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Abstract  

     In current work, the Whittaker's wave functions were utilized to search the nuclear 

ground charge distributions, Coulomb form factors and differential cross sections for 

some stable nuclei (12C, 27Al, and 31P), besides the density distributions were 

computed corresponding to them (22C, 23Al, and 27P) as well. The Whittaker’s 

parameters were constrained to produce the available experimental radii. Furthermore, 

the Whittaker's basis was linked to harmonic-oscillator basis via boundary condition 

at a specific matching point. For proton-rich nuclei (22C, 23Al, and 27P Nuclei) and 

stable 12C, the nuclear shell model in pure configuration was opted. For exotic 22C, 
23Al and 27P nuclei, the Whittaker’s basis was applied exclusively to the final exotic 

valence proton, unlike the stable 12C, 27Al and 31P which the Whittaker’s basis was 

applied to the last valence proton and neutron. For 27Al and 31P, the mixing 

configuration was employed using sd-shell Bonn A interaction (SDBA) in the sd-

shell. In addition to C0 component for 31P,  the spin for 27Al is 
5

2

+
; there is a C0+C2+C4 

component in the empirical Coulomb form factor. The C2 and C4 components were 

accounted for by applying core-polarization theory within the framework of the Tassie 

and Bohr-Mottelson models. The model-space contributions to C2+C4 components 

was calculated using SDBA interaction in the sd-shell. Such approach resulted in very 

good agreement with experimental measurements. 

 

Keywords: Whittaker’s wave function, radioactive nuclei, density distribution, 

Coulomb form factor, electron scattering differential cross section. 
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 الخلاصة 
في هذا العمل، تم استخدام دوال ويتكر الموجية للبحث في توزيعات الكثافة النووية في الحالة الأرضية،       

الغنية  شكل  تالومعاملات   للنوى  التفاضلية  التشتت  ومقاطع  و الكولومية،  ونظائرها  بالنيوترونات  البروتونات 
المتاحة.    العملية ويتكر لتوليد قيم أنصاف الأقطار    دوال تم تثبيت معاملات    .)P)27,31Al,  23,27 C,12,22 المستقرة
. بالنسبة للنوى الغنية  القلب  نصف قطرعند    ةحدودي الشرط  ال ذبذب التوافقي عبر  تالم  بدوالويتكر    دوالتم ربط  
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  بتشككيلات تم اعتماد نموذج القشرة النووية    C12والنواة المستقرة    )P)27Al, 23C, 22 البروتونات  بالنيوترونات و 
ويتكر فقط على بروتون التكافؤ الخارجي الأخير،    دوال تم تطبيق  (  P27Al 23C, 22) . وبالنسبة للنوى الغريبة  ةنقي

ويتكر على كل من بروتون ونيوترون    دوال تم فيها تطبيق  لتي  ا  (Al27C, 12  ,P31)  على عكس النوى المستقرة 
. قشرةالفي    SDBAباستخدام تفاعل  ة المختلط التشكيلات تم استخدام  ( P31, Al 27 )التكافؤ. بالنسبة للنويتين 

 sd   بالإضافة إلى المكونC0   للنواة P31   فإن العزم المغزلي الكلي للنواةAl 27    5هو

2

 وبالتالي، يوجد مكون    +
C0+C2+C4   تم تطبيق نظرية استقطاب النواة لحساب مساهمات العمليشكل الكولومي ت في معامل ال . C2 

وبور  C4 و تاسّي  نموذجي  مساهمة فضاء  -باستخدام  تم حساب  مكون   الانموذجموتيلسون.   C2+C4 في 
بشكل كبير الكميات المحسوبة    حسنتقد    المعالجةلوحظ أن مثل هذه   .   sd  قشرة الفي   SDBA باستخدام تفاعل 

 .ال مقارنة بالبيانات 
1. Introduction 

     Radial wave functions are of maximal importance in elucidating nuclear structure, 

particularly concerning the determination of nuclear sizes and the radial distribution of nucleons 

within a given nuclear system [1]. Experimental investigations of matter density distributions 

in exotic nuclei consistently reveal a long-range tail component at larger radii [2]. The electron 

scattering, the muonic atoms and the optical isotope shift yield significant information 

concerning the exceedingly minute quantities of radioactive nuclei [3]. Owing to the extremely 

short lifetimes of halo nuclei, these nuclei are investigated utilizing inverse kinematics [4]; 

where the role of target and projectile is inverted. Experimental root-mean-square (rms) matter 

radii are accessible via nucleus-nucleus scattering within the framework of the Glauber model 

[5,6]. In nuclear calculations, harmonic-oscillator (HO) wave functions are commonly utilized 

in nuclear density distribution studies due to their analytical tractability. However, their 

applicability for describing the critical long-range behavior is fundamentally restricted by the 

inherent Gaussian decay observed at large radial distances (r) [7]. The radial wave functions 

describing nuclear bound states are characterized by a Gaussian form, transitioning to an 

exponential decay at asymptotic r region. To address the limitations of harmonic oscillator (HO) 

wave functions, which inadequately represent the exponential behavior at larger radial 

distances, alternative potential models or advanced theoretical frameworks are employed. 

Notably, the Woods-Saxon (WS) potential yields wave functions that more accurately 

reproduce the observed exponential profile, demonstrating significant utility in the investigation 

of nuclear states across both stable and unstable isotopes by Gamba et. al., [8].  To address the 

limitations of standard harmonic oscillator (HO) wave functions, the transformed harmonic 

oscillator (THO) wave function approach has been developed by Karataglidis and Amos [9]. 

