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Abstract.

A convex open boundary domain was used to define the predator-prey equations.
This was then mathematically analysed using Robin boundary conditions. Using the
Faedo-Galerkin methodology and compactness arguments, we demonstrate the
existence of strong and weak solutions and their uniqueness. The solution findings
exhibit a higher level of regularity. We construct a more regular model based on the
initial data. Furthermore, we can demonstrate continuous dependence on initial
conditions. To complement the theoretical results, numerical simulations were also
conducted, confirming the validity of the model and illustrating the dynamic
behaviour of the predator-prey system under Robin boundary conditions.
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1. Introduction

Mathematics is a key tool in various scientific fields, aiding in analysis and application. It
is used to retrieve time-wise coefficients in the heat equation [1], solve fuzzy stochastic
ordinary differential equations with existence and uniqueness theorems [2], and find numerical
solutions for singular ordinary differential equations using Wang-Ball polynomials [2,3].
Managing chemical reactions of systems under real conditions can be challenging.
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Additionally, while the reaction is in progress, the concentrations of several initial and final
products are monitored in the process [4], this is one of the most important, as explained by
Nicolis and Prigogine [5]. A cubic nonlinearity must be considered in the rate equations [6].
The predator-prey model [7] is the name given to this model. Using this model in chemical
kinetics is useful for studying cooperative processes. Robin boundary conditions naturally arise
in models where the boundary exhibits partial permeability or exchange proportional to the
internal state variable. For example, in ecological systems, a Robin-type flux can represent a
habitat with partial refuge where species interact with the environment at a rate depending on
their density at the boundary. Similarly, in chemical engineering, these conditions model
reactors with semi-permeable membranes, where substance exchange depends on
concentration differences across boundaries. In contrast, Dirichlet conditions assume fixed
concentrations or populations at the boundary, which may not reflect real scenarios with
dynamic inflow and outflow. Neumann conditions enforce zero-flux or constant-flux
constraints, potentially oversimplifying boundary interactions. Robin conditions offer a more
flexible and realistic framework by interpolating between these extremes, making them
particularly suitable for modeling coupled reaction—diffusion systems in biological and
chemical contexts.

To produce ozone, atomic oxygen has to undergo a triple collision with ozone, followed by
a trimolecular reaction. In addition to enzymatic reactions, plasma and laser physics have
numerous couplings of specific modes.

The purpose of this paper is to study a predator-prey system having two coupled parts,
reaction-diffusion equations with Robin boundary conditions [6]:

d ,
7= o+ i), in2r, (1)
0 ,
5= b+ L9, inAr, 2)
0 7]
—+yp=0, —+yq=0, on dAr, 3)
p(.,0) =pg, q(.,0) =0, inA, 4)

where p2 = p? + g%, and A1y = 2 x (0,T), A is an open, bounded, convex domain in R% (d=1, 2,
3), with 94

of class C?, dA; = dA X (0,T), v denotes the exterior unit normal f;(p,q) = (1 — p*)p —
(w1 — w2p*)q, f(p,@) = (w1 —wzp*)p + (1 —p*)g and w;, w, and y are positive
constants. We assume two solutions for proving uniqueness. In addition to its relevance to
chemical kinetics and thermodynamics, the coupled nonlinear system described above can be
found in pattern formation; see [8]. Several recent studies have included analyzing this system
theoretically or numerically. The system also contains several important applications [9,10].

The novelty of this work lies in the rigorous analytical treatment of a coupled nonlinear
predator—prey system under Robin boundary conditions, which has not been addressed in this
exact context in previous literature. While recent studies such as Al-Juaifri and Harfash [10],
focused on reaction—diffusion systems with Robin boundaries. Our contribution advances the
field by establishing higher regularity results, precise a priori energy bounds, and continuous
dependence on initial data within a Faedo—Galerkin framework. Moreover, our approach
integrates both theoretical analysis and practical numerical insight, extending the finite element
methodology to nonlinear ecological models with complex boundary interactions.
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This study discusses boundary value problems of type Robin using spectral theory. We
begin by using the Faedo-Galerkin approach [11] as well as the Alaoglu compactness argument
[12]. The weak solution for the problem (H) is shown to exist and to be unique. In this work,
truncated eigenfunction expansions are used so that infinite-dimensional dynamical systems
can be converted to finite-dimensional ones. It is then demonstrated that the solutions in the
finite weak form of the predator-prey system are local and unique in finite time based on
Picard’s existence argument. In L?(A), we also infer existence, uniqueness, and continuous
dependence on the initial conditions. The results of these studies can be used to obtain an
estimation of energy based on the Alaoglu compactness theorem. Additionally, we use
Grisvard’s methods to find regularity for the Robin boundary value problem [13]. In HX(A) we
establish the existence, uniqueness, and continuous dependence of higher regularity on the
initial conditions. It is possible to produce these results by estimating the regularity of the initial
conditions with a lower degree of regularity.

