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Abstract.  

     A convex open boundary domain was used to define the predator-prey equations. 

This was then mathematically analysed using Robin boundary conditions. Using the 

Faedo-Galerkin methodology and compactness arguments, we demonstrate the 

existence of strong and weak solutions and their uniqueness. The solution findings 

exhibit a higher level of regularity. We construct a more regular model based on the 

initial data. Furthermore, we can demonstrate continuous dependence on initial 

conditions.  To complement the theoretical results, numerical simulations were also 

conducted, confirming the validity of the model and illustrating the dynamic 

behaviour of the predator-prey system under Robin boundary conditions. 
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مع شروط روبن الحدودية  غير الخطي فريسةال –مفترس النظام ل ل العناصر المنتهيةتحلي  
 

 *هدى رياض المالكي, غسان عبد الامير الجعيفري 

 قسم الرياضيات, كلية علوم الحاسوب والرياضيات, جامعة الكوفة, الكوفة, العراق
 

  الخلاصة 
الفريسة، ثم تم تحليلها رياضياً مع استخدام شروط   -تم استخدام مجال مفتوح ومحدب على نظام المفترس     

جاليركين وحجج التراص، نثبت وجود الحلول القوية والضعيفة  -روبن الحدودية. وبالاعتماد على منهجية فايدو
ن بناء نموذج أكثر انتظامًا استنادًا إلى  ووحدانيتها. كما تُظهر نتائج الحل مستوى أعلى  انتظام، مما يمكننا م

ولتدعيم النتائج  .  البيانات الأولية. بالإضافة إلى ذلك، نبرهن على الاعتماد المستمر للحلول على الشروط الأولية 
النظرية، أُجريت أيضًا محاكاة عددية أثبتت صحة النموذج ووضّحت السلوك الديناميكي لنظام المفترس والفريسة  

 .روبن الحدوديةتحت شروط 
 

1. Introduction 

     Mathematics is a key tool in various scientific fields, aiding in analysis and application. It 

is used to retrieve time-wise coefficients in the heat equation [1], solve fuzzy stochastic 

ordinary differential equations with existence and uniqueness theorems [2], and find numerical 

solutions for singular ordinary differential equations using Wang-Ball polynomials [2,3]. 

Managing chemical reactions of systems under real conditions can be challenging. 
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Additionally, while the reaction is in progress, the concentrations of several initial and final 

products are monitored in the process [4], this is one of the most important, as explained by 

Nicolis and Prigogine [5]. A cubic nonlinearity must be considered in the rate equations [6]. 

The predator-prey model [7] is the name given to this model. Using this model in chemical 

kinetics is useful for studying cooperative processes. Robin boundary conditions naturally arise 

in models where the boundary exhibits partial permeability or exchange proportional to the 

internal state variable. For example, in ecological systems, a Robin-type flux can represent a 

habitat with partial refuge where species interact with the environment at a rate depending on 

their density at the boundary. Similarly, in chemical engineering, these conditions model 

reactors with semi-permeable membranes, where substance exchange depends on 

concentration differences across boundaries. In contrast, Dirichlet conditions assume fixed 

concentrations or populations at the boundary, which may not reflect real scenarios with 

dynamic inflow and outflow. Neumann conditions enforce zero-flux or constant-flux 

constraints, potentially oversimplifying boundary interactions. Robin conditions offer a more 

flexible and realistic framework by interpolating between these extremes, making them 

particularly suitable for modeling coupled reaction–diffusion systems in biological and 

chemical contexts. 

 

     To produce ozone, atomic oxygen has to undergo a triple collision with ozone, followed by 

a trimolecular reaction. In addition to  enzymatic reactions, plasma and laser physics have 

numerous couplings of specific modes.  

 

     The purpose of this paper is to study a predator-prey system having two coupled parts, 

reaction-diffusion equations with Robin boundary conditions [6]: 

 

 
𝜕𝑝

𝜕𝑡 =  Δ𝑝 + 𝑓1(𝑝, 𝑞),               𝑖𝑛 𝜆𝑇 ,                                                                   (1) 

𝜕𝑞

𝜕𝑡
=  Δ𝑞 + 𝑓2(𝑝, 𝑞),               𝑖𝑛 𝜆𝑇 ,                                        (2) 

𝜕𝑝

𝜕𝑣
+ 𝛾𝑝 = 0 ,                  

𝜕𝑞

𝜕𝑣
+ 𝛾𝑞 = 0 ,              𝑜𝑛 𝜕𝜆𝑇 ,                  (3) 

𝑝(. ,0) = 𝑝0 ,                 𝑞(. ,0) = 0,                       𝑖𝑛 𝜆,                          (4) 

  

where 𝜌2 = 𝑝2 + 𝑞2, and 𝜆𝑇 = 𝜆 × (0, 𝑇), 𝜆  is an open, bounded, convex domain in 𝑅𝑑  (d=1, 2, 

3), with 𝜕𝜆  

of class 𝐶2, 𝜕𝜆𝑇 = 𝜕𝜆 × (0, 𝑇), 𝑣 denotes the exterior unit normal 𝑓1(𝑝, 𝑞) = (1 − 𝜌2)𝑝 −
(𝜔1 − 𝜔2𝜌2)𝑞,   𝑓2(𝑝, 𝑞) = (𝜔1 − 𝜔2𝜌2)𝑝 + (1 − 𝜌2)𝑞 and ω1, ω2 and γ are positive 

constants. We assume two solutions for proving uniqueness. In addition to its relevance  to 

chemical kinetics and thermodynamics, the coupled nonlinear system described above can be 

found in pattern formation; see [8]. Several recent studies have included analyzing this system 

theoretically or numerically. The system also contains several important applications [9,10]. 

 

     The novelty of this work lies in the rigorous analytical treatment of a coupled nonlinear 

predator–prey system under Robin boundary conditions, which has not been addressed in this 

exact context in previous literature. While recent studies such as Al-Juaifri and Harfash [10], 

focused on reaction–diffusion systems with Robin boundaries.  Our contribution advances the 

field by establishing higher regularity results, precise a priori energy bounds, and continuous 

dependence on initial data within a Faedo–Galerkin framework. Moreover, our approach 

integrates both theoretical analysis and practical numerical insight, extending the finite element 

methodology to nonlinear ecological models with complex boundary interactions. 
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     This study discusses boundary value problems of type Robin using spectral theory. We 

begin by using the Faedo-Galerkin approach [11] as well as the Alaoglu compactness argument 

[12]. The weak solution for the problem (H) is shown to exist and to be unique. In this work, 

truncated eigenfunction expansions are used so that infinite-dimensional dynamical systems 

can be converted to finite-dimensional ones. It is then demonstrated that the solutions in the 

finite weak form of the predator-prey system are local and unique in finite time based on 

Picard’s existence argument. In L2(λ), we also infer existence, uniqueness, and continuous 

dependence on the initial conditions. The results of these studies can be used to obtain an 

estimation of energy based on the Alaoglu compactness theorem. Additionally, we use 

Grisvard’s methods to find regularity for the Robin boundary value problem [13]. In H1(λ) we 

establish the existence, uniqueness, and continuous dependence of higher regularity on the 

initial conditions. It is possible to produce these results by estimating the regularity of the initial 

conditions with a lower degree of regularity. 

 

     We begin with basic terminology and concepts in Section 2. An investigation of the weak 

form of the predator-prey system is presented in Section 3. It presents a description of the 

important findings of this section, which reveals that the predator-prey reaction-diffusion 

system has a unique weak solution. For weak formulations, weak solutions are established 

locally and globally in Sections 3.1, 3.2, and 3.3. Galerkin approximations are utilized to pass 

to the limit. Uniqueness and continuation of a solution are established in Section 3.4. We infer 

more regularity findings for the weak from additional estimates in Section 4, which leads to 

results for strong solutions. We provide a regularity argument for the elliptic boundary value 

problem with Robin boundary conditions in Section 4.1.  Finally, numerical experiments in 

one and two space dimensions are undertaken in Section 5. 

 

2. Auxiliary Results 

     In this paper, we adopt the standard notation for Sobolev spaces, denoting the norm of 

𝑊𝑙,𝛿(𝜆), 𝑙 ∈ 𝑁, 𝛿 ∈ [1, ∞] by ‖. ‖𝑙,𝛿 and semi-norm by|. |𝑙,𝛿. For 𝛿 = 2, 𝑊𝑙,2(𝜆) will be 

denoted by 𝐻𝑙(𝜆) with norm ‖. ‖𝑙 and semi-norm |. |𝑙  and if 𝑙 =  0, the 𝐿2(𝜆) inner product 

over 𝜆 with norm ‖. ‖0 = |. |0 is denoted by (. , . ). As well as, 〈·,·〉 denotes the duality pairing 

between (𝐻1(𝜆))́   and 𝐻1(𝜆) where (𝐻1(𝜆))́  is the dual space of 𝐻1(𝜆) . A norm on (𝐻1(𝜆))́    
is given by: 

                              ‖𝜑(𝑡)‖(𝐻1(𝜆))́   =  sup
 ℶ≠0  

|〈𝜑,ℶ〉|

||ℶ||=1
 = sup

 ‖ℶ‖1=1  
||〈𝜑, ℶ〉||.                       (5) 

 

Let Y be a Banach space and (1 ≤  𝛿 ≤  ∞). Denote 𝐿𝛿(0, 𝑇; 𝑋) to be the Banach space of all 

measurable functions 𝜑(𝑡) ∶ [0, 𝑇] → 𝑌 such that 𝑡 →  ‖𝜑(𝑡)‖𝑌 is in 𝐿𝛿(0, 𝑇), with norm 

                ∥ 𝜑(𝑡) ∥𝐿𝜑(0,𝑇;𝑌) = (∫ |𝜑(𝑡)|𝑌
𝛿𝑇

0
𝑑𝑡)

1

𝛿
,                                                             (6) 

 

                          ∥ 𝜑(𝑡)(𝐿∞)(0,𝑇;𝑌) = 𝑒𝑠𝑠 sup
𝑡∈[𝑜,𝑇]

∥ 𝜑(𝑡) ∥𝑌.                                            (7) 

We also define 𝐿𝛿(𝜆𝑇) =  𝐿𝛿 (0, 𝑇; 𝐿𝛿(𝜆)) . Further, we define 𝐶([0, 𝑇]; 𝑌), the space of  

continuous functions from [0, 𝑇] into 𝑌 which consists 𝜑(𝑡) ∶  [0, 𝑇]  → 𝑌 such that as 𝜑(𝑡) →
 𝜑(𝑡0) in 𝑌 as 𝑡 →  𝑡0. Previously we had that 𝐶([0, 𝑇]): 𝑌) is a Banach space with the 

corresponding norm (see [14] p.43). 