This methodology has been used by Dhhewy and Ridha for studying the ground state for 54Cr 

nuclide [10]. Khalaf and Ridha have been successfully applied the HO and spherical Hankel 

functions to both stable and exotic Flourine isotopes [11]. Finally, Mohammed and Majeed 

investigated the characteristics of some light mirror nuclei using shell model with acceptable 

findings [12]. 

 

     In the current work, to accurately incorporate the contribution of Coulomb interaction of the 

final proton with the protons of core, Whittaker's wave functions were employed to determine 

the nuclear ground state characteristics (density distributions and electron scattering form 

factors) of halo nuclei (22C, 23Al, and 27P) compared with their corresponding stable nuclei (12C, 
27Al and 31P). 

 

2.Theory 

     For any mean field 𝑈(𝑟), the radial part of the Schrodinger equation is given by [7]: 

  {−
ℏ2

2𝜇

𝑑2

𝑑𝑟2 +
𝑙(𝑙+1)

2𝜇𝑟2 + 𝑈(𝑟)} 𝜙𝑛𝑙,𝑡𝑧
(𝑟) = 𝐸𝑛𝑙,𝑡𝑧

𝜙𝑛𝑙,𝑡𝑧
(𝑟)                                         (1) 
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     In Eq. (1), the 𝜇 represents the reduced mass for the system consisting of core-valence 

( 𝜇 =
𝑀𝑐𝑀𝑣

𝑀
𝑚𝑢), knowing that 𝑚𝑐, 𝑀𝑣 and  𝑚𝑢 indicate the mass of the core, valence proton 

and atomic mass unit (𝑚𝑢 = 931.494 𝑀𝑒𝑉) with 𝑀 = 𝑀𝑐 + 𝑀𝑣 (total mass of core-valence 

system), correspondingly. The symbols 𝑛, 𝑙 and 𝑡𝑧  stand for the principle quantum number, 

orbital quantum number and projection of isospin quantum number ( 𝑡𝑧 =
1 2⁄  for proton and 𝑡𝑧 = −1 2⁄  for neutron). The Coulomb interaction among the final 

proton(s) with the protons of core, the potential is given by:   

𝑈(𝑟) =
1

4𝜋𝜀0

𝑍𝑐𝑍𝑣

𝑟
                                                                                (2) 

The 𝑍𝑐 and 𝑍𝑣 are the number of protons in the core and valence, correspondingly.   

After substituting Eq. (2) into Eq. (1) one yields: 

{
𝑑2

𝑑𝑟2
−

𝑙(𝑙 + 1)

𝑟2
− 2

𝜂𝑘

𝑟
− 𝑘2} 𝜙𝑛𝑙,𝑡𝑧

(𝑟) = 𝐸𝑛𝑙,𝑡𝑧
𝜙𝑛𝑙,𝑡𝑧

(𝑟)            (3) 

 The solution to Eq. (3), is given by [14]: 

𝜙𝑛𝑙,𝑡𝑧
(𝑟) = 𝐶𝑛𝑙,𝑡𝑧

𝑊
−𝜂,𝑙+

1
2

(2𝑘𝑟)                                                           (4) 

Via the continuity of WF at a specific match point, the constant 𝐶𝑛𝑙,𝑡𝑧
 in Eq. (4) can be found.  

       

     In Eqs. (3) and (4), the 𝜂, is a unitless parameter called Somerfield's parameter computed 

from: 

𝜂 =
𝑍1𝑍2𝑒2𝜇

ℏ2𝑘
                                                                                               (5) 

The 𝑘 is the wave number and it is given in the unit of 𝑓𝑚−1: 

𝑘 = √
2𝜇𝐸

ℏ2
                                                                                                    (6) 

where ħ𝑐 = 197.329 𝑀𝑒𝑉. 𝑓𝑚. 

At matching point (𝑅𝑐), the continuity of WF of the final halo proton can be written as: 

𝑢1(𝑅𝑐) = 𝑢2(𝑅𝑐)                                                                                          (7) 

Where:  
𝑢1(𝑟) = 𝑅𝑛𝑙(𝑟),       ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 − 𝑜𝑠𝑐𝑖𝑙𝑙𝑎𝑡𝑜𝑟 𝑊𝐹                                (8) 

and 

𝑢2(𝑟) = 𝐶𝑛𝑙,𝑡𝑧

𝑊
−𝜂,𝑙+

1
2

(2𝑘𝑟)

𝑟
       (𝑊ℎ𝑖𝑡𝑡𝑎𝑘𝑒𝑟 𝑊𝐹 )                            (9) 

Therefore, Eq. (7) can be simplified to: 

𝑅𝑛𝑙(𝑅𝑐) = 𝐶𝑛𝑙,𝑡𝑧

𝑊
−𝜂,𝑙+

1
2

(2𝑘𝑅𝑐)

𝑅𝑐
                                                                 (10) 

The WF of the interior and exterior can be written as:  
 

𝑅𝑛𝑙
𝑚𝑜𝑑(𝑟) = {

𝑅𝑛𝑙(𝑟),                       0 < 𝑟 ≤ 𝑅𝑐

𝐶𝑛𝑙,𝑡𝑧

𝑊
−𝜂,𝑙+

1
2

(𝑟)

𝑟
,              𝑅𝑐 < 𝑟 ≤ ∞

                                                   (11)  