We begin with basic terminology and concepts in Section 2. An investigation of the weak
form of the predator-prey system is presented in Section 3. It presents a description of the
important findings of this section, which reveals that the predator-prey reaction-diffusion
system has a unique weak solution. For weak formulations, weak solutions are established
locally and globally in Sections 3.1, 3.2, and 3.3. Galerkin approximations are utilized to pass
to the limit. Uniqueness and continuation of a solution are established in Section 3.4. We infer
more regularity findings for the weak from additional estimates in Section 4, which leads to
results for strong solutions. We provide a regularity argument for the elliptic boundary value
problem with Robin boundary conditions in Section 4.1. Finally, numerical experiments in
one and two space dimensions are undertaken in Section 5.

2. Auxiliary Results

In this paper, we adopt the standard notation for Sobolev spaces, denoting the norm of
W), €N,5 € [1,] by |l.|l,s and semi-norm by].|, 5. For& =2, W"2(2) will be
denoted by H!(A) with norm ||.||; and semi-norm |.|; and ifl = 0, the L?>(A) inner product
over A with norm ||. ||, = |. | is denoted by (.,.). As well as, (:,) denotes the duality pairing
between (H*(1)) and H(1) where (H'(1)) is the dual space of H'(1) . A norm on (H*(1))
1s given by:

2
t ¢ = su — = su , DL 5
le®lones = supigizy = sup e 5)

Let Y be a Banach space and (1 < § < o). Denote L°(0, T; X) to be the Banach space of all
measurable functions ¢(t) : [0,T] — Y such that t — |l@(t)|ly is in L (0, T), with norm
1

. 1
Il o(®) lpory = (fo lp(®)17 dt>8' (6)
Il () yorv) = ess sup Il @(t) lly. (7

telo,T]

We also define L3(A;) = L9 (O, T; L‘s(/l)).Further,we define C([0,T];Y), the space of

continuous functions from [0, T] into Y which consists ¢(t) : [0,T] — Y such thatas ¢(t) —
@(ty) in Y as t — ty. Previously we had that C([0,T]):Y)is a Banach space with the
corresponding norm (see [14] p.43).

”(p(t)”C[O,T];Y = sup |le(®)]ly. (8)
te[o,T]
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Some of the Sobolev results one knows are:

[1, 0] ifd=1,
H'(1) o L) < (HY(A) holds for § €4 [1, ) ifd=2, 9)
[1,6] ifd =3,

where < denotes the continuous embedding. Further, we have from the Rellich-Kondrachov
theorem. ( [15] p. 114 and [16] p. 8), that the embedding in (7) is compact with § €
[1,6] replaced by § € [1,6) in the case d=3. The compact embedding will be denoted by the

symbol : .
There is also a need for Holders inequality: for 1 < aja, < oo such that ail + aiz =1
ifp € L% (1) and y € L% (A) then ¢y € L'(A) and
| xllox < {|@lloa, Il Xl (10)

The following inequality results from applying the above inequality twice
||§0U0||0,1 < ||§0||0,a1||U||o,a2||0||0,a3 (1D

1 1 1
forl <a;,a,,a; <o ,suchthat—+—+—=1.
a az as

We shall frequently need the following simple version of Young's inequality

B1 PB1 B2
5, X1 -1 X2 1 1
< qfz & S | 12
XXz = ar ﬁ1+a Bz’ B1 B2 ’ (12)

valid for any y4, ¥, = 0,a > 0 and 5, f; > 1. Additionally, Young’s inequality has
the following are useful implications:

2 2
XXz < —a% + a‘l)%, Vi, X2 € R,Va > 0. (13)

We also require the following lemma:
Lemma 2.1. (Gronwall lemma): let Q(t) € W11(0,T) and 6(t), Y(¢t), A(t) € L1(0,T)
which are nonnegative functions. It follows from

L0 1y < A +6() ae. t €[0,T] (14)
that

QT) + [ Y (T)dt < eA00(0) + &2 [T6()ds, (15)
where A(s) = fOT A()dL.

3. Weak solutions

We obtain the weak formulation of the system (1)-(4).

Find p(.,t), q(.,t) €H(A) such that p(.,0) = py(.), q(.,0) = qo (.), ¥$ € H1 (1) and that is mean t
€ (0,T)

9
(a—lz, zU) +(Vp, V) +v [, p*wdA = (1 - pP)p, @) — ((w, — wop*)gq, @),  (16)

(%,w) +(Vq, V@) +y [ ,,q0 dA = ((wy —w,pP)p, @) + (1 - pPg@).  (17)

Theorem 3.1. Assume A € RY and py(.),qo(.) € L?(Q), then the system (1)-(4) has a unique
solution {p,q} satisfying
p(x, ), qCx,t) € L2(0,T; H* (D)) n L2(0,T; L*(D) N L*Ap) n C([0, THL* (), (18)
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and the system (1)-(4) holds as equalities in L'(0, T;( H'(1))) and L?(0, T;( H'(A))),
respectively.