                       ‖𝜑(𝑡)‖𝐶[0,𝑇];𝑌 = sup
𝑡∈[0,𝑇]

‖𝜑(𝑡)‖𝑌.                                                               (8) 
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Some of the Sobolev results one knows are:  

𝐻1(𝜆)  ↪ 𝐿𝛿(𝜆) ↪   (𝐻1(𝜆))́  holds for 𝛿 ∈ {

[1, ∞]            𝑖𝑓 𝑑 = 1,
[1, ∞)            𝑖𝑓 𝑑 = 2,
[1,6]               𝑖𝑓 𝑑 = 3,

               (9) 

 

where ↪ denotes the continuous embedding. Further, we have from the Rellich-Kondrachov 

theorem. ( [15]  p. 114 and [16]  p. 8),  that the embedding in (7) is compact with  𝛿 ∈
 [1,6] replaced by 𝛿 ∈ [1,6)  in the case d=3. The compact embedding will be denoted by the 

symbol 
𝑐
↪

  . 

     There is also a need for Hölders inequality: for 1 ≤  𝑎1𝑎2  ≤  ∞ such that  
1

𝑎1
+

1

𝑎2
= 1 

if 𝜙 ∈  𝐿𝑎1(𝜆) and 𝜒 ∈ 𝐿𝑎2(𝜆) then  𝜑𝜒 ∈  𝐿1(𝜆) and 

                                          ‖𝜑 𝜒‖0.1 ≤ ‖𝜑‖0,𝑎1
 ‖ 𝜒‖

0,𝑎2
.                          (10)  

 

The following inequality results from applying the above inequality twice 

                                     ‖𝜑𝜐𝜊‖0,1 ≤ ‖𝜑‖0,𝑎1
‖𝜐‖0,𝑎2

‖𝜊‖0,𝑎3
                                         (11) 

  for 1 ≤ 𝑎1 , 𝑎2 , 𝑎3 ≤ ∞ , such that 
1

𝑎1
+

1

𝑎2
+

1

𝑎3
= 1.  

    We shall frequently need the following simple version of Young's inequality 

                            𝜒1𝜒2  ≤  𝛼
𝛽1
𝛽2  

𝜒1
𝛽1

𝛽1
+ 𝛼−1 𝜒2

𝛽2

𝛽2
,         

1

𝛽1
+

1

𝛽2
= 1,                                (12) 

valid for any 𝜒1, 𝜒2 ≥ 0, 𝛼 > 0 and 𝛽1, 𝛽2 > 1. Additionally, Young’s inequality has 

the following are useful implications: 

                                        𝜒1𝜒2  ≤   −𝛼
𝜒1

2

2
+ 𝛼−1 𝜒2

2

2
,         ∀𝜒1, 𝜒2 ∈ ℝ, ∀𝛼 > 0.                   (13)       

 

We also require the following lemma: 

Lemma 2.1.  (Grönwall lemma):  let Ω(𝑡) ∈ 𝑊1.1(0, 𝑇) and 𝜃(𝑡), Υ(𝑡), Λ(t) ∈ 𝐿1(0, 𝑇) 

which are nonnegative functions.  It follows from  

        
𝑑Ω(𝑡)

𝑑𝑡
+ Υ(𝑡) ≤  Λ(𝑡)Ω(𝑡) + 𝜃(𝑡)  𝑎. 𝑒.  𝑡 ∈ [0, 𝑇]   (14) 

 

that 

               Ω(𝑇) + ∫ Υ
𝑇

0
(𝑇)𝑑𝑡 ≤ 𝑒Λ(𝑠)Ω(0) + 𝑒Λ(𝑠)   ∫ 𝜃(𝜄)𝑑𝜄,

𝑇

0
                                     (15) 

where Λ(𝑠) = ∫ Λ(𝜄)𝑑𝜄.
𝑇

0
 

 

3. Weak solutions 

We obtain the weak formulation of the system (1)-(4). 

Find p(.,t), q(.,t) ∈𝐻1(𝜆) such that p(.,0) = 𝑝0(.), q(.,0) = 𝑞0 (.), ∀$ ∈ 𝐻1(𝜆) and that is mean t 

∈ (0,T) 

(
𝜕𝑝

𝜕𝑡
, 𝜛) + (∇𝑝, ∇𝜛) + 𝛾 ∫

𝜕𝜆
 𝑝𝑘𝜛 𝑑𝐴 = ((1 − 𝜌2)𝑝, 𝜛) − ((𝓌1 − 𝓌2𝜌2)𝑞, 𝜛),           (16) 

 

       (
𝜕𝑞

𝜕𝑡
, 𝜛) + (∇𝑞, ∇𝜛) + 𝛾 ∫

𝜕𝜆
𝑞𝜛 𝑑𝐴 = ((𝓌1 − 𝓌2𝜌2)𝑝, 𝜛) + ((1 − 𝜌2)𝑞, 𝜛).       (17)              

 

Theorem 3.1.  Assume λ ⊂  ℝd  and p0(. ), q0(. ) ∈ L2(λ), then the system (1)-(4) has a unique 

solution {p,q} satisfying 

      𝑝(𝑥, 𝑡), 𝑞(𝑥, 𝑡) ∈  𝐿2(0, 𝑇; 𝐻1(𝜆)) ∩ 𝐿∞(0, 𝑇; 𝐿2(𝜆)) ∩ 𝐿4(𝜆𝑇) ∩ 𝐶([0, T]; L2(λ)),      (18)                   
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and the system (1)-(4) holds as equalities in 𝐿1(0, T;( 𝐻1(𝜆))́) and 𝐿2(0, T;( 𝐻1(𝜆))́), 

respectively. 

 

Proof: Four parts of the proof are presented in the following order:     

                            

3.1 Local existence of the approximations 

     This section will utilize the Faedo-Galerkin method [11,17]. Suppose that {𝑦𝑖}𝑖=1
∞  be an 

orthogonal basis for 𝐻1(𝜆) and an orthonormal basis for 𝐿2(λ). Suppose that the Robin 

eigenvalue problem: 

 

−∆𝑦𝑖 + 𝑦𝑖 =  𝜂𝑖𝑦𝑖  , in 𝜆,       
𝜕𝑦𝑖

𝜕𝜂
+ 𝛾𝑦𝑖 = 0  on   𝜕𝜆,                              (19) 

 

where  

1 ≤ 𝜂1 ≤ 𝜂2 ≤ 𝜂3 ≤ ⋯ ≤ 𝜂𝑘 ≤ ⋯with  

𝑙𝑖𝑚𝑖→∞𝜂𝑖 = ∞ .                                                                      (20) 

 

Corresponding eigenvalues are infinite. Such that (𝑦𝑖, 𝑦𝑗)𝐻1(𝜆) = 𝜂𝐼𝛿𝐼𝐽 and (𝑦𝑖, 𝑦𝑗)𝐿2(𝜆) = 𝛿𝑖𝑗 .  

Denote by Ψ𝐾  the finite-dimensional span in 𝐻1(𝜆) of {𝑦𝑖}𝑖=0
𝑘 . Setting the 𝐿2 projection onto 

Ψ𝑘  , 𝑃𝑘 ∶  𝐿2(𝜆) ⟼ Ψ𝐾 , by 𝑃𝑘  𝜐 = ∑ ( 𝜐, 𝑦𝑗)𝑦𝑗
𝑘
𝑖=1 , we also notice that 

(𝑃𝑘 𝜐, 𝜛𝑘) = (𝜐, 𝜛𝑘) for all  𝜛𝑘 ∈ 𝜓𝑘  .  A definition such as this makes sense for elements 

such as  𝐻1(𝜆) ⊂ 𝐿2(𝜆). 
 

 The problem (16)-(17) can be rephrased as follows: 

Find 𝑃𝐾(. , 𝑡), 𝑞𝑘(. ,0) ∈  Ψ𝑘 in this way 𝑝𝑘(. ,0) = 𝑝0
𝑘, 𝑞𝑘(. ,0) = 𝑞0

𝑘 and for almost every  𝑡 ∈
(0, 𝑇) for all 𝜛𝑘 ∈ Ψ𝑘 

(
𝜕𝑝𝑘

𝜕𝑡
, 𝜛𝑘) + (∇𝑝𝑘, ∇𝜛𝑘) + 𝛾 ∫

𝜕𝜆
 𝑝𝑘𝜛𝑘  𝑑 = ((1 − 𝜌2)𝑝𝑘, 𝜛𝑘) − ((𝓌1 − 𝓌2𝜌2)𝑞𝑘, 𝜛𝑘),  

(21) 

(
𝜕𝑞𝑘

𝜕𝑡
, 𝜛𝑘) + (∇𝑞𝑘, ∇𝜛𝑘) + 𝛾 ∫

𝜕𝜆
 𝑞𝑘𝜛𝑘  𝑑𝐴 = ((𝓌1 − 𝓌2𝜌2)𝑝𝑘, 𝜛𝑘) + ((1 −

𝜌2)𝑞𝑘, 𝜛𝑘)(22)                       

 

As a result, we write 𝑝𝑘, 𝑞𝑘 as a Galerkin form 

     𝑝𝑘(. , 𝑡) = ∑ 𝛼𝑖𝑘(𝑡)𝑦𝑖(. )𝑘
𝑖=1 , 𝑞𝑘(. , 𝑡) = ∑ 𝛽𝑖𝑘(𝑡)𝑦𝑖(. )𝑘

𝑖=1 ,                                        (23) 

where the 𝛼𝑖𝑘(t) and 𝛽𝑖𝑘(t) are to be determined, and set  𝜛𝑘 = 𝑦𝑗  for j = 1, ..., k. 

 

Lemma 3.1.1 For any p ∈ 𝐻1(𝜆) we have 

     (∇(Pkp), ∇ ϖk) = (∇p,∇ 𝜛𝑘)   ∀𝜛𝑘∈ ψ𝑘.                                                                        (24) 

By straightforwardly calculating this projection operator, the following properties can be 

demonstrated: 

   ‖∇Pkp‖
0
≤ ‖𝛻𝑝‖0         ∀p ∈ H1(λ) .                                                                                 (25) 

The following are the initial approximations: 

                       𝑝𝐾(. ,0) ∶= Pk 𝑝0
𝑘      𝑞𝐾(. ,0) ∶= Pk 𝑞0

𝑘 ,                                                        (26) 

when the following property is met: 

               {𝑝0
𝑘, 𝑞0

𝑘} ⟼ {𝑝0, 𝑞0} in L2(λ) as k ⟼ ∞.                                                             (27) 

Note that (21) and (22) can be formulated as an ODE system in 𝛼𝑖𝑘 (.) and 𝛽𝑖𝑘 (.). For this 

system of ODEs the equivalent composite form is then given by 
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𝑑𝑝𝑘

𝑑𝑡
=  Δ𝑝𝑘 + 𝑃𝑘𝑓1(𝑝𝑘, 𝑞𝑘),               𝑝𝐾(. ,0) ∶= Pk 𝑝0

𝑘 ,                  (28)   

                         
𝑑𝑞𝑘

𝑑𝑡
=  Δ𝑞𝑘 + 𝑃𝑘  𝑓2(𝑝𝑘, 𝑞𝑘),              𝑞𝐾(. ,0) ∶= Pk 𝑞0

𝑘 .                             (29) 

We must demonstrate that local Lipschitz nonlinearity is present in the system of ODEs. Those 

are the functions we handle 𝑓1 and 𝑓2 as follows 

                             |𝑓1 (𝑝1, 𝑞1) – 𝑓1 (𝑝2, 𝑞2)| + |𝑓2( 𝑝1, 𝑞1) – 𝑓2 (𝑝2, 𝑞2)|  

                       ≤ (1 + 𝑤1)| 𝑝1− 𝑝2| + (1 + 𝑤2)|𝑝1
3− 𝑝2

3| + (1 + 𝑤1)| 𝑞1− 𝑞2| 

                            + (1 + 𝑤2)|𝑞1
3− 𝑞2

3|+|𝑝2𝑞2
2 − 𝑝1𝑞1

2 − 𝑝1
2𝑞1 − 𝑝2

2𝑞2| 

            ≤ φ1| 𝑝1− 𝑝2| + φ2|𝑞1− 𝑞2| + φ3 (| 𝑝1− 𝑝2| + |𝑞1− 𝑞2|),                                            (30) 

 

where φ1 = 2 + 𝑤1+𝑤2+𝑝1
2 +𝑝1𝑝2 +𝑝2

2, φ2= 2 + 𝑤1+𝑤2+𝑞1
2 +𝑞1𝑞2 +𝑞2

2  and φ3 = −𝑝1𝑞1
2 +

𝑝2𝑞2
2 −  𝑝1

2𝑞1 −  𝑝2
2𝑞2 

Thus, based on Lipschitz and Picard’s theorem, 𝑓1 and 𝑓2 are locally Lipschitz ([18], p. 9), 

therefore, ODEs provide a unique solution {𝑝𝑘, 𝑞𝑘}on (0,𝑡𝑘). 