The normalized form to Eq. (11), 𝑁𝑛𝑙
2 ∫ |𝑅𝑛𝑙

𝑚𝑜𝑑(𝑟)|
2∞

0
𝑟2𝑑𝑟 = 1 can be written as:                                                                             

𝑁𝑛𝑙
2 [∫ |𝑅𝑛𝑙(𝑟)|2

𝑅𝑐

0

𝑟2𝑑𝑟 + 𝐶𝑛𝑙,𝑡𝑧

2 ∫ |𝑊
−𝜂,𝑙+

1
2

(𝑟)|
2

∞

𝑅𝑐

𝑑𝑟] = 1                       (12) 

or 
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𝑁𝑛𝑙
2 [𝐼𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 + 𝐼𝑒𝑥𝑡𝑒𝑟𝑖𝑜𝑟] = 1                                                                            (13) 

Finally, Eq. (13) can be detailed to: 

𝑅̅𝑛𝑙
𝑚𝑜𝑑(𝑟) = 𝑁𝑛𝑙 {

𝑅𝑛𝑙(𝑟),                       0 < 𝑟 ≤ 𝑅𝑐

𝐶𝑛𝑙,𝑡𝑧

𝑊
−𝜂,𝑙+

1
2

(𝑟)

𝑟
,                 𝑅𝑐 < 𝑟 ≤ ∞             

                                   (14)                                          

Besides, the probability of the valence proton(s) inside (𝑃𝑖𝑛) and outside (𝑃𝑜𝑢𝑡) core (𝑅𝑐) can 

be found as:  

𝑃𝑖𝑛 = 𝑁𝑛𝑙
2 𝐼𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟,                       0 < 𝑟 ≤ 𝑅𝑐                                                      (15) 

𝑃𝑜𝑢𝑡 = 𝑁𝑛𝑙
2 𝐼𝑒𝑥𝑡𝑒𝑟𝑖𝑜𝑟 ,                    𝑅𝑐 < 𝑟 ≤ ∞                                                     (16) 

The neutron and proton distributions for proton-rich and stable nuclei are given correspondingly 

as: 

𝜌
𝑡𝑧=−

1
2

(𝑟) =
1

4𝜋
∑ 𝑜𝑐𝑐#

𝑛𝑙,𝑡𝑧=−
1
2

|𝑅𝑛𝑙(𝑟)|2

𝑛,𝑙∈𝑐𝑜𝑟𝑒

+
1

4𝜋
|𝑅̅𝑛𝑙

𝑚𝑜𝑑(𝑟)|
2

                                       (17) 

𝜌
𝑡𝑧=

1
2

(𝑟) =
1

4𝜋
∑ 𝑜𝑐𝑐#

𝑛𝑙,𝑡𝑧=
1
2

|𝑅𝑛𝑙(𝑟)|2

𝑛,𝑙∈𝑐𝑜𝑟𝑒

+
1

4𝜋
∑ 𝑜𝑐𝑐#

𝑛𝑙,𝑡𝑧=
1
2

|𝑅̅𝑛𝑙
𝑚𝑜𝑑(𝑟)|

2
  

𝑛,𝑙∈𝑣𝑎𝑙𝑒𝑛𝑐𝑒

   (18) 

The matter distribution is computed from: 

𝜌𝑚(𝑟) = 𝜌
𝑡𝑧=

1
2

(𝑟) + 𝜌
𝑡𝑧=−

1
2

(𝑟)                                                                                   (19) 

 
      where 𝑜𝑐𝑐#𝑛𝑙,𝑡𝑧

 represents the proton (neutron) number in the orbit 𝑎 inside the core (𝑎 

stands for 𝑛 and 𝑙 quantum numbers). The charge density distribution (CDD) is accounted from 

the folding integration procedure outlined by Elton [14] and Chandra [15]: 

               𝜌𝑐ℎ,𝑡𝑧=1/2(𝑟) = ∫ 𝜌𝐽=0,𝑡𝑧=1/2(𝑟)𝜌𝑝𝑟(𝒓 − 𝒓′)𝑑𝒓′                                                   (20)    

            

                𝜌𝑐ℎ,𝑡𝑧=−1/2(𝑟) = ∫ 𝜌𝐽=0,𝑡𝑧=−1/2(𝑟)𝜌𝑛𝑒𝑢(𝒓 − 𝒓′)𝑑𝒓′                                              (21)   

The 𝑟𝑚𝑠 radius was accounted from [15]: 

√< 𝑟2 >𝑖= √
4𝜋

𝑖
∫ 𝜌𝑖

∞

0

(𝑟)𝑟4𝑑𝑟                                                                                       (22) 

The 𝑖  in Eq. (22) indicates the protons, neutrons, charge and nucleons.  