Proof: Four parts of the proof are presented in the following order:

3.1 Local existence of the approximations

This section will utilize the Faedo-Galerkin method [11,17]. Suppose that {yi};2; be an
orthogonal basis for H*(1) and an orthonormal basis for L?(A). Suppose that the Robin
eigenvalue problem:

. ay;

—Ay;+yi = nyi, in4, %+ yy; =0 on 04, (19)
where

lim;_,eom; = 0. (20)

Corresponding eigenvalues are infinite. Such that (y;, yj)y1a) = 161y and (i, ¥j) 122y = 6ij-
Denote by WX the finite-dimensional span in H'(1) of {y;}¥_,. Setting the L? projection onto
Pk pk:12(2) — WK, by P¥ v = 3 (v, ¥y, we also notice that
(P* v, w*) = (v, @) for all @* € P¥. A definition such as this makes sense for elements
such as H1(1) c L2(A).

The problem (16)-(17) can be rephrased as follows:
Find PX(.,t), q*(.,0) € W¥ in this way p*(.,0) = p&, ¢*(.,0) = ¥ and for almost every t €
(0, T) for all w® € Wk
F) k
(%’wk) + (Vp*, Va) +y faa plo’d = ((1 - PZ)Pk'wk) - ((w1 - wzpz)qk,wk),

1)

(aai:,w") + (Vg5 , Vo) +vy [, ¢*w* dA = ((w1 — wzpz)pk,wk) + ((1 —

pH)a",m*)(22)

As a result, we write p*, g* as a Galerkin form

p“(, 1) = T au(®yi(), 44, 1) = Ty B i (), (23)
where the a;;(t) and By (t) are to be determined, and set @w” = y; forj=1, ..,k

Lemma 3.1.1 For any p € H*(1) we have

(V(PKp), V&) = (Vp,V @¥) vwre y*. (24)
By straightforwardly calculating this projection operator, the following properties can be
demonstrated:

[vP*p|l < I7plly VP EH'(). (25)
The following are the initial approximations:
p“(.,0):==P pf q"(,0):=P"qp, (26)
when the following property is met:
{ps, 45} — {Po> qo} in L2(A) ask — oo, (27)

Note that (21) and (22) can be formulated as an ODE system in a;; (.) and fS;, (.). For this
system of ODEs the equivalent composite form is then given by
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d

L= gk PEAGRG, pRC0) = PRk, e8)
d k
=== Ag* + P¥ (0%, "), q%(.,0) := Pk gf. (29)

We must demonstrate that local Lipschitz nonlinearity is present in the system of ODEs. Those
are the functions we handle f; and f, as follows
Ifi (P1, q0) — f1 (P2, 92D+ |f2(P1, q0) — f2 (P2, q2)|
< (1+wy)| pr=p2l + (1 + wp)pi—p3| + (1 + wy)| g1~ g2
+(1+wy)lgi— a3 1+p2q5 — p1af — Pid — Piqal
< @1/ p1= P2l t Q2101 G2 T @3 (| Pr— D2l T 191~ q2)), (30)

where @1 =2 + W1+Wz+p1 +p1P2 D5, @2= 2 + wytw, g +q1q; +q5 and @3 = —p;qf +

P2q5 — Pith — P34z
Thus, based on Lipschitz and Picard’s theorem, f; and f, are locally Lipschitz ([18], p. 9),

therefore, ODEs provide a unique solution {p*, g%}on (0,t).

3.2 Global existence of the approximations

To prove the global existence of Galerkin approximations, we need independent & bounds
on p* and g, in some spaces. Then, to show that the solution can exist by the Galerkin method,
we do as follow:

Estimate I: Setting @”= p* in (21) and @*= ¢* in (22), consequently, the equations resulting
from this process are then summed, as a result

1d 1d
2dtllp 15 + 2dtllq 15+ 12515 + 1% + vIIp* 11200 + YIla 1202

—fl(l 2)(Ipl + | p*?) dx . G1)
By substituting p2= p?+ g2 q on the right, we have that

1d
S+ S NG I3 + 112 + 1q 1 + [ oI, < I I3 + g3 (32)
Application Lemma 2.1, hence we obtain

k k k k|2 k
sup [Ip“(DIF + sup [lg"(DIIE + lIp IILZ(OTH%)HIQ Ba(oran) * [ oo
< e*lIp*OlIF +  llg“(0)II3]. (33)

Since pf, q& € L*() we have p*,q* € L*(0,T; L2(2)) n L?(0,T; H*(1)) n L*(A7).

Estimate II: From the Equation (31), and noting p? = p? + g2, we obtain

d
2 1P118 + 211Vp" 115 + 21lp"115,4 < 21Ip" 1. (34)
Application Lemma 2.1, we obtain

Osngupk(T)uo 201 ) + 200 Dl < 2TUAAOIE (39)

Thus, we have p¥ € L”(0,T; L2(2)) n L2(0,T; H*(2)) N L*(A7).

3.3 Passage to the limit
We will now apply Alaoglu's compactness theorem. [19 — 22], on the sequences of the
functions {p*}7., and {q*}7~, that are bounded uniformly, we determine convergent
subsequences, put {p*}, {g*}, such as
{*, 4"} = {p,q} in L>(0,T;L*(1)) N L*(A;) as k - oo, (36)
and
{p*,q*} =" {p,q} in L°(0,T;L*(1)) as k- oo, (37)
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"—"and' — '« refer to weak and weak* Convergence, as a consequence.