 

3.2 Global existence of the approximations 

    To prove the global existence of Galerkin approximations, we need independent k bounds 

on 𝑝𝑘 and 𝑞𝑘, in some spaces. Then, to show that the solution can exist by the Galerkin method, 

we do as follow: 

Estimate I: Setting 𝜛𝑘= 𝑝𝑘 in (21) and 𝜛𝑘= 𝑞𝑘 in (22), consequently, the equations resulting 

from this process are then summed, as a result 
1

2

𝑑

𝑑𝑡
‖𝑝𝑘‖0

2 +
1

2

𝑑

𝑑𝑡
‖𝑞𝑘‖0

2 + |𝑝𝑘|1
2 + |𝑞𝑘|1

2 +  𝛾‖𝑝𝑘‖
𝐿2(𝜕𝜆)
2 +  𝛾‖𝑞𝑘‖

𝐿2(𝜕𝜆)
2  

                     =  ∫ (1 − 𝜌2)(|
𝜆

𝑝𝑘|2 + | 𝑝𝑘|2) 𝑑𝑥  .                                                                 (31) 

By substituting 𝜌2= 𝑝2+ 𝑞2 on the right, we have that 

                   
1

2

𝑑

𝑑𝑡
‖𝑝𝑘‖0

2 +
1

2

𝑑

𝑑𝑡
‖𝑞𝑘‖0

2 + |𝑝𝑘|1
2 + |𝑞𝑘|1

2 + ‖ ρk‖
0,4

4
≤  ‖𝑝𝑘‖0

2 + ‖𝑞𝑘‖0
2.       (32) 

Application Lemma 2.1, hence we obtain 

𝑠𝑢𝑝
0≤𝑡≤𝑇

‖𝑝𝑘(𝑇)‖0
2  + 𝑠𝑢𝑝

0≤𝑡≤𝑇
‖𝑞𝑘(𝑇)‖0

2 + ‖𝑝𝑘‖
𝐿2(0,𝑇;𝐻1(𝜆))

2 + ‖𝑞𝑘‖
𝐿2(0,𝑇;𝐻1(𝜆))

2 + ‖ ρk‖
𝐿4(𝜆𝑇)

4
 

                      ≤  𝑒2𝑇[‖𝑝𝑘(0)‖0
2 +      ‖𝑞𝑘(0)‖0

2].                                                       (33)                                                     

 

     Since 𝑝0
𝑘, 𝑞0

𝑘 ∈  𝐿2(𝜆) we have 𝑝𝑘, 𝑞𝑘  ∈  𝐿∞(0, 𝑇; 𝐿2(𝜆)) ∩ 𝐿2(0, 𝑇; 𝐻1(𝜆)) ∩ 𝐿4(𝜆𝑇). 
 

Estimate II: From the Equation (31), and noting 𝜌2 = 𝑝2 + 𝑞2 , we obtain  

                                     
𝑑

𝑑𝑡
‖𝜌𝑘‖0

2 + 2‖∇𝜌𝑘‖0
2 + 2‖𝜌𝑘‖0,4

4 ≤ 2‖𝜌𝑘‖0
2.                           (34)                         

Application Lemma 2.1, we obtain  

   sup
0≤𝑡≤𝑇

‖𝑝𝑘(𝑇)‖0
2 + 2‖𝑝𝑘‖

 𝐿2(0,𝑇;𝐻1(𝜆))

2 + 2‖𝜌𝑘(𝑇)‖
𝐿4(𝜆𝑇)
4  ≤ 𝑒2𝐶𝑇[‖𝜌𝑘(0)‖0

2.            (35)           

Thus, we have 𝜌𝑘 ∈ 𝐿∞(0, 𝑇; 𝐿2(𝜆)) ∩  𝐿2(0, 𝑇; 𝐻1(𝜆)) ∩ 𝐿4(𝜆𝑇). 

 

 𝟑. 𝟑  Passage to the limit  

We will now apply Alaoglu's compactness theorem. [19 − 22], on the sequences of the 

function𝑠 {𝑝𝑘}𝑘=1
∞  and {𝑞𝑘}𝑘=1

∞  that are bounded uniformly, we determine convergent 

subsequences, put {𝑝𝑘}, {𝑞𝑘}, such as  

    {𝑝𝑘, 𝑞𝑘}  ⇀  {𝑝, 𝑞}  in  𝐿2(0, 𝑇; 𝐿2(𝜆)) ∩ 𝐿4(𝜆𝑇)  as  𝑘 → ∞,                                          (36)    

and  

               {𝑝𝑘, 𝑞𝑘}  ⇀∗ {𝑝, 𝑞}  in   𝐿∞(0, 𝑇; 𝐿2(𝜆))      as      𝑘 → ∞ ,                                  (37) 
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′ ⇀ ′ and ′ ⇀ ′ ∗ refer to weak and wea𝑘∗ Convergence, as a consequence. 

A Composite Galerkin approximation is performed in the first step; we demonstrate passage to 

the limit of the terms (28). We will have similar arguments to those in (29). Let 𝑃𝑘𝑓1(𝑝𝑘, 𝑞𝑘), 
this can be easily demonstrated  

           |𝑓1(𝑝𝑘, 𝑞𝑘)| ≤ 𝐶(|𝑝𝑘|4 + |𝑞𝑘|4 + |𝑝𝑘|3 + |𝑞𝑘|3 + |𝑝𝑘|2+|𝑞𝑘|2 + |𝑝𝑘| + |𝑞𝑘|)    (38)               

Thus, we find   

 

∫ ∫|𝑓(𝑝𝑘, 𝑞𝑘)|𝑑𝑥𝑑𝑡 ≤
𝜆

𝑇

0

 

                  𝐶 ∫ ∫ (|𝑝𝑘|4 + |𝑞𝑘|4 + |𝑝𝑘|3 + |𝑞𝑘|3 + |𝑝𝑘|2+|𝑞𝑘|2 + |𝑝𝑘| + |𝑞𝑘|)𝑑𝑥𝑑𝑡.
𝜆

𝑇

0
   (39) 

From the bounds in (33), and 𝐿4(𝜆𝑇)  ↪  𝐿3(𝜆𝑇), 𝐿4(𝜆𝑇) ↪ 𝐿2(𝜆𝑇) and 𝐿4(𝜆𝑇) ↪  𝐿1(𝜆𝑇) we 

have that 𝑓1(𝑝𝑘, 𝑞𝑘) ∈ 𝐿1(𝜆𝑇), from weak compactness arguments, there exists some 𝜏 ∈
𝐿1(𝜆𝑇) then  

 

        𝑓1(𝑝𝑘, 𝑞𝑘)  ⇀ 𝜏 in 𝐿1(𝜆𝑇)     as, 𝑘 → ∞.                                                       (40) 

 

We also prove that 𝑃𝑘𝑓1(𝑝𝑘, 𝑞𝑘) converges weakly to 𝜏 in 𝐿1(𝜆𝑇). Let us define 𝒩𝑘 ∶= 𝐼 −
𝑃𝑘 , which represents the projection orthogonal to 𝑃𝑘 . Let's recall this (𝑃𝑘𝜐, 𝜏𝑘)𝜓 =

 (𝜐, 𝜌𝑘)𝜓  ∀𝜏𝑘   ∈   𝜓𝑘 , 𝜐 ∈ 𝐻1(𝜆) , holds ‖𝑃𝑘𝜐 − 𝜐‖1 ≤  ‖𝜐 − 𝜏𝑘‖1  ∀𝜏𝑘    ∈   𝜓𝑘 , 𝜐 ∈ 𝐻1(𝜆).  

Such as 𝜓𝑘 is dense in 𝐻1(𝜆), there are 𝑃𝑘𝑝 ⟶ 𝑝 in 𝐻1(𝜆), ∀ 𝑝 ∈ 𝐻1(𝜆), 𝑖. 𝑒. 𝒩𝑘𝑝 ⟶ 0 in 

𝐻1(𝜆) as 

 𝑘 ⟶ ∞. In addition, there are 𝐻1(𝜆) ↪ 𝐿∞(𝜆) therefore, 𝒩𝑘𝑝 ⟶ 0 in 𝐿∞(𝜆)  ∀ 𝑝 ∈ 𝐻1(𝜆). 

The consideration of any function 𝜃 ∈ 𝐿∞(𝜆𝑇), then utilizing (9) and the orthogonality of 𝒩𝑘, 

thus  

|∫ (𝑃𝑘𝑓1(𝑝𝑘, 𝑞𝑘) − 𝜏, 𝜃)𝑑𝑡
𝑇

0

| = |∫ [(𝑓1(𝑝𝑘, 𝑞𝑘) − 𝜏, 𝜃) − (𝑓1(𝑝𝑘, 𝑞𝑘), 𝒩𝑘𝜃)𝑑𝑡]
𝑇

0

| 

                  ≤  |∫ (𝑓1(𝑝𝑘 , 𝑞𝑘) − 𝜏, 𝜃)𝑑𝑡
𝑇

0
| + ∫ ‖𝑓1(𝑝𝑘, 𝑞𝑘)‖0,1‖𝒩𝑘𝜃‖0,∞𝑑𝑡 ⟶ 0

𝑇

0
   as  𝑘 → ∞. 

