follows,
let T € M, we say that T is an ¢"SS-coclosed submodule of M (denoted by T Cepss_cc M) if
T <<euss =, implies that T = L, where L € T , L Seus M.
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Now, we can show the below:

Proposition 3.10

Suppose that B is a submodule of M. Observe the following:

1) A submodule B is an e"SS-supplement of M;

2) A submodule B is an e"SS-coclosed in M;

3) For every submodule Yof B, if Y <<g,ss M, then Y <<,,ss B.

Then (1) = (2) = (3) if M is an e’-Singular. If M is a weakly e’SS-supplemented, then
3) = (D).

Proof:

(D = (). .

Assume B be e SS-supplement of H in M,then M = B+ Hand BN H <<g. B.

To show B is an e"SS-coclosed, assume that g <<esss % forY C.,s M,Y € B. Since M =

B + H, then % = §+ #, and we have % is e"-Singular, by [14]. But, g <<esss % , then
H+Y M

T—;impliesthatM=H+Y.NotthatB=BnM=Bn(H+Y)=Y+(BnH).But

BNH << B and Y S, M. Therefore, B = H. This gives B =Y. So, B is an e SS-
coclosed.
(2) = (3) Suppose B is an e"SS-coclosed in M and T <<g,ss M, let B=T + D and

D C..s M. Since B is ¢"SS-coclosed in M, it is sufficient to show % <<esss % . Let% = % +

% for g Cexss % ,then M = B + H =T+ D+ H =T + H since M is an e¢"-Singular thus
HC.s M. ButT <<g,ss M, thus, M = H.

(3)= (1) *

Because M is a weakly e SS-supplemented, there is a submodule D of M such that M = B +
D and BN D <<, M. By assumption, BN D <<, B. Thus, B is an e¢'SS-supplement
of M.

4. Cofinitely e’SS-supplemented module
Recall that a submodule L of M is called cofinite if % it is finitely generated (f.g), see

[29], and [30]. This section is devoted to define cofinitely e"SS- supplemented module with
main properties.

Definition 4.1:
A module M is named cofinitely e"SS-supplemented (in short Cof e¢"SS-supplemented) if
each cofinite submodule of M has an e"SS-supplement in M.

Examples and remarks 4.2:
1) The Z- module Z, is Cof ¢"SS-supplemented module.
2) The Z-module Z is not Cof e"SS-supplemented. Because (2) is a cofinite submodule of Z
which has no-supplement.
3) Obviously all e SS-supplemented module is Cof e'SS-supplemented. In general, the
opposite is not valid, to explain that, the Z-module Q is Cof e*SS-supplemented, because the
only cofinite submodule of Q is Q itself which has an e’SS-supplement, then Q is not an
e"SS-supplemented.

The following proposition explains the sufficient condition which makes an e’SS-
supplemented module and a Cof e”SS-supplemented are equivalent.

Proposition 4.3:
Assume that M is a finitely generated module (f.g). Consequently M is an e*SS-supplemented
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if and only if M is a Cof e’SS-supplemented.
Proof: <)
Presume that M is Cof e’SS-supplemented to manifest M is an e”SS-supplemented. Suppose

T € M, because M is (f.g), then % is (f.g), thus T is Cofinite submodule of M. Because M is

Cof e*SS-supplemented, we get T has e'SS-supplement in M. Thus, M is an e'SS-
supplemented.
=) Clearly by Examples and remarks 4.2, (3).

Proposition 4.4:
Assume that M is a Cof e*SS-supplemented, and Q be a submodule of M, therefore % is a

Cof e*SS-supplemented for any fully invariant submodule Q of M.
Proof:

NI

~

Presume that g be a Cofinite submodule of which is (f.g), hence % is (f.g) by Third

SIS

Q
Isomorphism Theorem. So, V is a Cofinite of M.Thus, there is Y € M , moreover M =Y +
Vand Y NV <<eus M . Now, 3 =T =24 108 (¥ o100 _ I0000)  TODHE
Q Q Q L Q Q Q Q

<exss % , by Modular law and Proposition 2.5.

In general, the opposite of Proposition 4.4, is not correct. To explain that, in the Z-module
Z, é = 7, is a Cof ¢"SS-supplemented, however Z is not Cof ¢"SS-supplemented.

Corollary 4.5:
Let M be a Cof e*SS-supplemented duo module, then any direct summand of M is Cof e’SS-
supplemented.

Proposition 4.6:

Let C, E be submodules of M and C is a Cof e’SS- supplemented, E is a Cofinite in M and
C + E has e"SS-supplement Din M. Therefore C N (E + D) has ¢"SS-supplement W in C. In
addition, W + D is e"SS-supplement of E in M.

Proof: Presume that D be an e¢"SS-supplement of C + E in M. Thus, M = D + (C + E) and

DN (CH+E) <<gwss D. Now, by The Second Isomorphism Theorem o) = C+E(i;D) =
M
M E

-5 =z Which is f.g, therefore € N (E + D) is Cofinite in C. However, C is Cof e*SS-
“E

supplemented. As a submodule W of C exists, achieves W is an eSS-supplement of C N
(E+D)inC. Thus, C= W+[CN(E+D)J]andWn [CN(E+D)]=Wn(E+D)<
<exss W.Toprove D + W is an e SS-supplement of E in M, notice because M = D + C +
E=D+W+[CN(E+D)|]+B=D+W+E,;sinccENn(D+W)<S[Dn(E+W)]+
[W N (E + D)] <<exss W + D, therefore, W + D is e"SS-supplement of E in M.

5. Conclusions

We certain the below outcomes

1) Every supplemented module is an e*SS-supplemented.

2) Every supplemented module is SS-supplement. The opposite is not valid, for instant Q as
Z-module.

3) The direct summand of any module is an e*SS-supplemented.

4) Every e*SS-hollow module is an e*SS-supplemented.

5) The image homomorphism of the e*SS-supplemented module is an e*SS-supplemented.
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6) If M is an e*-singular module, then supplemented and e*SS-supplemented modules
coincide.
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