A Composite Galerkin approximation is performed in the first step; we demonstrate passage to
the limit of the terms (28). We will have similar arguments to those in (29). Let P*f; (p¥, %),
this can be easily demonstrated

@ @) < CUp*I* + 1g*1* + 1p*1? + 1q*1® + Ip*I*+1g"* + Ip*] + 1g*D)  (38)
Thus, we find

fOTLIf(Pk»qk)Idxdt <

C [} [P I + 1g51* + P13 + 1g¥13 + [p*12+1q¥1? + Ip¥| + |g*Ddxdt. (39)
From the bounds in (33),and L*(A;) © L3(A7),L*(A7) © L2(A7) and L*(A7) © L1(A7) we
have that f;(p*, q*) € L*(A;), from weak compactness arguments, there exists some T €
L*(A7) then

f®@* %) = TtinL'(Ar) as, k> oo, (40)

We also prove that P f; (p¥, g*) converges weakly to 7 in L'(A7). Let us define N'* := ] —
P¥*, which represents the projection orthogonal to P¥. Let's recall this (ka, ‘L'k)w =
W, p")y V¥ € Y¥,u e H'(A) ,holds |[P*v —vll; < lv —7*|l; V¥ € ¥, veH'(D.
Such as Y* is dense in H'(4), there are P*p — p in H'(1),Vp € H (1), i.e. N¥p — 0 in
H(A) as

k — oo, In addition, there are H*(1) & L®(A) therefore, N*p — 0 in L*(1) V p € H'(1).
The consideration of any function 8 € L* (A1), then utilizing (9) and the orthogonality of N,
thus

T T
f (P (0%, 4 — 7, 8)d f (% ) —1,0) — (G, g5, N*6)dt]
0 0

T T
= |f0 (i(®*,q") -, H)dtl + fo 1A @  a o IN*Ello,0dt — 0 as k — oo.
By noting the strong convergence of V%8 to 0 in L*(A) and (40), we arrive at:
P*fi(p*,q") = tin L'(A7) ask > oo. (41)

Similarly, we have

I2(0%, @) < CUPHI* + 1g*1* + PP + 1g%1® + [p*I2+1g* > + [p*| + 1g*D,  (42)
Then, it follows that.

T
[ [11.0"q91dxde
0o J21
T
< C Jy LAPMI* + 11" + 10" 1P + 1q* P + [p*I?+1q"I* + [p*| + |g*Ddxdt.  (43)

Noting the bounds (33), and the injection L*(A;) © L3(A7), L*(A7) © L?(Ar) And
L*(A7) © LY(Ay) this led to f>(p¥, g*) is uniformly bounded in L'(A;)and therefore, from
weak compactness arguments, there exists 9 € L'(A;) such that

f®%q) =9 €L (A;) ask— . (44)

In our study, we also demonstrate. P*f,(p*, qg*) converges weakly to 9 in L*(A;). We

have P¥q — 0 € H'(1) as k — oo. Furthermore, it is a consequence of injection. H(1) &

L*(Ar) that PXq — 0 € L®(A) .V,€ L®(A) . Let 6 € L*(Ar), then by utilizing (9) and N *Its
orthogonality, we get
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< +

T T T
f(P""fz(p"’uq")—ﬁ,H)dt f(fz(p",q"))—ﬁﬁ)dt f(fz(p",q")ﬂ)dt

< |y (R0*a*) —v,0)dt| + [[If0% a oIV 6lloe dt — 0 as k -

0.
Thus, it follows
PEf,(p%,q%) = 9inL*(A;y) ask — oo, (45)

It is worth noting Ap* € L2 (O, T; (Hl(l))’) and P*f, (p*, q%) € L* (A7) it follows from
(28) that
k !
ddit € L? (0, T; (H L) ) N L1(A7) and from weak compactness arguments
k . !
ddlt tends weakly to some 6in L? (O, T; (H L) ) + LY(A7). As a result of the weak

. . ; dp
convergence'its uniqueness, we can calculate 6 = o that means,

dpk dp . l;
L~ Lin2(0,T; (Hl(,l)) )+ ) ask > oo, (46)

Now, refer to(36) that {p*} = {p} in L2(0, T; H'(1)) with dual space L? (0, T; (Hl(/l)),).
Now set a random choice. 8(t) € C5°(0,T; (H'(1)). Integrating by parts and by p* — p
in 12 (0, T; (Hl(/'t))') yields

T d k T d9 a k
j(%ﬁ)dt:—f (pk,a)dtwj AR
0 T dGO o2 T (dp
k|2 —
— (p,a)dt+yfal|9 2dA = |, (E,H)dt, k

after noting Z—fe C(0,T; (H*(1)). From the weak convergence of ddlt to w in

12 (0,13 (H')").

we have
T (dpk T, .
fO (?,9) dt — fO (w, 0)dt,
.. . dp . . dpk dp
We have therefore, weak limits are unique. prll R that is mean, - %

12 (o,T; (H'(D)') ask > .
Now, as p¥ — p € L2(0,T; (H*(1)) (see[20], p.204) and Ap* — Ap € L2 (0, T; (Hl(A))').