By noting the strong convergence of 𝒩𝑘𝜃 to 0 in 𝐿∞(𝜆) and (40), we arrive at: 

                                    𝑃𝑘𝑓1(𝑝𝑘, 𝑞𝑘) ⇀  𝜏 in 𝐿1(𝜆𝑇)  as 𝑘 → ∞.                                      (41) 

 

Similarly, we have  

      |𝑓2(𝑝𝑘, 𝑞𝑘)| ≤ 𝐶(|𝑝𝑘|4 + |𝑞𝑘|4 + |𝑝𝑘|3 + |𝑞𝑘|3 + |𝑝𝑘|2+|𝑞𝑘|2 + |𝑝𝑘| + |𝑞𝑘|),  (42)                

Then, it follows that.  

∫ ∫|𝑓2(𝑝𝑘, 𝑞𝑘)|𝑑𝑥𝑑𝑡
𝜆

𝑇

0

 

           ≤ 𝐶 ∫ ∫ (|𝑝𝑘|4 + |𝑞𝑘|4 + |𝑝𝑘|3 + |𝑞𝑘|3 + |𝑝𝑘|2+|𝑞𝑘|2 + |𝑝𝑘| + |𝑞𝑘|)𝑑𝑥𝑑𝑡
𝜆

𝑇

0
.      (43)                          

 

      Noting the bounds (33), and the injection 𝐿4(𝜆𝑇) ↪ 𝐿3(𝜆𝑇), 𝐿4(𝜆𝑇) ↪ 𝐿2(𝜆𝑇) And 

𝐿4(𝜆𝑇) ↪ 𝐿1(𝜆𝑇) this led to 𝑓2(𝑝𝑘, 𝑞𝑘) is uniformly bounded in 𝐿1(𝜆𝑇)and therefore, from 

weak compactness arguments, there exists 𝜗 ∈ 𝐿1(𝜆𝑇) such that  

 

                                 𝑓2(𝑝𝑘, 𝑞𝑘) ⇀ 𝜗 ∈ 𝐿1(𝜆𝑇)    as 𝑘 → ∞.                                           (44) 

       In our study, we also demonstrate. 𝑃𝑘𝑓2(𝑝𝑘, 𝑞𝑘) converges weakly to 𝜗 in 𝐿1(𝜆𝑇). We 

have 𝑃𝑘𝑞 ⟶ 0 ∈ 𝐻1(𝜆) as 𝑘 → ∞. Furthermore, it is a consequence of injection. 𝐻1(𝜆) ↪
𝐿1(𝜆𝑇) that 𝑃𝑘𝑞 ⟶ 0 ∈ 𝐿∞(𝜆) . ∀𝑞∈ 𝐿∞(𝜆) . Let 𝜃 ∈ 𝐿∞(𝜆𝑇), then by utilizing (9) and  𝒩𝑘Its 

orthogonality, we get  
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|∫ (𝑃𝑘𝑓2(𝑝𝑘, 𝑞𝑘) − 𝜗, 𝜃)𝑑𝑡
𝑇

0

| ≤ |∫ (𝑓2(𝑝𝑘, 𝑞𝑘)) − 𝜗, 𝜃)𝑑𝑡
𝑇

0

| + |∫ (𝑓2(𝑝𝑘, 𝑞𝑘), 𝜃)𝑑𝑡
𝑇

0

| 

                    ≤ |∫ (𝑓2(𝑝𝑘 , 𝑞𝑘) − 𝜗, 𝜃)𝑑𝑡
𝑇

0
| +  ∫ ‖𝑓2(𝑝𝑘, 𝑞𝑘)‖0,1‖𝒩𝑘𝜃‖0,∞

𝑇

0
𝑑𝑡 ⟶ 0  as  𝑘 →

∞. 
Thus, it follows 

                               𝑃𝑘𝑓2(𝑝𝑘, 𝑞𝑘) ⇀  𝜗 in 𝐿1(𝜆𝑇)     as 𝑘 → ∞.                                          (45) 

 

      It is worth noting ∆𝑝𝑘  ∈ 𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
) and 𝑃𝑘𝑓1(𝑝𝑘, 𝑞𝑘) ∈ 𝐿1(𝜆𝑇) it follows from  

(28) that 

 
𝑑𝑝𝑘

𝑑𝑡
∈ 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
) ∩ 𝐿1(𝜆𝑇) and from weak compactness arguments  

𝑑𝑝𝑘

𝑑𝑡
 tends weakly to some 𝜃̇ in 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
) + 𝐿1(𝜆𝑇).  As a result of the weak 

convergence′its uniqueness, we can calculate 𝜃̇ =
𝑑𝑝

𝑑𝑡
, that means, 

                    
𝑑𝑝𝑘

𝑑𝑡
⇀

𝑑𝑝

𝑑𝑡
 in 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
) + 𝐿1(𝜆𝑇)      as 𝑘 → ∞.                               (46) 

 

     Now, refer to(36) that {𝑝𝑘} ⇀ {𝑝} in 𝐿2(0, 𝑇; 𝐻1(𝜆)) with dual space 𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
). 

Now set a random choice. 𝜃(𝑡) ∈ 𝐶0
∞(0, 𝑇; (𝐻1(𝜆)).  Integrating by parts and by 𝑝𝑘 ⇀ 𝑝 

in 𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
) yields 

∫ (
𝑑𝑝𝑘

𝑑𝑡
, 𝜃) 𝑑𝑡

𝑇

0

= − ∫ (𝑝𝑘,
𝑑𝜃

𝑑𝑡
) 𝑑𝑡

𝑇

0

+ 𝛾 ∫
𝜕𝑝𝑘

𝑑𝑡
|𝜃𝑘|2𝑑𝐴 →

𝜕𝜆

 

                                            − ∫ (𝑝,
𝑑𝜃

𝑑𝑡
) 𝑑𝑡 +

𝑇

0
𝛾 ∫ |𝜃𝑘|2𝑑𝐴 =  ∫ (

𝑑𝑝

𝑑𝑡
, 𝜃) 𝑑𝑡

𝑇

0𝜕𝜆
, 

after noting 
𝑑𝜃

𝑑𝑡
∈ 𝐶0

∞(0, 𝑇; (𝐻1(𝜆)).  From the weak convergence of 
𝑑𝑝𝑘

𝑑𝑡
 to 𝜛̇ in 

𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
), 

we have  

                                                            ∫ (
𝑑𝑝𝑘

𝑑𝑡
, 𝜃) 𝑑𝑡

𝑇

0
⟶ ∫ (𝜛̇, 𝜃)𝑑𝑡

𝑇

0
, 

We have therefore, weak limits are unique. 
𝑑𝑝

𝑑𝑡
= 𝜛̇, that is mean,

𝑑𝑝𝑘

𝑑𝑡
⇀

𝑑𝑝

𝑑𝑡
∈

𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
)  as 𝑘 → ∞. 

Now, as 𝑝𝑘 ⇀ 𝑝 ∈ 𝐿2(0, 𝑇; (𝐻1(𝜆))  (see[20], p. 204) and ∆𝑝𝑘 ⇀ ∆𝑝 ∈ 𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
).   

 

      Therefore, the passage to the limit on every term in 𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
).  We derive 𝜏 =

𝑓1(𝑝, 𝑞) 

 in (40) with the help of a few classical theorems.  By the Lions-Aubin theorem [11] we have  

                               𝑊 = {𝜛: 𝜛 ∈ 𝐿2(0, 𝑇; (𝐻1(𝜆));
𝑑𝜂

𝑑𝑡
∈ 𝐿2 (0, 𝑇 (𝐻1(𝜆))

′
)}

𝑐
↪

𝐿2(𝜆𝑇). 

We have 𝑝𝑘 ∈ 𝑊 Subsequences can be extracted, denoted still 𝑝𝑘 , such that 𝑝𝑘 → 𝑝 in  

𝐿2(𝜆𝑇), thus 𝑝𝑘 → 𝑝 pointwise in 𝜆𝑇 . As 𝑓1 is locally Lipschitz in 𝜆𝑇 by continuity, we can 

conclude that  

𝑓1(𝑝𝑘, 𝑞𝑘) → 𝑓1(𝑝, 𝑞) (pointwise) almost everywhere in 𝜆𝑇 . We now apply Lemma 1.3 of 

Lions [11], and then we get  

                                             𝑓1(𝑝𝑘, 𝑞𝑘) → 𝑓1(𝑝, 𝑞) ∈ 𝐿1(𝜆𝑇),                                          (47) 
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because weak limits are unique, we can deduce 𝜏 = 𝑓1(𝑝, 𝑞), as required. Similarly, to show 
𝑑𝑞𝑘

𝑑𝑡
⇀

𝑑𝑞𝑘

𝑑𝑡
 in 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
) + 𝐿1(𝜆𝑇), 𝑓2(𝑝𝑘, 𝑞𝑘) ⇀ 𝑓2(𝑝, 𝑞) ∈ 𝐿1(𝜆𝑇)and ∆𝑞𝑘 ⇀ ∆𝑞 ∈

𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
). So, we have reached the' limits of  (29) in 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
). 

Lastly, it remains to prove 𝑝, 𝑞 ∈ 𝐶([0, 𝑇]; 𝐿2(𝜆))  [18].   We have shown 𝑝, 𝑞 ∈

𝐿2(0, 𝑇; (𝐻1(𝜆)) ∩ 𝐿4(𝜆𝑇) and 
𝑑𝑝

𝑑𝑡
,

𝑑𝑞

𝑑𝑡
∈ 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
) +𝐿1(𝜆𝑇). Since 

𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
)  

and 𝐿2 (0, 𝑇; (𝐻1(𝜆))
′
) +𝐿1(𝜆𝑇) are the dual spaces of 𝐿2(0, 𝑇; (𝐻1(𝜆)) and 

𝐿2(0, 𝑇; (𝐻1(𝜆)) ∩ 𝐿∞(𝜆𝑇), respectively, then we deduce that 𝑝, 𝑞 ∈ 𝐶([0, 𝑇]; 𝐿2(𝜆)).  
          