In the plane-wave Born approximation, the Coulomb form factors for electron scattering 

involving multipolarity J are given by: 

𝐹𝑐ℎ
𝐽 (𝑞) =

4𝜋

𝑍
∫ 𝑗𝐽(𝑞𝑟)𝜌𝑐ℎ𝑎𝑟𝑔𝑒,𝐽(𝑟)𝑟2𝑑𝑟

∞

0

                                                                       (23) 

Where: 
                 𝜌𝑐ℎ,𝐽(𝑟) = 𝜌𝑐ℎ,𝐽

𝐶𝑃 (𝑟) + 𝜌𝑐ℎ,𝐽
𝑀𝑆 (𝑟)                                                                                  (24)    

      
      The Z in Eq. (23) stands for the atomic number, 𝑗𝐽(𝑞𝑟) is the spherical Bessel function and 

𝑞 represents the momentum transferred to target nucleus from incident electrons.  
Besides, in Eq. (23), the 𝜌𝑐ℎ,𝐽(𝑟) is branched into two parts; one for the core (or the core-

polarization (CP) contribution) and the second is the model space. For the core contribution, 

two mathematical forms of CP were opted; the first one is the Tassie model [16] and the second 

is the Bohr-Mottelson model [17], both given respectively by:   

𝜌𝑐ℎ𝑎𝑟𝑔𝑒,𝐽
𝐶𝑃 (𝑟) = 𝑁𝑇𝑟𝐽−1

𝑑

𝑑𝑟
𝜌𝑐ℎ𝑎𝑟𝑔𝑒(𝑟)                                       (25) 
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                         𝜌𝑐ℎ𝑎𝑟𝑔𝑒,𝐽
𝐶𝑃 (𝑟) = 𝑁𝐵𝑀

𝑑

𝑑𝑟
𝜌𝑐ℎ𝑎𝑟𝑔𝑒(𝑟)                                                                  (26)     

The contribution of model space is given by [16]: 

𝜌𝐽,𝑡𝑧

𝑀𝑆 (𝑟) =
1

√4𝜋

1

√2𝐽𝑖+1
∑ 𝑋𝑎,𝑏,𝑡𝑧

𝐽𝑓  𝐽𝑖  𝐽
 ⟨𝑗𝑎||𝑌𝐽||𝑗𝑏⟩𝑎𝑏  𝑅𝑛𝑎𝑙𝑎𝑗𝑎,𝑡𝑧

(𝑟)𝑅𝑛𝑏𝑙𝑏𝑗𝑏,𝑡𝑧
(𝑟)                                (27)  

The constants, 𝑁𝑇 and 𝑁𝐵𝑀 in Eqs. (25) and (26) were opted to produce the experimental 

quadrupole moments: 

𝑁𝑇 =
√(2𝐽𝑖+1)𝐵(𝐶𝐽,𝐽𝑖→𝐽𝑓)−∫ 𝑟𝐽+2𝜌𝐽,𝑐ℎ

𝑀𝑆 (𝑟)𝑑𝑟
∞

0

∫ 𝑟2𝐽+1𝑑𝜌𝑐ℎ(𝑟)

𝑑𝑟
𝑑𝑟

∞
0

                                                                                        (28)     

𝑁𝐵𝑀 =
√(2𝐽𝑖+1)𝐵(𝐶𝐽,𝐽𝑖→𝐽𝑓)−∫ 𝑟𝐽+2𝜌𝐽,𝑐ℎ

𝑀𝑆 (𝑟)𝑑𝑟
∞

0

∫ 𝑟𝐽+1𝑑𝜌𝑐ℎ(𝑟)

𝑑𝑟
𝑑𝑟

∞
0

                                                                                     (29)         

where 𝐽𝑖 = 𝐽𝑓 = 𝐽 for elastic transition, besides, the reduced transition probability is 

proportional to the experimental quadrupole moment as:   

𝐵(𝐶𝐽, 𝐽 → 𝐽) =
5𝑄𝑒𝑥𝑝.

2

16𝜋(2𝐽𝑖 + 1) (
𝐽 2 𝐽

−𝐽 0 𝐽
)

2                                                                         (30) 

3.Results and discussion 

     This study investigates the properties of  ground state for 12,22C, 23,27Al, and 27,31P. The 

calculations of 𝑟𝑚𝑠 radii, density distributions, and Coulomb form factors were performed 

using the Whittaker's (W) wave functions (WF). The shell model in pure configuration was 

harnessed to all investigated proton-rich nuclei with stable 12C. In contrast, the configuration 

mixing was utilized to perform the calculations for stable 27Al and 31P, employing the sd-shell 

Bonn A interaction (SDBA) [18]. The theoretical computations of one-body density matrix 

elements (OBDMEs) were performed using the nuclear shell model code Nushell [19]. 

 Table 1 presents a summary of the properties of the searched proton-rich nuclei (23Al and 27P) 

in parallel with the Borromean nucleus 22C (proton-rich nucleus); the overall initial spin and 

parity (𝐽𝑖
𝜋), the overall initial isospin (𝑇𝑖), the half–life time (𝑡1

2⁄ ), the size parameter of HO 

(𝑏𝑐) for nucleons in core, the radius of core (𝑟𝑐), the Somerfield parameter (𝜂𝑝), the wave 

number (𝑘𝑝), the quantum numbers of HO and W (𝑛, 𝑙), and the final  single–particle separation 

energy (𝐸𝑝 𝑜𝑟𝐸𝑛  ).  

Table 2 presents the computed size radii for 22C (Borromean nucleus), 23Al, and 27P, utilizing 

the parameters of the harmonic oscillator (HO) and Whittaker potentials detailed in Table 1. 

These computed values are subsequently compared with corresponding experimental data. 

Table 3 tabulates the probabilities of the last halo proton(s) residing within (𝑃𝑖𝑛) and outside 
(𝑃𝑜𝑢𝑡) the core radius 𝑟𝑐. The presented results indicate that the 𝑃𝑜𝑢𝑡 values for the studied halo 

proton-rich nuclei are significantly greater than, or approximately equal to 50%, 𝑃𝑖𝑛, thereby 

confirming their halo nature. For 27P nucleus, our theoretical calculations supporting the 

presence of proton skin. 