Therefore, the passage to the limit on every term in L? (0, T; (H 1(/1))’). We derive T =
filp,q)

in (40) with the help of a few classical theorems. By the Lions-Aubin theorem [11] we have
W ={m:w € 2(0,T; (H'(); 5L € 12 (0,7 (H' () )} & L)

We have p* € W Subsequences can be extracted, denoted still p* , such that p¥ - p in

L?(Ay), thus p* — p pointwise in Ay. As f; is locally Lipschitz in A by continuity, we can

conclude that

1%, q*) - fi(p,q) (pointwise) almost everywhere in Ar. We now apply Lemma 1.3 of

Lions [11], and then we get

A% d%) - fi(p, @) € L*(Ap), (47)
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because weak limits are unique, we can deduce T = f;(p, q), as required. Similarly, to show
dq® dq*

ac  ar in L* (0’ T; (Hl(’l))l) + Ll(/lr),fz(pk,q") - fo(p,q) € L'(A;)and Aqk —~Ag €

L? (O, T; (Hl(/l))’). So, we have reached the' limits of (29) in L? (0, T; (Hl(/t))’).

Lastly, it remains to prove p,q € C ( 0,T]; LZ(A)) 18]. We have shown p,q €
12(0,T; (H' (1)) N L*(A;) and 2 el (o T; (Hl(/t)) )+L1(,1T) Since

22 (0,1 (H(D))
and L? (O, T; (Hl(/l))') +L'(A;) are the dual spaces of L2(0,T;(H'(1)) and
L2(0,T; (H* (1)) N L* (A7), respectively, then we deduce that p, q € C([0, T]; L(2)).

Estimate III: Let x € L*(0,T; H*(1)) in (16), and noting the bounds (36) and (37),
L*(0,T; (H' (D) & L2(0,T; H* (D)), L*(0, T; H* (D) < L* (A7) & L*(Ar),
and trace embedding theorems H1(1) & L?(dA) (see[21],p.257 — 261), we have that
T dpk
k
2o 1030) 1P i Il 12408 10 e Mt

and thus, we have d—pk € L2 (O T; (Hl(l))’) c Lt (0 T; (Hl(/t)),). Since we have

W, = {z z € 2(0,T; H'(D); & 4zt ¢ 1 (0.7:(H*@)")} & 2(0,7; (),
and this implies to p¥ € W, therefore, we can ﬁnd a subsequence {p*} such that {p*} — {p}
in
L2 (O, T; LS (A)), satisfies for

[2, 0] ifd=1,
L€ [2, ) ifd=2,
[2,6] if d=3.

Similar to this idea, let x € L*(0,T; H*(1)) in (17) after noting the bounds (36) and (37),
12(0,T; H*(2)) & L*(Ar), we can show that “- iy (o.7; (1)) e L' (0,13 (H*W)")
and since we have g* € W it follows that {qk} - {q}in L?(0,T; L'(2)). This leads to p,q €
2(0,1;1(). 2,5 e 1t (o T; (Hl(,t)))

3.4 Uniqueness

In order to prove uniqueness (as done [23 — 26]), Suppose that there are two solutions to the
weak from (16) and (17) which are p;,p, and g, q, respectively, with initial conditions
p1(,0) = p1,0() p2(.,0) = pz0(.), and q1(.,0) = g1,0(-) g2(.,0) = g2,0(.), respectively.
Setting Y, = p; — p, and Y, = q; — g5, and setting @ = Y, @ = P, in (16) and (17), and
by subtracting the results we get:

2 dt ”1.01”2 2 dt ||7~/J2||o + |¢1|1 + |¢2|1 + )/||1/J1”L2(a,1) + Y”VJZHLZ(@;L)
= (p1 — P1P7 — D2 + D205, Y1) — (wiqy — wopiqy + wiqy — wop3qs,Py)
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+(wypy — wopip—wi Dy + wopsipa, Po) + (q1 — 1Pt — @2 + q2p5, ). (49)

Applying (9) and (12) on first to last terms on the right-side yields that
(p1 — P1P12 —p2t+ Png’l/h) < ”1/11”% - (”plno,oo”91”0,4”1/)1”0)
< 1ali§ + Cll I3[ I1p2 113 00 + Nlp1 115 4] (50)

In the same manner on the second terms, we have that
— (w1 qy — wopiqq + wiqy — wop3qz,YPe)

< —willllollp2llo HwalI§[1gullf 0 + Nosll5a]- (5D

Similarly,
(w1py — wopips — wipz + wopipa, ¥2) < willlloll:llo
+10 [ 151D 115,00 + 11011154 + 102115 00 + 102115 4]- (52)
Furthermore, it follows from (9) and (12) that
(@1 — @1P% — @2 + 4203, ¥2) < Y2 ll§ + ”Pl||o,4||CI1||o,oo||¢2||o + ”,02||o,4||CI2||o,oo||¢2||0