Estimate III: Let χ ∈ 𝐿4(0, 𝑇; 𝐻1(𝜆))  in (16), and noting the bounds (36) and  (37), 

𝐿4(0, 𝑇; (𝐻1(𝜆)) ↪ 𝐿2(0, 𝑇; 𝐻1(𝜆)), 𝐿4(0, 𝑇; 𝐻1(𝜆)) ↪ 𝐿4(𝜆𝑇) ↪ 𝐿2(𝜆𝑇), 

 and trace embedding theorems 𝐻1(𝜆) ↪ 𝐿2(𝜕𝜆)  (see[21], p. 257 − 261), we have that  

|∫ ∫
𝑑𝑝𝑘

𝑑𝑡𝜆

𝑇

0

 χ dxdt| ≤ 𝐶 [‖𝑝𝑘‖
𝐿2(0,𝑇;𝐻1(𝜆))

‖𝜒‖
𝐿2(0,𝑇;𝐻1(𝜆))

 

+‖𝑝𝑘‖
𝐿2(0,𝑇;𝐿4(𝜆))

‖𝑝𝑘‖𝐿4(𝜆𝜏)‖χ‖𝐿4(𝜆𝜏)‖𝑝𝑘‖
𝐿2(0,𝑇;𝐿4(𝜆))

‖𝑞𝑘‖𝐿4(𝜆𝜏)‖𝜒‖𝐿4(𝜆𝜏) 

                      +‖𝑝𝑘‖𝐿2(𝜆𝜏)‖𝜒‖𝐿2(𝜆𝜏)] ≤ 𝐶‖𝜒‖
𝐿4(0,𝑇;𝐻1(𝜆))

,                                         (48) 

  and thus, we have 
𝑑𝑝𝑘

𝑑𝑡
∈ 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
) ⊂  𝐿1 (0, 𝑇; (𝐻1(𝜆))

′
). Since we have 

                     𝑊𝓏 = {𝓏: 𝓏 ∈ 𝐿2(0, 𝑇; 𝐻1(𝜆)); 
𝑑𝓏𝑘

𝑑𝑡
∈ 𝐿1 (0, 𝑇; (𝐻1(𝜆))

′
)}

𝑐
↪

 𝐿2(0, 𝑇; 𝐿≀(𝜆)), 

and this implies to 𝑝𝑘  ∈  𝑊𝓏  therefore, we can find a subsequence {𝑝𝑘} such that {𝑝𝑘} → {𝑝} 

in  

𝐿2 (0, 𝑇; 𝐿𝜁(𝜆)), satisfies for  

 

                                            

                                                    ≀ ∈ 
 

 

 

Similar to this idea, let χ ∈ 𝐿4(0, 𝑇; 𝐻1(𝜆)) in (17), after noting the bounds (36) and (37), 

𝐿2(0, 𝑇; 𝐻1(𝜆)) ↪ 𝐿2(𝜆𝑇), we can show that 
𝑑𝑞𝑘

𝑑𝑡
∈ 𝐿2 (0, 𝑇; (𝐻1(𝜆))

′
) ⊂  𝐿1 (0, 𝑇; (𝐻1(𝜆))

′
) 

and since we have 𝑞𝑘  ∈  𝑊𝓏 it follows that  {𝑞𝑘} → {𝑞} in 𝐿2(0, 𝑇; 𝐿≀(𝜆)). This leads to  𝑝, 𝑞 ∈

 𝐿2(0, 𝑇; 𝐿≀(𝜆)), 
𝑑𝑝

𝑑𝑡
,

𝑑𝑞

𝑑𝑡
∈ 𝐿1 (0, 𝑇; (𝐻1(𝜆))

′
).                   

                       

𝟑. 𝟒    Uniqueness 

In order to prove uniqueness (as done [23 − 26]), Suppose that there are two solutions to the 

weak from (16) and (17) which are 𝑝1, 𝑝2 and 𝑞1, 𝑞2 respectively, with initial conditions 

𝑝1(. ,0) =  𝑝1,0(. ) 𝑝2(. ,0) =  𝑝2,0(. ), and 𝑞1(. ,0) =  𝑞1,0(. ) 𝑞2(. ,0) =  𝑞2,0(. ), respectively.  

Setting 𝜓1 = 𝑝1 − 𝑝2 and 𝜓2 = 𝑞1 − 𝑞2, and setting  𝜛 = 𝜓1, 𝜛 = 𝜓2 in (16) and (17), and 

by subtracting the results, we get: 
1

2

𝑑

𝑑𝑡
‖𝜓1‖0

2 +
1

2

𝑑

𝑑𝑡
‖𝜓2‖0

2 + |𝜓1|1
2 + |𝜓2|1

2 + 𝛾‖𝜓1‖
𝐿2(𝜕𝜆)
2 + 𝛾‖𝜓2‖

𝐿2(𝜕𝜆)
2  

=  (𝑝1 − 𝑝1𝜌1
2 − 𝑝2 + 𝑝2𝜌2

2, 𝜓1) − (𝓌1𝑞1 − 𝓌2𝜌1
2𝑞1 + 𝓌1𝑞2 − 𝓌2𝜌2

2𝑞2, 𝜓1) 

[2, ∞]            𝑖𝑓 𝑑 = 1, 
[2, ∞)            𝑖𝑓 𝑑 = 2, 
[2,6]               𝑖𝑓 𝑑 = 3. 
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              +(𝓌1𝑝1 − 𝓌2𝜌1
2𝑝1−𝓌1𝑝2 + 𝓌2𝜌2

2𝑝2, 𝜓2) + (𝑞1 − 𝑞1𝜌1
2 − 𝑞2 + 𝑞2𝜌2

2, 𝜓2).    (49)                       

 

Applying (9) and (12) on first to last terms on the right-side yields that  

(𝑝1 − 𝑝1𝜌1
2 − 𝑝2 + 𝑝2𝜌2

2, 𝜓1) ≤ ‖𝜓1‖0
2 − (‖𝑝1‖0,∞‖𝜌1‖0,4‖𝜓1‖0) 

                                  ≤ ‖𝜓1‖0
2 + 𝐶‖𝜓1‖0

2[‖𝑝1‖0,∞
2 + ‖𝜌1‖0,4

2 ].                                  (50)                             

 

In the same manner on the second terms, we have that  

−(𝓌1𝑞1 − 𝓌2𝜌1
2𝑞1 + 𝓌1𝑞2 − 𝓌2𝜌2

2𝑞2, 𝜓1) 

                                  ≤ −𝓌1‖𝜓1‖0‖𝜓2‖0 +‖𝜓1‖0
2[‖𝑞1‖0,∞

2 + ‖𝜌1‖0,4
2 ].                   (51)                              

Similarly,     

(𝓌1𝑝1 − 𝓌2𝜌1
2𝑝1 − 𝓌1𝑝2 + 𝓌2𝜌2

2𝑝2, 𝜓2) ≤ 𝓌1‖𝜓1‖0‖𝜓2‖0 

                     +𝓌2‖𝜓2‖0
2[‖𝑝1‖0,∞

2 + ‖𝜌1‖0,4
2 + ‖𝑝2‖0,∞

2 + ‖𝜌2‖0,4
2 ].                              (52)                               

Furthermore, it follows from (9) and (12) that  

(𝑞1 − 𝑞1𝜌1
2 − 𝑞2 + 𝑞2𝜌2

2, 𝜓2) ≤ ‖𝜓2‖0
2 + ‖𝜌1‖0,4‖𝑞1‖0,∞‖𝜓2‖0 + ‖𝜌2‖0,4‖𝑞2‖0,∞‖𝜓2‖0 

               ≤ ‖𝜓2‖0
2 + 𝐶‖𝜓2‖0

2[‖𝜌1‖0,4
2 + ‖𝜌2‖0,4

2 + ‖𝑞1‖0,∞
2 + ‖𝑞2‖0,∞

2 ].                 (53)                              

       By substituting the results (50)-(53) in (49), multiplying the results by 2, after  

ignoring the left-hand side's last four terms, we arrive at  
𝑑

𝑑𝑡
‖𝜓1‖0

2 +
𝑑

𝑑𝑡
‖𝜓2‖0

2 ≤ 𝐶[1 +‖𝜌1‖0,∞
2 + ‖𝜌2‖0,∞

2 + ‖𝑝1‖0,∞
2  

                                    +‖𝑞1‖0,∞
2 + ‖𝑝2‖0,∞

2 + ‖𝑞2‖0,∞
2 ][‖𝜓1‖0

2 + ‖𝜓2‖0
2].             (54)                              

       Applied Lemma 2.1, gives 

‖𝜓1‖0
2 + ‖𝜓2‖0

2 ≤ exp[𝐶 ∫ (1 +
𝑇

0

‖𝜌1‖0,∞
2 + ‖𝜌2‖0,∞

2 + ‖𝑝1‖0,∞
2  

                +‖𝑞1‖0,∞
2 + ‖𝑝2‖0,∞

2 + ‖𝑞2‖0,∞
2 )𝑑𝑡](‖𝜓1(0)‖0

2 + ‖𝜓2(0)‖0
2).                    (55)                            

 

From Estimate I, Estimate II and 𝐿∞(0, 𝑇; (𝐻1(𝜆)) ↪ 𝐿2(0, 𝑇; (𝐿∞(𝜆)). Therefore,  

                                            ‖𝜓1‖0
2 + ‖𝜓2‖0

2 ≤ 𝐶(‖𝜓1(0)‖0
2 + ‖𝜓2(0)‖0

2).                  (56)                             

 

    Thus if (𝑝1(0), 𝑞1(0)) = (𝑝2(0), 𝑞2(0)) hence we deduce uniqueness (𝑝1(𝑡) = 𝑝2(𝑡) and 

𝑞1(𝑡) = 𝑞2(𝑡)) for all 𝑡. However, if (𝑝1(0), 𝑞1(0)) ≠  (𝑝2(0), 𝑞2(0)), as a result, continuous 

dependence in 𝐿2(𝜆). 
 

4. Higher regularity 

Theorem 4.1. Assume that p0, q0 ∈ H1(λ), then the system  (H) possesses a unique 

solution {p, q} satisfying 

𝑝(𝑥, 𝑡), 𝑞(𝑥, 𝑡) ∈ 𝐿2(0, 𝑇; 𝐻2(𝜆)) ∩ 𝐿∞(0, 𝑇; 𝐿4(𝜆)) 

                            ∩ 𝐿∞(0, 𝑇; 𝐻1(𝜆)) ∩ 𝐿6(𝜆𝑇) ∩ 𝐶([0, 𝑇]; 𝐻1(𝜆)),                   (57)                        

                                                     
𝜕𝑝(𝑥,𝑡)

𝜕𝑡
,

𝜕𝑞(𝑥,𝑡)

𝜕𝑡
 ∈   𝐿2(𝜆𝑇)                                            (58)                         

and the system (H) assume equality L2(λT). Moreover, the (𝑝0(. ), 𝑞0(. )), ⟼

(𝑝(. , 𝑡; 𝑝0, 𝑞0), 𝑞(. , 𝑡; 𝑝0, 𝑞0))  

is continuous in 𝐻2(𝜆) 

Proof: We can achieve further regularity results by using more a priori estimates to obtain the 

existence and uniqueness of strong solutions. 
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4.1 Existence 

Estimate IV: Set 𝜛𝑘 = (𝑝𝑘)3, 𝜛𝑘 = (𝑞𝑘)3 in the weak from (21) − (22) the results, when 

combined, yield 
1

4

𝑑

𝑑𝑡
‖𝑝𝑘‖0,4

4 +
1

4

𝑑

𝑑𝑡
‖𝑞𝑘‖0,4

4 + 3‖𝑝𝑘∇𝑞𝑘‖0
2 + 3‖𝑞𝑘∇𝑝𝑘‖0

2 

+ 𝛾‖𝑝𝑘‖
𝐿4(𝜕𝜆)
4 +  𝛾‖𝑝𝑘‖

𝐿4(𝜕𝜆)
4 + ‖𝑝𝑘‖0,6

6 + ‖𝑞𝑘‖0,6
6 = ‖𝑝𝑘‖0,4

4 + ‖𝑞𝑘‖0,4
4  

                                       +(𝓌1 − 𝓌2𝜌2), 𝑝𝑘(𝑞𝑘)3) − ((𝓌1−𝓌2𝜌2), 𝑞𝑘(𝑝𝑘)3).            (59)