Table 4 presents the same as in Table 1 but for the studied stable nuclei (12C, 27Al and 31P).  

Table 5 presents the same as in Table 2 for the calculated size radii but for stable 12C, 27Al and 
31P. 

Figure 1 displays the calculated matter distributions for 22C, 23Al, and 27P (the solid curves are 

the calculations of Whittaker (W) potential) alongside with experimental data (represented by 

shaded areas and dotted curves). For 22C, 23Al, and 27P a very good match is evident among the 

experimental data and the theoretical predictions derived from the HO+W (harmonic-oscillator 

plus Whittaker). The extended tail, which is a key signature of halo nuclei, is highly bred by 

the theoretical calculations. Besides, in Figure 1 (a), the gray solid curve represents the 

calculated proton density distribution compared with experimental dotted grey symbols.  
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Figure 2 presents the calculated charge density distributions (CDDs) for stable 12C, 27Al and 31P 

denoted by solid curves (which are represented by Whittaker). Experimental data are indicated 

by dotted curves. A clear congruence is observed among the computed CDDs and the 

experimental values. 

In Figure 3, the computed charge form factors (C0) for stable 12C and 31P only. C0+C2+C4 for 
27Al nucleus was displayed and compared with experimental values. For 12C, 27Al and 31P the 

calculated C0 form factors (solid curves represented by HO+W) are in good agreement with 

experimental data (represented by triangles black and gray). Regarding 27Al, the 𝐽𝑖
𝜋 = 𝐽𝑓

𝜋 =
5

2

+
 

(see Table 4) which gives the multipolarities 𝐽 = 2 and 𝐽 = 4 (from selection rule: |𝐽𝑖 − 𝐽𝑓| ≤

𝐽 ≤ 𝐽𝑖 + 𝐽𝑓). The experimental charge form factor is C0+C2+C4, therefore, C2+C4 components 

were incorporated in our calculations using two theoretical models; the Tassie model (T) 

denoted by black curve and Bohr-Mottelson model (BM) denoted by gray curve.  From Eq. 

(24), the CDD is branched into two parts one for the core and the second is for model space. 

The core contribution is accounted using Eqs. (25) and (26). The model-space contribution was 

accounted using Eq. (27). The constants of normalization in Eqs (28) and (29) were opted to 

generate the experimental quadrupole moment for 27Al; 𝑄𝑒𝑥𝑝. = 14.02 𝑒. 𝑓𝑚 2 [20]. For the full 

𝑠𝑑 −shell model-space, the SDBA interaction [18] was adopted. The shell model calculations 

were fulfilled using the Nushell code [19]. It is clear that the theoretical findings using BM and 

T are in very good match with experimental values. For stable 27Al  (𝐽𝜋 =
5

2

+
) and 

31P (𝐽𝜋 =
1

2

+
) [22], the occupation numbers predicted by the nuclear shell model calculations 

using   SDBA interaction [18] where the core of such interaction is 16O; (𝑛𝜋1𝑠1
2

) = 2., (𝑛𝜋1𝑝) =

6. , (𝑛𝜈1𝑠1
2

) = 2. , (𝑛𝜈1𝑝) = 6. are: For 27Al: (𝑛𝜋1𝑑5
2

) ≈ 3.167, (𝑛𝜋1𝑑3
2

) ≈ 1.114, (𝑛𝜋2𝑠1
2

) ≈

0.717, (𝑛𝜈1𝑑5
2

) ≈ 3.440, (𝑛𝜈1𝑑3
2

) ≈ 1.210, (𝑛𝜈2𝑠1
2

) ≈ 1.349. For 31P: (𝑛𝜋1𝑑5
2

) ≈ 4.167, 

(𝑛𝜋1𝑑3
2

) ≈ 1.578, (𝑛𝜋2𝑠1
2

) ≈ 1.254, (𝑛𝜈1𝑑5
2

) ≈ 4.417, (𝑛𝜈1𝑑3
2

) ≈ 2.183, (𝑛𝜈2𝑠1
2

) ≈ 1.399.  

     In Figure 4, the calculated differential cross section was depicted for 12C, 27Al and 31P. The 

dotted symbols represent experimental values. The solid curves represent the calculated 

differential cross sections (which denoted by HO+W). The theoretical differential cross sections 

were computed for incident energies of values: 374.5 MeV and 747 MeV for 12C, 250 MeV and 

400 MeV for 31P, 250 MeV and 400 MeV for 27Al. In general, It is obvious that the calculations 

were in good match with experimental values. 

 
Table 1: The ground-state characteristics and Whittaker’s parameters for 22C, 23Al, and 27P                   

nuclei. 
𝑋𝑍

𝐴
𝑁 

(𝐽𝜋 𝑇) 

[21] 

 

𝑡1
2⁄ (𝑠) 

[21] 
𝑏𝑐,𝑝(𝑓𝑚) 𝑏𝑐,𝑛(𝑓𝑚) 𝑟𝑐  𝜂𝑝 

𝑘𝑝 

(𝑓𝑚−1) 
𝑛, 𝑙 

𝐶𝑎𝑙. 
𝑆𝑝 𝑜𝑟 𝑆𝑛(𝑀𝑒𝑉) 

 

𝐶166
22 (0+0) 6.2𝑚𝑠 2.1 2.195 4 0 0.0418 2𝑠1/2 0.02 

𝐴𝑙1013
23 (

5

2

+

 
3

2
) 

 

470 𝑚𝑠 1.864 1.666 3.3 4.941 0.0806 2𝑠1/2 0.141 

𝑃1215
27 (

1

2

+ 3

2
) 260𝑚𝑠 2.344 2.12 5.5 2.328 0.2009 2𝑠1/2 0.870 
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Table 2: The computed and available size radii for 22C, 23Al, and 27P nuclei. 