< l2lI5 + Clly I3 [Iloa 154 + o211 .4 + NG llf e + llg2llf co]- (53)
By substituting the results (50)-(53) in (49), multiplying the results by 2, after
ignoring the left-hand side's last four terms, we arrive at

d d
T Iy 15 + e 192115 < CI1 +llp1ll§ 00 + 21150 + IP1 115 c0
Hlq1l1F 00 + 12115 00 + g2 115 o] 1 115 + Il 1I3]- (54)
Applied Lemma 2.1, gives

194115 + 1112115 < expl j (L4 lpall§ o + lp2lIF 00 + 11P4115 0
Hlqull§ o + 1p2lIG 00 + IquIIoOo)dt](IIl/J1(0)I|o + 2 (0)11D). (55)

From Estimate I, Estimate II and L*(0,T; (H*(1)) < L?(0,T; (L*(A)). Therefore,
1 ll§ + 12115 < CUlY1O)IG + N2 (0)IIF). (56)

Thus if (pl(O), ql(O)) = (pZ(O), q (O)) hence we deduce uniqueness (p,(t) = p,(t) and

q.(t) = q, (t)) for all t. However, if (pl(O), q1(0)) * (pz(O), qz(O)), as a result, continuous
dependence in L?(1).

4. Higher regularity
Theorem 4.1. Assume that py, qo € H'(A), then the system (H) possesses a unique
solution {p, q} satisfying

p(x,t),q(x,t) € L2(0,T; H2(A)) n L°(0,T; L*(1))

n L2(0,T; HY(D)) n L°(A7) n C([0, T]; H(Q)), (57)
IR, € 12(r) (58)

and the system (H) assume equality LZ(Ap). Moreover, the (po(.),qo(.)),—
(P(., t; 0, 90),4(., t; Po, G0))

is continuous in H2(A)

Proof: We can achieve further regularity results by using more a priori estimates to obtain the
existence and uniqueness of strong solutions.
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4.1 Existence

Estimate IV: Set @® = (p*)3,@* = (¢%)3 in the weak from (21) — (22) the results, when
combined, yield

IIp 11§ 4 IIq &4 + 3llp*vg*1I3 + 3llg*Vp*||3

4dt T
+ylIp* I|L4(a,1) + vlip* IIL4(M) +Ip" N5 6 + g*II8,6 = Ip"II54 + lIg*113 4
+(wy — w20%),*(q)?) — (w1 —w2p?), ¢ (*)?). (59)

Using Young's inequality with @ = 1, and setting f; = 4 and 3, = %, on the third and last,
on the right, we get

wr
(ww2p™),p"(@)°) = (wrw2p®), 09D < - | 19" dx
1% dx + —= | | p*|* dx
A 4 A
3
“’2f1|p| | q* |4dx+ fm |4dx+—2fl|p| | p¥|*dx. (60)

By subtracting the Equation (60) in (59) and multiplying the result by 4, gives
d d
P N4 + 2 11a*115 4 + 121" VD II5 + 121lq*Va"II5 + 4y ([P IIs ) + 4V [P* s coz) +

8

4llp IS 6 + 4llg*lI§ ¢ < <4 +wy +w, + 3w + 3wy |Ipll, )[Ilp g4+ Nlg®llg 4]

L3(1)
(61)
noting the injection of L* in to Lg and integration over time (0, T")
Ip*(DIG 4 + Ilg* (TG + 1200 VD* (1 2 4y + 121165V * (172 4
+ay 0" aoamy + 4V 1P I a0z + 4V 1P 1y + 471145 1 Zs
< exp|T(4 + wy +wy + 3wy + 3w llpllfaary)] [IDF (OG0 + 1lg*(0)1154)- (62)

Recalling py, qo € H*(1), and Estimate IL, we have p®,g*is uniformly bounded in
L*(0,T; L*(1)) n L(Ar).

Estimate V: Choosing @”® = —Ap*,w* = —Aq*in the weak forms (21) and (22),
respectively, integrating by parts leads to

S I3 + 5 1905113 + 189113 + 186" 13 + Y 1“2 o
+yllg 172 ory = —((1 = p*)p*, Ap*) — ((1 = p») ", Ag")
+((wy—w,p?)q* , 0p*) = (w1 —w2p?)p* , Aq¥) (63)
Next, by integration by parts, and utilizing

Hoélders inequality, and noting the injection of H(A) then using Young's inequality with
a = 2, and setting 3; = B, = 2, we arrive at the following inequality:

—((1 = 2w, 8p%) < 18P*I1E + VIIP N2 oy + 0 136l o allap¥ g
< NVPHIZ + ¥lIp N ory + IR IZ 1D 0.4l AD* Il
< I7PXII3 + YIp* 1 gary + 0¥ 1% D413 4 + S 1APFIZ, (64)
similarly, we get
—((1 = p»a*,80%) < 17GI13 + ¥lIg“ 12 ory + N0 136l a* llo4llAG o
< I7q*I13 +¥lla il cory + 1“1 11g o aliAg o
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1 2
< Vg lI5 +vlia“Izcory + o N la* 115 4 +  [|ad"]|;, (65)
the same applies, we have that