   

     Using Young's inequality with 𝛼 =  1,  and setting  𝛽1 = 4 and 𝛽2 =
4

3
,  on the third and last, 

on the right, we get 

(𝓌1𝓌2𝜌2), 𝑝𝑘(𝑞𝑘)3) − ((𝓌1𝓌2𝜌2), 𝑞𝑘(𝑝𝑘)3) ≤
𝓌1

4
 ∫|

𝜆

𝑝𝑘| 𝑑𝑥 

+
3𝓌1

4
 ∫|

𝜆

𝑞𝑘|4𝑑𝑥 +
𝓌1

4
∫|𝑞𝑘|4

𝜆

𝑑𝑥 +
3𝓌1

4
∫|

𝜆

𝑝𝑘|4 𝑑𝑥 +
𝓌2

4
∫|

𝜆

𝑝𝑘|4 𝑑𝑥 

                 +
3𝓌2

4
∫ |𝜌|

8

3|
𝜆

𝑞𝑘|4𝑑𝑥 +
𝓌2

4
∫ |𝑞𝑘|4

𝜆
𝑑𝑥 +

3𝓌2

4
∫ |𝜌|

8

3|
𝜆

𝑝𝑘|4𝑑𝑥.                        (60)                

 

By subtracting the Equation (60) in (59) and multiplying the result by 4, gives 
𝑑

𝑑𝑡
‖𝑝𝑘‖0,4

4 +
𝑑

𝑑𝑡
‖𝑞𝑘‖0,4

4 + 12‖𝑝𝑘∇𝑝𝑘‖0
2 + 12‖𝑞𝑘∇𝑞𝑘‖0

2 + 4𝛾‖𝑝𝑘‖
𝐿4(𝜕𝜆)
4 + 4𝛾‖𝑝𝑘‖

𝐿4(𝜕𝜆)
4 +

4‖𝑝𝑘‖0,6
6 + 4‖𝑞𝑘‖0,6

6 ≤ ( 4 + 𝓌1 + 𝓌2 + 3𝓌3 + 3𝓌2 ‖𝜌‖
𝐿

8
3(𝜆)

8

3 ) [‖𝑝𝑘‖0,4
4 + ‖𝑞𝑘‖0,4

4 ]                                               

(61) 

noting the injection of 𝐿4 in to 𝐿
8

3 and integration over time (0, 𝑇) 

‖𝑝𝑘(𝑇)‖0,4
4 + ‖𝑞𝑘(𝑇)‖0,4

4 + 12‖𝑝𝑘∇𝑝𝑘‖
𝐿2(𝜆Τ)
2 + 12‖𝑞𝑘∇𝑞𝑘‖

𝐿2(𝜆Τ)
2  

+4𝛾‖𝑝𝑘‖
𝐿4(𝜕𝜆Τ)
4 + 4𝛾‖𝑝𝑘‖

𝐿4(𝜕𝜆Τ)
4 + 4𝛾‖𝑝𝑘‖

𝐿6(𝜆Τ)
6 + 4𝛾‖𝑞𝑘‖

𝐿6(𝜆Τ)
6    

≤ exp[𝑇(4 + 𝓌1 + 𝓌2 + 3𝓌1 + 3𝓌2‖𝜌‖
𝐿4(𝜆𝑇)
4 )] [‖𝑝𝑘(0)‖0,4

4 + ‖𝑞𝑘(0)‖0,4
4 ].             (62) 

 

Recalling 𝑝0, 𝑞0 ∈ 𝐻1(𝜆), and Estimate II., we have 𝑝𝑘 , 𝑞𝑘is uniformly bounded in 

𝐿∞(0, 𝑇; 𝐿4(𝜆)) ∩ 𝐿6(𝜆𝑇). 

      Estimate V: Choosing 𝜛𝑘 = −∆𝑝𝑘, 𝜛𝑘 = −∆𝑞𝑘in the weak forms (21) and (22), 

respectively, integrating by parts leads to 
1

2

𝑑

𝑑𝑡
‖∇𝑝𝑘‖0

2 +
1

2

𝑑

𝑑𝑡
‖∇𝑞𝑘‖0

2 + ‖∆𝑝𝑘‖0
2 + ‖∆𝑞𝑘‖0

2 + 𝛾‖𝑝𝑘‖
𝐿2(𝜕Τ)
2  

+𝛾‖𝑞𝑘‖
𝐿2(𝜕Τ)
2 = −((1 − 𝜌2)𝑝𝑘 , ∆𝑝𝑘) − ((1 − 𝜌2)𝑞𝑘 , ∆𝑞𝑘) 

                            +((𝓌1−𝓌2𝜌2)𝑞𝑘 , ∆𝑝𝑘) − ((𝓌1−𝓌2𝜌2)𝑝𝑘 , ∆𝑞𝑘)                              (63) 

Next, by integration by parts, and utilizing 

Hölders inequality, and noting the injection of H1(λ) then using Young's inequality with 

α = 2, and setting β1 = β2 = 2, we arrive at the following inequality:            

                         −((1 − 𝜌2)𝑝𝑘 , ∆𝑝𝑘) ≤  ‖∆𝑝𝑘‖0
2 + 𝛾‖𝑝𝑘‖

𝐿2(𝜕𝛵)
2 + ‖𝜌𝑘‖0,8

2 ‖𝑝𝑘‖0,4‖∆𝑝𝑘‖0    

                                  ≤ ‖𝛻𝑝𝑘‖0
2  + 𝛾‖𝑝𝑘‖

𝐿2(𝜕𝛵)
2 + ‖𝜌𝑘‖1

2‖𝑝𝑘‖0,4‖∆𝑝𝑘‖0  

                           ≤ ‖𝛻𝑝𝑘‖0
2  + 𝛾‖𝑝𝑘‖

𝐿2(𝜕𝛵)
2 + ‖𝜌𝑘‖1

4 ‖𝑝𝑘‖0,4
2 +

1

4
‖∆𝑝𝑘‖0

2,                         (64)                      

similarly, we get 

−((1 − 𝜌2)𝑞𝑘 , ∆𝑞𝑘) ≤  ‖𝛻𝑞𝑘‖0
2 + 𝛾‖𝑞𝑘‖

𝐿2(𝜕𝛵)
2 + ‖𝜌𝑘‖0,8

2 ‖𝑞𝑘‖0,4‖∆𝑞𝑘‖0 

≤ ‖𝛻𝑞𝑘‖0
2  + 𝛾‖𝑞𝑘‖

𝐿2(𝜕𝛵)
2 + ‖𝜌𝑘‖1

2‖𝑞𝑘‖0,4‖∆𝑞𝑘‖0 
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                     ≤ ‖𝛻𝑞𝑘‖0
2  + 𝛾‖𝑞𝑘‖

𝐿2(𝜕𝛵)
2 + ‖𝜌𝑘‖1

4‖𝑞𝑘‖0,4
2 +

1

4
‖∆qk‖

0

2
,                               (65)   

the same applies, we have that 

((𝓌1 − 𝓌2𝜌𝑘)𝑝𝑘, ∆𝑞𝑘)

≤ 𝓌1(𝛻𝑝𝑘, 𝛻𝑞𝑘) + 𝓌1𝛾 ∫ |𝑝𝑘𝑞𝑘|
𝜕𝜆

𝑑𝐴 + 𝓌2‖𝜌𝑘‖0,6
3 ‖𝑞𝑘‖0,6‖∆𝑝𝑘‖0 

≤  −𝓌1(𝛻𝑝𝑘, 𝛻𝑞𝑘) + 𝓌1𝛾 ∫ |𝑝𝑘𝑞𝑘|
𝜕𝜆

𝑑𝐴 + 𝓌2
2‖𝜌𝑘‖0,6

6 ‖𝑞𝑘‖0,6
2 +

1

4
‖∆𝑞𝑘‖0

2,                  

(66) 

                      

also, it follows that  

−((𝓌1 − 𝓌2𝜌2)𝑝𝑘, ∆𝑞𝑘) ≤ 𝓌1(𝛻𝑝𝑘 , 𝛻𝑞𝑘) − 𝓌1𝛾 ∫ |𝑝𝑘𝑞𝑘|
𝜕𝜆

𝑑𝐴 

+𝓌2‖𝜌𝑘‖0,6
3 ‖𝑞𝑘‖0,6‖∆𝑝𝑘‖0 ≤  −𝓌1(𝛻𝑝𝑘, 𝛻𝑞𝑘) −  𝓌1𝛾 ∫ |𝑝𝑘𝑞𝑘|

𝜕𝜆

𝑑𝐴 

                          +𝓌2
2‖𝜌𝑘‖0,6

6 ‖𝑞𝑘‖0,6
2 +

1

4
‖∆𝑞𝑘‖0

2.                                                              (67) 

 

By subtracting the results (64)-(67) in (63), and multiplying the result by 2, we get  
𝑑

𝑑𝑡
‖𝛻𝑝𝑘‖0

2 +
𝑑

𝑑𝑡
‖𝛻𝑞𝑘‖0

2 + 2‖∆𝑝𝑘‖0
2 + 2‖∆𝑞𝑘‖0

2 ≤ 2‖𝛻𝑝𝑘‖0
2 + 2‖𝛻𝑞𝑘‖0

2 

                 +2(1 + 𝓌2
2)‖𝜌𝑘‖0,6

6 [‖𝑝𝑘‖0,6
2 + ‖𝑞𝑘‖0,6

2 ].                                                         (68) 

Next, application Grönwall lemma, hence we obtain  

‖𝛻𝑝𝑘(𝑇)‖0
2 + ‖𝛻𝑞𝑘(𝑇)‖0

2 + ∫ ‖∆𝑝𝑘‖0
2𝑑𝑡

𝑇

0
+ ∫ ‖∆𝑞𝑘‖0

2𝑑𝑡
𝑇

0
≤ 𝑒𝑥𝑝(2𝑇) [‖𝛻𝑝𝑘(0)‖0

2 +

‖𝛻𝑞𝑘(𝑇)‖0
2] +  𝑒𝑥𝑝 [2𝑇(1 + 𝓌2

2)] ∫ ‖𝜌𝑘‖0,6
6  

𝑇

0
[‖𝑝𝑘‖0,6

2 + ‖𝑞𝑘‖0,6
2 ]𝑑𝑡.                             (69) 

From Estimate I, Estimate II, and continuous injections 𝐿2(0, 𝑇; 𝐻1(𝜆)) ↪

 𝐿2(0, 𝑇; 𝐻1(𝜆)),  so we conclude that the right side of (29) is bounded. We conclude  𝑝𝑘, 𝑞𝑘 ∈

 𝐿∞(0, 𝑇; 𝐻1(𝜆)).  We now recall that 𝐿1(0, 𝑇; 𝐻1(𝜆)), as the pre-dual of 𝐿∞(0, 𝑇; 𝐻1(𝜆)), is a 

separable bound in (69) that 

       {𝑝𝑘, 𝑞𝑘} ⇀∗  {𝑝, 𝑞}    𝑖𝑛    𝐿∞(0, 𝑇; 𝐻1(𝜆)).                                                                   (70)  