𝑋𝑍
𝐴

𝑁 

𝐶𝑎𝑙. 
< 𝑟2

>𝑐ℎ

1
2⁄
 

Exp   

< 𝑟2 >𝑐ℎ

1
2⁄
 

Cal. 

< 𝑟2

>𝑝

1
2⁄
 

Exp 

< 𝑟2 >𝑝

1
2⁄
 

Cal. 

< 𝑟2 >𝑛

1
2⁄
 

Exp 

< 𝑟2

>𝑛

1
2⁄
 

Cal. 

< 𝑟2

>𝑚

1
2⁄
 

𝐸𝑥𝑝 

< 𝑟2 >𝑚

1
2⁄
 

𝐶166
22  3.151 − 3.090 - 4.999 

5.0(0.8) 

[25] 

 

5.345 5.4(0.9) 

𝐴𝑙1013
23  3.182 - 3.099 

3.1(0.25) 

[23] 
2.633 

2.634(0.23) 
[23] 

2.906 
2.905(0.25) 

[23] 

𝑃1215
27  3.455 - 3.379 

3.38(0.26) 

[24] 
2.997 

3.00(0.17) 
[24] 

3.215 
3.22(0.23) 

[24] 

 

Table 3: The probabilities inside (𝑃𝑖𝑛) and outside (𝑃𝑜𝑢𝑡) the 
 

   𝑟𝑐
 of the last halo proton for               

22C, 23Al, and 27P nuclei.  

𝑋𝑍
𝐴

𝑁 𝑃𝑖𝑛  𝑃𝑜𝑢𝑡  

𝐶166
22  16.36% 83.71% 

𝐴𝑙1013
23  37.31% 62.21% 

𝑃1215
27  74.20% 

 

25.81% 
 

 

 Table 4: The ground-state characteristics and Whittaker’s parameters for 12C, 27Al and 31P. 

𝑋𝑍
𝐴

𝑁 

(𝐽𝜋 𝑇)  [21] 

𝑏𝑐,𝑝 

(𝑓𝑚) 

𝑏𝑐,𝑛 

(𝑓𝑚) 

 

𝜂𝑝 𝜂𝑛 
𝑘𝑝 

(𝑓𝑚−1) 

𝑘𝑛 

(𝑓𝑚−1) 
𝑛, 𝑙 

𝑟𝑐  

(𝑓𝑚) 

𝐸𝑥𝑝. 
𝐸𝑛(𝑀𝑒𝑉) 

𝐸𝑥𝑝. 
𝐸𝑝(𝑀𝑒𝑉) 

𝐶66
12 (0 1+) 

 

 

1.663 1.685 0.189 0 0.839 0.910 1𝑝3/2 2 
18.720 

 
15.956 

𝐴𝑙1413
27 (

5

2

+ 1

2

+

) 1.837 1.84 0.752 0 0.652 0.853 1𝑑3/2 2.8 
13.058 

 
8.271 

𝑃1615
31 (

1

2

+ 1

2
) 1.892 1.92 1.516 0 0.725 1.097 2𝑠1/2 3 

12.311 

 
7.296 

 

Table 5: Computed and experimental charge, proton, neutron, matter rms radii for 12C, 27Al,             

and 31P nuclei. 

𝑋𝑍
𝐴

𝑁 

Cal. 

< 𝑟2

>𝑐ℎ

1
2⁄
 

Exp.   
<

𝑟2 >𝑐ℎ

1
2⁄
 

[22] 

Cal. 

< 𝑟2

>𝑝

1
2⁄
 

Cal. 

< 𝑟2

>𝑛

1
2⁄
 

Exp. <

𝑟2>
𝑛

1
2⁄
 [25] 

Cal. 

< 𝑟2

>𝑚

1
2⁄
 

Exp. <

𝑟2>
𝑚

1
2⁄
 

[25] 

𝐶66
12  2.463 

2.464(12

) 
2.356 2.383 

− 

 
2.369 − 

𝐴𝑙1413
27  3.06 3.05(5) 2.975 3.009 - 2.993 - 

𝑃1615
31  3.189 3.187(11) 3.108 3.149 - 3.130 - 
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Figure 1: The calculated and experimental matter distributions for 22C(a) [25] ,23Al(b) [23] and  

                 27P(c) [26]. 
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Figure  2:  The computed and experimental CDDs for 12C(a),27Al(b) and 31P(c). the model  

                   independent using Fourier-Bessel (FB), two-parameter Fermi (2PF) and three- 

                   parameter Fermi (3PF) were used [22]. 
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Figure 3: The calculated and experimental charge form factors for 12C(a) [27], 27Al(b) [28] and  
31P(c) [29]. 
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Figure 4: The computed and experimental cross section for 12C(a) [27] ,27Al(b) [30] and 31P(c) 

[29]. 