((’W1 — w,p*)p*, Aqk)

< wy (V5 Vq") + wyy | Ip%q*1 dA + w,llp*I13 6llg llo s llAD* 1l
oA

1
< —wr (Vp*,7q") + wiy [5,Ip*a"| dA+ wilp*lI§ellalIse + - 1Aq¥ I,
(66)

also, it follows that

—((wy = w2p?)p*, 80" ) < w (7p*,7q*) — wry | Ip*q*|dA
aA

T llp 13 ol losllAp lle < —wwry (Vp¥, 7qk) — wwryy j Ip*q¥| dA
oA

1
+willp I8 6lla*lI5 6 + 5 1Ag 113, (67)

By subtracting the results (64)-(67) in (63), and multiplying the result by 2, we get
d d
T 7o 1§ + I I7q*II§ + 214p* 11§ + 2[1Aq"IIF < 2lIVp*II§ + 217 q“II3

+2(1 + w)lp* 15 6[II NI ,6 + llg*lI5 6]- (68)
Next, application Gronwall lemma, hence we obtain

T T
7R (DI + IV (DG + J, lap lI§de + J; lAq*lI5dt < exp2T) [IIVP*(O)IIF +

IVg*(DIIF] + exp [2T(1 + w3)] fOT“Pk”g,e [Ip" 1136 + llg¥ 113 6] at. (69)
From Estimate I, Estimate II, and continuous injections L(0,T; H'(1)) &
L%(0,T; HY(1)), so we conclude that the right side of (29) is bounded. We conclude p¥,q* €
L*(0,T; H*(1)). We now recall that L!(0, T; H(2)), as the pre-dual of L”(0, T; H1(1)),is a
separable bound in (69) that

P*%qd3 =" p,¢3 in L°(0,T;H'(D). (70)

Then, we have {p,q} € L® (O, T; H! (/1)). We apply some well-known elliptic regularity results
to bounded, convex, open domains. In particular, we apply the elliptic regularity result for
Robin boundary problems as stated in Grisvard (1985, Theorem 2.11), [23]. To ensure the
validity of this result, we assume that the boundary OA is of class C'. Under this smoothness
condition, the weak solutions obtained can be shown to belong to H?*(A), thereby satisfying
higher regularity properties [23, 27]. From the eigenvalue Equations (19) and (20) and we have
for fixed finite k thaty; € H%(1), and hence p*(..t),q*(..t) € L2(1) (see [13]p. 149 —
151), we have |[p*||, < C||Ap*||o, for € > 0. We deduce, then, using the third and fourth
bounds in (68), that p*, g* € L? (0, T; Hz(l)). Since L2 (O, T; H? (/1)) is a reflexive Banach
space (see [17] p. 40), thus compactness arguments (see [18] p. 289), imply the existence of
subsequences{p¥, g*} € L2(0,T; H?(2)) that satisfy

®*d} = g} in  L2(0,T;HZ(D). (71)
Thus, we arrive at{p,q} € L?(0,T; H?(1)). Furthermore, since g—i +yp =0 and g—i +yp =

0 on 04 [28]. Indeed, using the weak convergence of {p*,q*} — {p, q} in H%(1), that Z—z +
yp =0 andZ—Z+yq =0 on L2(04).
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Estimate VI: Set @ = aaL;k, ok = aaitk in the weak form (21)-(22) the results, when
combined, yield

1% || + % || + 35 IVPI1E + 5 19113 + 25 lip* ||L2(az)+2dt||q [
<(1— pHD", at) ((1 p2)q~, at)— <(wl w2p?)q >+<(wl -
wp*)p*, at) (72)

Using Holders inequality on the first and second right-hand side, we have that
((1 - p?)p*, at) < Sl I3+ P 2101134, (73)
((1 - pP)q*, 2 > < == Ng N3 + 5 g 12 llplI3 4. (74)

Now, using Holder’s inequality, and noting the injection of H1(4) into L8(1) then Young's
inequality with ¢ = 2 and setting §; = f, = 2, on the third and last the right-hand side, we get

—<(w1 wHp?)q" ,aaptk>Sw1||qk||o Oa_ptk —wrllpll§ella®llos + aa_p:
< w3 +3 |2 || + wilplila* ||04 2 1% || (75)
<(’W1 w,p*)p* ,aaqt )S’W1||Pk||0 a_tk _W2||p||(%,8||pk”o,4+‘aa_qtk
0
< w1 + 2]+ ol I3, + 2 |2 (76)

By subtracting the results (73) (76) in (72) and multlplylng the result by 2, gives
2 2

apk dqk d d
—_ _ — ||V k|2 — IV k2 _ k12
at at + o IVp ||0+th” q |Io+)/dtllq 1220
< 0 Ilp"llo 7 IIq"Ilé + I I3 NpllG 4 + Nla®Nilpll§ e + 220 Ip* NG + 2207 11g* 115
+2w3plItllg®l§,. + 2w llplTlp*I54 - 77