 

Then, we have {𝑝, 𝑞}  ∈ 𝐿∞(0, 𝑇; 𝐻1(𝜆)). We apply some well-known elliptic regularity results 

to bounded, convex, open domains. In particular, we apply the elliptic regularity result for 

Robin boundary problems as stated in Grisvard (1985, Theorem 2.11), [23]. To ensure the 

validity of this result, we assume that the boundary ∂λ is of class C¹. Under this smoothness 

condition, the weak solutions obtained can be shown to belong to H²(λ), thereby satisfying 

higher regularity properties [23, 27]. From the eigenvalue Equations  (19) and (20) and we have 

for fixed finite 𝑘 that 𝑦𝑖 ∈  𝐻2(𝜆), and hence 𝑝𝑘(. . 𝑡), 𝑞𝑘(. . 𝑡) ∈ 𝐿2(𝜆) (see [13] p. 149 −
151), we have ‖𝑝𝑘‖2 ≤ 𝐶‖∆𝑝𝑘‖0, for  𝐶 > 0.  We deduce, then, using the third and fourth 

bounds in (68), that 𝑝𝑘, 𝑞𝑘 ∈ 𝐿2(0, 𝑇; 𝐻2(𝜆)). Since 𝐿2(0, 𝑇; 𝐻2(𝜆)) is a reflexive Banach 

space (see [17] p. 40), thus compactness arguments (see [18]  p. 289), imply the existence of 

subsequences{𝑝𝑘, 𝑞𝑘} ∈ 𝐿2(0, 𝑇; 𝐻2(𝜆)) that satisfy 

            {𝑝𝑘, 𝑞𝑘} ⇀  {𝑝, 𝑞}      in      𝐿2(0, 𝑇; 𝐻2(𝜆)).                                                          (71)  

Thus, we arrive at{𝑝, 𝑞}  ∈  𝐿2(0, 𝑇; 𝐻2(𝜆)). Furthermore, since 
𝜕𝑝

𝜕𝑣
+ 𝛾𝑝 = 0  and 

𝜕𝑝

𝜕𝑣
+ 𝛾𝑝 =

0 on 𝜕𝜆 [28]. Indeed, using the weak convergence of  {𝑝𝑘, 𝑞𝑘} ⟶ {𝑝, 𝑞} in 𝐻2(𝜆),  that  
𝜕𝑝

𝜕𝑣
+

𝛾𝑝 = 0  and 
𝜕𝑝

𝜕𝑣
+ 𝛾𝑞 = 0  on 𝐿2(𝜕𝜆).  
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Estimate  VI: Set 𝜛𝑘 =  
𝜕𝑝𝑘

𝜕𝑡
,  𝜛𝑘 =

𝜕𝑞𝑘

𝜕𝑡
 in the weak form (21)-(22) the results, when 

combined, yield 

‖
𝜕𝑝𝑘

𝜕𝑡
‖

0

2

+ ‖
𝜕𝑝𝑘

𝜕𝑡
‖

0

2

+
1

2

𝑑

𝑑𝑡
‖∇𝑝𝑘‖0

2 +
1

2

𝑑

𝑑𝑡
‖∇𝑞𝑘‖0

2 +
𝛾

2

𝑑

𝑑𝑡
‖𝑝𝑘‖

𝐿2(𝜕𝜆)
2 +

𝛾

2

𝑑

𝑑𝑡
‖𝑞𝑘‖

𝐿2(𝜕𝜆)
2 =

 ((1 − 𝜌2)𝑝𝑘,
𝜕𝑝𝑘

𝜕𝑡
) + ((1 − 𝜌2)𝑞𝑘,

𝜕𝑞𝑘

𝜕𝑡
) − ((𝓌1 − 𝓌2𝜌2)𝑞𝑘,

𝜕𝑝𝑘

𝜕𝑡
 ) + ((𝓌1 −

𝓌2𝜌2)𝑝𝑘,
𝜕𝑞𝑘

𝜕𝑡
).              (72)  

  

Using H𝑜̈lders inequality on the first and second right-hand side, we have that  

((1 − 𝜌2)𝑝𝑘,
𝜕𝑝𝑘

𝜕𝑡
) ≤

1

2

𝑑

𝑑𝑡
‖𝑝𝑘‖0

2 +
1

2
‖𝑝𝑘‖1

2‖𝜌‖0,4
2 ,                                                              (73) 

 ((1 − 𝜌2)𝑞𝑘,
𝜕𝑞𝑘

𝜕𝑡
) ≤

1

2

𝑑

𝑑𝑡
‖𝑞𝑘‖0

2 +
1

2
‖𝑞𝑘‖1

2‖𝜌‖0,4
2 .                                                              (74) 

 

       Now, using Hölder’s inequality, and noting the injection of 𝐻1(𝜆) into 𝐿8(𝜆) then Young's 

inequality with 𝛼 = 2 and setting 𝛽1 = 𝛽2 = 2, on the third and last the right-hand side, we get 

− ((𝓌1 − 𝓌2𝜌2)𝑞𝑘,
𝜕𝑝𝑘

𝜕𝑡
 ) ≤ 𝓌1‖𝑞𝑘‖0 ‖

𝜕𝑝𝑘

𝜕𝑡
‖

0

− 𝓌2‖ρ‖0,8
2 ‖𝑞𝑘‖0,4 + ‖

𝜕𝑝𝑘

𝜕𝑡
‖

0

 

                  ≤  𝓌1
2‖𝑞𝑘‖0

2 +
1

4
‖

𝜕𝑝𝑘

𝜕𝑡
‖

0

2

+ 𝓌2
2‖ρ‖1

4‖𝑞𝑘‖0,4
2 +

1

4
 ‖

𝜕𝑝𝑘

𝜕𝑡
‖

0

2

,                              (75) 

((𝓌1 − 𝓌2𝜌2)𝑝𝑘,
𝜕𝑞𝑘

𝜕𝑡
 ) ≤ 𝓌1‖𝑝𝑘‖0 ‖

𝜕𝑞𝑘

𝜕𝑡
‖

0

− 𝓌2‖ρ‖0,8
2 ‖𝑝𝑘‖0,4 + ‖

𝜕𝑞𝑘

𝜕𝑡
‖

0

 

            ≤  𝓌1
2‖𝑝𝑘‖0

2 +
1

4
‖

𝜕𝑞𝑘

𝜕𝑡
‖

0

2

+ 𝓌2
2‖ρ‖1

4‖𝑝𝑘‖0,4
2 +

1

4
 ‖

𝜕𝑝𝑘

𝜕𝑡
‖

0

2

.                                     (76) 

By subtracting the results (73)-(76) in (72) and multiplying the result by 2, gives 

‖
𝜕𝑝𝑘

𝜕𝑡
‖

0

2

+ ‖
𝜕𝑞𝑘

𝜕𝑡
‖

0

2

+
𝑑

𝑑𝑡
‖∇𝑝𝑘‖0

2 + 𝛾
𝑑

𝑑𝑡
‖∇𝑞𝑘‖0

2 + 𝛾
𝑑

𝑑𝑡
‖𝑞𝑘‖

𝐿2(𝜕𝜆)
2  

≤  
𝑑

𝑑𝑡
‖𝑝𝑘‖0

2 +
𝑑

𝑑𝑡
‖𝑞𝑘‖0

2 + ‖𝑝𝑘‖1
2‖ρ‖0,4

2 + ‖𝑞𝑘‖1
2‖ρ‖0,4

2 + 2𝓌1
2‖𝑝𝑘‖0

2 + 2𝓌1
2‖𝑞𝑘‖0

2 

              +2𝓌2
2‖ρ‖1

4‖𝑞𝑘‖0,4
2 + 2𝓌1

2‖ρ‖1
4‖𝑝𝑘‖0,4

2  .                                                             (77)  

 

       Integrating over time (0, 𝑇) and by substituting 𝜌2 = 𝑝2 + 𝑞2 in the right-hand side and 

noting that 

  𝐿4(𝜆) ↪  𝐿2(𝜆), leads to 

∫ ‖
𝜕𝑝𝑘

𝜕𝑡
‖

0

2

𝑑𝑡 +
𝑇

0

∫ ‖
𝜕𝑞𝑘

𝜕𝑡
‖

0

2

𝑑𝑡 +  ‖∇𝑝𝑘(𝑇)‖0
2 +  ‖∇𝑞𝑘(𝑇)‖0

2
𝑇

0

+ 𝛾‖𝑞𝑘‖
𝐿2(𝜕𝜆)
2  

+𝛾‖𝑞𝑘(𝑇)‖
𝐿2(𝜕𝜆)
2 +  ‖𝜌𝑘(0)‖0

2 ≤ ‖𝜌𝑘(𝑇)‖0
2 + ∫  ‖𝜌𝑘‖0,4

2
𝑇

0

[ ‖𝜌𝑘‖1
2 +𝓌2

2‖ρ‖1
4 + 2𝓌1

2]𝑑𝑡 

          ‖∇𝑝𝑘(0)‖0
2 +  ‖∇𝑞𝑘(0)‖0

2 + 𝛾‖𝑞𝑘(0)‖
𝐿2(𝜕𝜆)
2                                                      (78) 

Using Hölders inequality on second term in (78) on the right-hand side, leads to 
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∫ ‖
𝜕𝑝𝑘

𝜕𝑡
‖

0

2

𝑑𝑡 +
𝑇

0

∫ ‖
𝜕𝑞𝑘

𝜕𝑡
‖

0

2

𝑑𝑡 +  ‖∇𝑝𝑘(𝑇)‖0
2 +  ‖∇𝑞𝑘(𝑇)‖0

2
𝑇

0

≤ ‖𝜌𝑘(𝑇)‖0
2 

+ (∫ ‖𝜌𝑘‖0,4
4

𝑇

0

𝑑𝑡)

1
2

(∫ ‖𝜌𝑘‖1
4

𝑇

0

𝑑𝑡)

1
2

+ 𝓌2
2 (∫ ‖𝜌𝑘‖0,4

4
𝑇

0

𝑑𝑡)

1
2

(∫ ‖𝜌𝑘‖1
8

𝑇

0

𝑑𝑡)

1
2

 

+ 𝓌1
2 (∫ ‖𝜌𝑘‖0,4

4𝑇

0
𝑑𝑡)

1

2
+  ‖∇𝑝𝑘(0)‖0

2+ ‖∇𝑞𝑘(0)‖0
2 + 𝛾‖𝑝𝑘(0)‖

𝐿2(𝜕𝜆)
2 +𝛾‖𝑞𝑘‖

𝐿2(𝜕𝜆)
2 .                  