 

4.Conclusions 

     In this study, it is concluded that the use of Whittaker basis provides a highly effective 

approach for searching the bulk characteristics; density distributions (for 22C, 23Al, and 27P 

nuclei) and charge form factors for the investigated stable nuclei (12C, 27Al, and 31P). Good 

match was obtained among theoretical and experimental data. The independent-particle model 

was employed for all searched nuclei. Regarding the halo nuclei under investigation 22C, 23Al 

and 27P, Whittaker's wave functions effectively reproduced the long tail characteristic in the 

asymptotic region, demonstrating a good agreement with experimental data. The theoretical 

findings suggest that a reduction in the binding energy of the outermost valence proton(s) results 

in an expansion of the nuclear tail region. For the calculated charge density distributions for the 

stable nuclei (12C, 27Al and 31P), the theoretical predictions demonstrated good match with 

experimental data. Furthermore, for 27Al, the C2 and C4 Coulomb form factors were computed 
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incorporating core polarization effects, utilizing both the Bohr-Mottelson and Tassie models, 

alongside with the inclusion of model space considerations by the SDBA interaction in the full 

𝑠𝑑 −shell. The results obtained from the Bohr-Mottelson (B-M) and Tassie models 

demonstrated a good match with the experimental data for C0+C2+C4 data. 
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      R -  n l  m o d  ( r ) =   N  n l  {      R  n l  ( r ) ,                                             0 < r ≤   R  c     C  n l ,   t  z     W  − 𝜂 , l +  1 2  ( r )  r ,                                   R  c < r ≤ ∞                                                                                                  ( 14 )      


    P  i n


    P  o u t


    R  c


    P  i n =   N  n l 2   I  i n t e r i o r ,                                             0 < r ≤   R  c                                                                                                             ( 15 )


    𝜌    t  z = −  1 2  ( r ) =  1  4 𝜋   ∑  n , l ∈ c o r e      o c c #  n l ,   t  z = −  1 2  |   R  n l  ( r ) | 2 +  1  4 𝜋    |     R -  n l  m o d  ( r ) | 2                                                                               ( 17 )


    𝜌    t  z =  1 2  ( r ) =  1  4 𝜋   ∑  n , l ∈ c o r e    o c c #  n l ,   t  z =  1 2    |   R  n l  ( r ) | 2 +  1  4 𝜋   ∑  n , l ∈ v a l e n c e    o c c #  n l ,   t  z =  1 2    |     R -  n l  m o d  ( r ) | 2            ( 18 )


    𝜌    t  z =  1 2  ( r ) =  1  4 𝜋   ∑  n , l ∈ c o r e    o c c #  n l ,   t  z =  1 2    |   R  n l  ( r ) | 2 +  1  4 𝜋   ∑  n , l ∈ v a l e n c e    o c c #  n l ,   t  z =  1 2    |     R -  n l  m o d  ( r ) | 2            ( 18 )


    𝜌  m  ( r ) =   𝜌    t  z =  1 2  ( r ) +   𝜌    t  z = −  1 2  ( r )                                                                                                                                                                       ( 19 )


    o c c #  n l ,   t  z


    𝜌  c h ,   t  z = 1 / 2  ( r ) =  ∫    𝜌  J = 0 ,   t  z = 1 / 2  ( r )   𝜌  p r ( 𝒓 − 𝒓 ′ ) d 𝒓 ′                                                                                                       ( 20 )


    𝜌  c h ,   t  z = − 1 / 2  ( r ) =  ∫    𝜌  J = 0 ,   t  z = − 1 / 2  ( r )   𝜌  n e u  ( 𝒓 −   𝒓 ′ ) d   𝒓 ′                                                                                           ( 21 )    


     <   r 2 >  i =    4 𝜋  i   ∫ 0 ∞    𝜌  i  ( r )   r 4 d r                                                                                                                                                                               ( 22 )


  i


  J


    F  c h  J  ( q ) =   4 𝜋  Z   ∫ 0 ∞    j  J  ( q r )   𝜌  c h a r g e , J  ( r )   r 2 d r                                                                                                                                                ( 23 )


  :


    𝜌  c h , J  ( r ) =   𝜌  c h , J  C P  ( r ) +   𝜌  c h , J  M S  ( r )                                                                                                                                                                     ( 24 )


    j  J  ( q r )


  q


    𝜌  c h , J  ( r )


    𝜌  c h a r g e , J  C P  ( r ) =   N  T   r  J − 1   d  d r   𝜌  c h a r g e  ( r )                                                                               ( 25 )


    𝜌  c h a r g e , J  C P  ( r ) =   N  B M   d  d r   𝜌  c h a r g e  ( r )                                                                                                                                     ( 26 )


    N  T


    N  B M


    N  T =     ( 2   J  i + 1 ) B  ( C J ,   J  i →   J  f ) −   ∫ 0 ∞    r  J + 2   𝜌  J , c h  M S  ( r ) d r    ∫ 0 ∞    r  2 J + 1   d   𝜌  c h ( r )  d r d r                                                                                                                                                                                 ( 28 )


    N  B M =     ( 2   J  i + 1 ) B  ( C J ,   J  i →   J  f ) −   ∫ 0 ∞    r  J + 2   𝜌  J , c h  M S  ( r ) d r    ∫ 0 ∞    r  J + 1   d   𝜌  c h ( r )  d r d r                                                                                                                                                                           ( 29 )


    J  i =   J  f = J


  B  ( C J , J → J ) =   5   Q  e x p . 2  16 𝜋  ( 2   J  i + 1 )    (    J  2  J   − J  0  J ) 2                                                                                                                                                 ( 30 )


  r m s


   (   J  i  𝜋 )


    T  i


    t   1 2


    b  c


  (   r  c )


  (   𝜂  p )


  (   k  p )


  ( n , l )


    E  p   o r   E  n    


   (   P  i n )  


   (   P  o u t )


    r  c .


    P  o u t


  50 %


    P  i n


    J  i  𝜋 =   J  f  𝜋 =    5 2 +


  J = 2


  J = 4


   |   J  i −   J  f | ≤ J ≤   J  i +   J  f


    Q  e x p . = 14 . 02     e . f m    2  


  s d −


   (   J  𝜋 =    5 2 + )


     (   J  𝜋 =    1 2 + )


   (   n    𝜋 1 s   1 2 ) = 2 .


   (   n  𝜋 1 p ) = 6 .


   (   n    𝜈 1 s   1 2 ) = 2 .


   (   n  𝜈 1 p ) = 6 .


   (   n  𝜋   1 d   5 2 ) ≈ 3 . 167


   (   n  𝜋   1 d   3 2 ) ≈ 1 . 114


   (   n    𝜋 2 s   1 2 ) ≈ 0 . 717


   (   n  𝜈   1 d   5 2 ) ≈ 3 . 440


   (   n  𝜈   1 d   3 2 ) ≈ 1 . 210


   (   n    𝜈 2 s   1 2 ) ≈ 1 . 349


   (   n  𝜋   1 d   5 2 ) ≈ 4 . 167


   (   n  𝜋   1 d   3 2 ) ≈ 1 . 578


   (   n    𝜋 2 s   1 2 ) ≈ 1 . 254


   (   n  𝜈   1 d   5 2 ) ≈ 4 . 417


   (   n  𝜈   1 d   3 2 ) ≈ 2 . 183


   (   n    𝜈 2 s   1 2 ) ≈ 1 . 399


      X   Z  A  N


    J  𝜋   T )


    t   1 2  ( s )


    b  c , p ( f m )


    b  c , n ( f m )


    r  c


    𝜂  p


    k  p


    f m  − 1


  n , l


  C a l .


  


    C 16   6 22  (  0 + 0 )


  6 . 2 m s


  2 . 1


  2 . 195


  4


  0


  0 . 0418


  2 s 1 / 2


  0 . 02


    A l 10   13 23  (    5 2 +    3 2 )


  470   m s


  1 . 864


  1 . 666


  3 . 3


  4 . 941


  0 . 0806


  2 s 1 / 2


  0 . 141


    P 12   15 27  (    1 2 +  3 2 )


  260 m s


  2 . 344


  2 . 12


  5 . 5


  2 . 328


  0 . 2009


  2 s 1 / 2


  0 . 870


      X   Z  A  N


  C a l .


  


 


  


    <   r 2 >  p   1 2


    <   r 2 >  p   1 2


    <   r 2 >  n   1 2


    <   r 2 >  n   1 2


    <   r 2 >  m   1 2


  E x p


  


    C 16   6 22


  3 . 151


  −


  3 . 090


  4 . 999


  5 . 0  ( 0 . 8 )


  5 . 345


  5 . 4 ( 0 . 9 )


    A l 10   13 23


  3 . 182


  3 . 099


  3 . 1 ( 0 . 25 )


  2 . 633


  2 . 634 ( 0 . 23 )  


  2 . 906


  2 . 905 ( 0 . 25 )


    P 12   15 27


  3 . 455


  3 . 379


  3 . 38 ( 0 . 26 )


  2 . 997


  3 . 00 ( 0 . 17 )  


  3 . 215


  3 . 22  ( 0 . 23 )


   (   P  i n )


   (   P  o u t )


                 r  c


      X   Z  A  N


    P  i n


    P  o u t


    C 16   6 22


  16 . 36 %


  83 . 71 %


    A l 10   13 23


  37 . 31 %


  62 . 21 %


    P 12   15 27


  74 . 20 %


  25 . 81 %


      X   Z  A  N


    J  𝜋   T )


    b  c , p


  ( f m )


    b  c , n


  ( f m )


  ( f m )


    𝜂  p


    𝜂  n


    k  p


    f m  − 1


    k  n


    f m  − 1


  n , l


    r  c


  ( f m )


  ( f m )


  E x p .


  


  E x p .


  


    C 6   6 12  ( 0    1 + )


  1 . 663


  1 . 685


  0 . 189


  0


  0 . 839


  0 . 910


  1   p  3 / 2


  2


  18 . 720


  15 . 956


    A l 14   13 27  (    5 2 +    1 2 + )


  1 . 837


  1 . 84


  0 . 752


  0


  0 . 652


  0 . 853


  1   d  3 / 2


  2 . 8


  13 . 058


  8 . 271


    P 16   15 31  (    1 2 +  1 2 )


  1 . 892


  1 . 92


  1 . 516


  0


  0 . 725


  1 . 097


  2   s  1 / 2


  3


  12 . 311


  7 . 296


      X   Z  A  N


    <   r 2 >  c h   1 2


 


    <   r 2 >  p   1 2


    <   r 2 >  n   1 2


    <   r  2 >  n   1 2


    <   r 2 >  m   1 2


    <   r  2 >  m   1 2


    C 6   6 12


  2 . 463


  2 . 383


  −


  2 . 369


  −


    A l 14   13 27


  3 . 06


  3 . 05 ( 5 )


  2 . 975


  3 . 009


  2 . 993


    P 16   15 31


  3 . 189


  3 . 187 ( 11 )


  3 . 108


  3 . 149


  3 . 130


  s d −