(79) 

 

     Now, on noting (79), and from bounds in Estimate I and Estimate II, therefore, the right-

hand side of (78) is bounded by a positive constant. As a result, 
𝜕𝑝𝑘

𝜕𝑡
 , 

𝜕𝑝𝑘 

𝜕𝑡
  ∈  𝐿2(𝜆𝑇).  As 𝐿2(𝜆𝑇) 

is a reflexive Banach space, as a result of compactness arguments, we conclude the existence 

of subsequences {𝑝𝑘, 𝑞𝑘} ∈ 𝐿2(𝜆𝑇) such that  

                      {
𝜕𝑝𝑘

𝜕𝑡
,

𝜕𝑞𝑘

𝜕𝑡
} ⇀ {

𝜕𝑝

𝜕𝑡
,

𝜕𝑞

𝜕𝑡
}     in   𝐿2(𝜆𝑇),                                                          (80) 

we have that 
𝜕𝑝

𝜕𝑡
,

𝜕𝑞

𝜕𝑡
 ∈  𝐿2(𝜆𝑇) and also in 𝐿∞(0, 𝑇; 𝐻1(𝜆)). 

 

Lemma 4.1.1 For some  𝜍 ≥ 0, suppose that 𝑝 ∈ 𝐿2(0, 𝑇; 𝐻𝜍+1(𝜆)),
𝜕𝜌

𝜕𝑡
 ∈ 𝐿2(0, 𝑇; 𝐻1(𝜆)). It 

follows that 𝑝 ∈ 𝐶([0, 𝑇]; 𝐻1(𝜆)), ([12] p. 191_194). Here, in our case, 𝜍 = 1,

𝐻𝜍+1(𝜆)= 𝐻2(𝜆), 𝐻𝜍(𝜆)=𝐻1(𝜆), 𝐻𝑘−1(𝜆)=𝐿2(𝜆). Therefore, from Lemma 4.1.1, we have that 

𝑝, 𝑞 ∈ 𝐶([0, 𝑇]; 𝐻1(𝜆)). This completes the proof of Theorem 4.1.   

 

5. Numerical Simulation 

5.1 One Dimension 

     The numerical simulation was conducted in one dimension with 𝜆 = [0, 𝐿], for 0 ≤ 𝑡 ≤ 𝑇 

with mesh points 𝑥𝑗 = 𝑗ℎ, 𝑗 = 0, . . . , 𝐽 where ℎ = 𝐿/𝐽. The solution to the differential equation 

was calculated in the interval 𝜆 = [0, 𝐿] = [0,1] with ℎ = 0.5, as well as the adoption of 𝐽 =
10, if 𝛾 = 0, then the system with Neumann boundary conditions, and if 𝛾 = 1,  the system 

with Robin boundary conditions [29]. Here, we adopt the following examples:  

  

Example 5.1.1 We will investigate the numerical solutions of (7)-(8) with the following initial 

conditions:  

𝑝(𝑥, 0) = 1 + 0.5𝑥,                    𝑞(𝑥, 0) = 0.5.  (81) 

 

       For 𝑤1 = −5, 𝑤2 = 1, and Δ𝑡 = 0.0001, the numerical solution was calculated. Figure 1 

and 2 shows the numerical solution for the time level 𝑇 = 10. These figures show that the 

solutions have a positive property and do not produce any negative values. It was established 

in [22] that the system is attracted to the equilibrium point (𝑞∗, 𝑝∗). If 𝛾 = 0, then we have 

Neumann boundary conditions; however, if 𝛾 = 1, then we have Robin boundary conditions. 

The solutions not only maintain positive but also converge to the system’s equilibrium point. 
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(a) Mesh graph of 𝑝.           (b) Mesh graph of 𝑞.   (c) Combined plot of 𝑝 and 𝑞, of Example 

5.1.1, when 𝑥 = 1. 

Figure 1: Graphs for 𝑝 and 𝑞 at 𝑤1 = −5, 𝑤2 = 1, 𝛾 = 0, and Δ𝑡 = 0.0001. 

 
(a) Mesh graph of 𝑝.           (b) Mesh graph of 𝑞. (c) Combined plot of 𝑝 and 𝑞, of Example 

5.1.1, when 𝑥 = 1. 

Figure 2: Graphs for 𝑝 and 𝑞 at 𝑤1 = −5, 𝑤2 = 1, 𝛾 = 1, and Δ𝑡 = 0.0001. 

 

Example 5.1.2 The second example adopted the following initial conditions:  

 𝑝(𝑥, 0) = 0.01,                    𝑞(𝑥, 0) = 0. (82) 

 The constants that are used to calculate the numerical solutions were as follows: 𝑤1 = 3, 𝑤2 =
2, and Δ𝑡 = 0.0001. Figure 3 and 4 show the numerical solution for this example at a time 

level 𝑇 = 10. It has been proven in [22] that the system’s equilibrium point (𝑞∗, 𝑝∗) is stable 

 
(a) Mesh graph of 𝑝.      (b) Mesh graph of 𝑞. (c) Combined plot of 𝑝 and 𝑞, of Example 5.1.2, 

when 𝑥 = 1. 

Figure 3: Graphs for 𝑝 and 𝑞 at 𝑤1 = 3, 𝑤2 = 2, 𝛾 = 0, and Δ𝑡 = 0.0001. 

 

 
(a) Mesh graph of 𝑝.   (b) Mesh graph of 𝑞. (c) Combined plot of 𝑝 and 𝑞, of Example 5.1.2, 

when 𝑥 = 1. 

Figure 4: Graphs for 𝑝 and 𝑞 at 𝑤1 = 3, 𝑤2 = 2, 𝛾 = 1, and Δ𝑡 = 0.0001. 
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5.2 Two-Dimensional 

    We used 𝜆 = [0, 𝐿] × [0, 𝐿] and a square uniform mesh with vertices (𝑥𝑖, 𝑦𝑗) = (𝑖ℎ, 𝑗ℎ), 

where 𝑖, 𝑗 = 0, . . . , 𝐽. Note ℎ = 𝐿/𝐽, the same space step was used in both directions of 𝑥 and 

𝑦. A ’right-angled’ triangulation was used, in which each square is divided by a diagonal 

running from the top-right corner to the bottom-left corner [30]. The ’natural way’ is utilised 

to order the nodes. From left to right, the nodes were numbered starting with the bottom row. 

Example 5.2.1 In this example, the parameters are chosen such that 𝑇 = 5, 𝑤1 = −5, 𝑤2 =
1, 𝛾 = 1 , and the problem is solved over the domain 𝜆 = [0,1] × [0,1] with ℎ = 0.05, Δ𝑡 =
0.001 and 𝐽 = 100. The initial conditions are:  

 𝑝(𝑥, 𝑦, 0) = 1 + 0.5𝑥,        𝑞(𝑥, 𝑦, 0) = 0.5. (83) 

The numerical solutions of 𝑝 and 𝑞, for the time level 𝑇 = 5, are shown in Figures 5 and 6. 

 
(a) solution of 𝑝 at 𝑇 = 1  (b) solution of 𝑞 at 𝑇 = 1 (c) solution of 𝑝 at 𝑇 = 3   (d) solution 

of 𝑞 at 𝑇 = 3 

 
(e) solution of 𝑝 at 𝑇 = 5   (f) solution of 𝑞 at 𝑇 = 5(g)solution of 𝑝 at 𝑥 = 0.3, 𝑦 = 0.3  

(h)solution of 𝑞 at 𝑥 = 0.3, 𝑦 = 0.3 

Figure 5: Numerical solution of 𝑝 , of Example 5.2.1, at 𝑤1 = −5, 𝑤2 = 1, 𝛾 = 0 

 
(a) solution of 𝑝 at 𝑇 = 1   (b) solution of 𝑞 at 𝑇 = 1 (c) solution of 𝑝 at 𝑇 = 3    (d) solution 

of 𝑞 at 𝑇 = 3 

(e) solution of 𝑝 at 𝑇 = 5     (f) solution of 𝑞 at 

𝑇 = 5 (g)solution of 𝑝 at 𝑥 = 0.3, 𝑦 = 0.3  (h)solution of 𝑞 at 𝑥 = 0.3, 𝑦 = 0.3 

Figure 6: Numerical solution of 𝑞 , of Example 5.2.1, at 𝑤1 = −5, 𝑤2 = 1, 𝛾 = 1. 
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Example 5.2.2 In this example, the parameters are chosen such that 𝑇 = 5, 𝑤1 = 𝑤2 = 1, 𝛾 =
0 , and the problem is solved over the domain 𝜆 = [0,1] × [0,1] with ℎ = 0.01, Δ𝑡 = 0.001 

and 𝐽 = 100. The initial conditions are: 

 𝑝(𝑥, 𝑦, 0) = 𝑒𝑥𝑝(1 + 0.5𝑦2),        𝑞(𝑥, 𝑦, 0) = 𝑒𝑥𝑝(1 + 0.5𝑥2). (84) 

The numerical solutions of 𝑝 and 𝑞, for the time level 𝑇 = 5, are shown in Figures 7 and 8.  

 

 
(a) solution of 𝑝 at 𝑇 = 1 (b) solution of 𝑞 at 𝑇 = 1 (c) solution of 𝑝 at 𝑇 = 3     (d) solution of 

𝑞 at 𝑇 = 3 

 

 (e) solution of 𝑝 at 𝑇 = 5    (f) solution of 𝑞 at 𝑇 = 5  (g)solution of 𝑝 at 𝑥 = 0.3, 𝑦 = 0.3   

(h)solution of 𝑞 at 𝑥 = 0.3, 𝑦 = 0.3 

Figure 7: Numerical solution of 𝑝 , of Example 5.2.2, at 𝑤1 = 𝑤2 = 1, 𝛾 = 0. 

 
(a) solution of 𝑝 at 𝑇 = 1 (b) solution of 𝑞 at 𝑇 = 1 (c) solution of 𝑝 at 𝑇 = 3   (d) solution of 

𝑞 at 𝑇 = 3 

 

 
 

(e) solution of 𝑝 at 𝑇 = 5   (f) solution of 𝑞 at 𝑇 =
5  (g) solution of 𝑝 at 𝑥 = 0.3, 𝑦 = 0.3  (h)solution of 𝑞 at 𝑥 = 0.3, 𝑦 = 0.3 

Figure 8: Numerical solution of 𝑞 , of Example 5.2.2, at 𝑤1 = 𝑤2 = 1, 𝛾 = 1. 
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6. Conclusions 

     In this study, we investigated a nonlinear predator-prey system under Robin boundary 

conditions within a convex bounded domain. By employing the Faedo-Galerkin approach 

alongside compactness arguments, we rigorously established the existence and uniqueness of 

both weak and strong solutions. Furthermore, higher regularity the solutions was demonstrated, 

and continuous dependence on initial data was confirmed. Through careful construction of 

approximations and detailed energy estimates, we converted the infinite-dimensional problem 

into a finite-dimensional one, facilitating both theoretical analysis and practical computation.  

To validate and illustrate the theoretical results, numerical simulations in one and two spatial 

dimensions were performed. These simulations confirmed the theoretical predictions and 

revealed the dynamic patterns and stability behavior of the system.  These results contribute 

significantly to the mathematical understanding of reaction-diffusion systems with nonlinear 

interactions and complex boundary behavior, laying the groundwork for future research in 

related fields, such as chemical kinetics, biological pattern formation, and ecological modeling. 
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