Integrating over time (0, T) and by substituting p? = p? + g2 in the right-hand side and

noting that
L*(1) & L?(A), leads to
T||apk 2 T||8gk 2
e R e R e T R L TR
0 0
T
+y1lg* (M) I72¢02) + NlP*(O)IIF < IIP""(T)II§+f lo*1I5.4 Lllp" 1T +erllpll} + 2erf]dt
0
IVP*(O)I13 + Vg% (O)I13 + ¥ llg*(0) 1% 5 (78)

Using Holders inequality on second term in (78) on the right-hand side, leads to
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T 2 T
f dt + f
0 0 0
1 1 1 1
T 2 T 2 T 3 T 5
+<f ||p’<||:§,4dt) (f ||pk||1*dt) +w§<j ||pk||3,4dt> (f ||pk||?dt)
0 0 0 0
1

) :
raw ([T 105184 dt ) + (195 O)IZ+ IV (O)II3 + ¥l (01 oy ¥ 1g* 22 02
(79)

k112

ap*
dt + [[Vp*(DIIE + IVg*(DII3 < llp*(T)II3
0

ot

dq

ot

Now, on noting (79), and from bounds in Estimate I and Estimate II, therefore, the right-

. . . apk apk
hand side of (78) is bounded by a positive constant. As a result, % , % € L*(Ar). AsL*(Ay)
is a reflexive Banach space, as a result of compactness arguments, we conclude the existence

of subsequences {p*, g¥} € L?(A;) such that

a{%q’ -2 i rzan, (80)

we have that — € L?(A;) and also in L°°(O, T; Hl(l)).

at’ at

Lemma 4.1.1 For some ¢ > 0, suppose that p € L?(0, T; HC+1(/1)),3—’: € L?(0,T; HX(D)). 1t
follows that p € C([0,T];H*(2)), ([12] p. 191_194). Here, in our case, ¢ =1,
HS*Y(D)=H?(1), HS()=H (1), H*"Y(1)=L?*(A). Therefore, from Lemma 4.1.1, we have that
p,q € C([0,T]; H*(A)). This completes the proof of Theorem 4.1.

5. Numerical Simulation
5.1 One Dimension

The numerical simulation was conducted in one dimension with A = [0,L], for 0 <t <T
with mesh points x; = jh, j = 0,...,] where h = L/]. The solution to the differential equation
was calculated in the interval A = [0, L] = [0,1] with h = 0.5, as well as the adoption of | =
10, if y = 0, then the system with Neumann boundary conditions, and if y = 1, the system
with Robin boundary conditions [29]. Here, we adopt the following examples:

Example 5.1.1 We will investigate the numerical solutions of (7)-(8) with the following initial
conditions:
p(x,0) =1+ 0.5x, q(x,0) =0.5. (81)

For w; = =5,w, = 1, and At = 0.0001, the numerical solution was calculated. Figure 1
and 2 shows the numerical solution for the time level T = 10. These figures show that the
solutions have a positive property and do not produce any negative values. It was established
in [22] that the system is attracted to the equilibrium point (g, p*). If y = 0, then we have
Neumann boundary conditions; however, if y = 1, then we have Robin boundary conditions.
The solutions not only maintain positive but also converge to the system’s equilibrium point.
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(a) Mesh graph of p. (b) Mesh graph of g. (c) Combined plot of p and q, of Example
5.1.1, when x = 1.

Figure 1: Graphs for p and g at w; = =5,w, = 1,y = 0, and At = 0.0001.

plxt).gxt)

(a) Mesh graph of p. (b) Mesh graph of q. (c) Combined plot of p and g, of Example
5.1.1, when x = 1.
Figure 2: Graphs for p and g at w; = =5,w, = 1,y = 1, and At = 0.0001.

Example 5.1.2 The second example adopted the following initial conditions:

p(x,0) = 0.01, q(x,0) = 0. (82)
The constants that are used to calculate the numerical solutions were as follows: w; = 3, w, =
2, and At = 0.0001. Figure 3 and 4 show the numerical solution for this example at a time
level T = 10. It has been proven in [22] that the system’s equilibrium point (g*,p*) is stable

-

(a) Mesh graph of p.  (b) Mesh graph of q. (¢) Combined plot
when x = 1.
Figure 3: Graphs for p and q at wy = 3,w, = 2,¥ = 0, and At = 0.0001.
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(a) Mesh graph of p. (b) Mesh graph of g. (¢) Combined plot of p and q, of Example 5.1.2,
when x = 1.

Figure 4: Graphs for p and q at wy = 3,w, = 2,¥ = 1, and At = 0.0001.
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5.2 Two-Dimensional

We used A =[0,L] X [0,L] and a square uniform mesh with vertices (x;,y;) = (ih, jh),
where [,j = 0,...,J. Note h = L /], the same space step was used in both directions of x and
y. A ’right-angled’ triangulation was used, in which each square is divided by a diagonal
running from the top-right corner to the bottom-left corner [30]. The ’natural way’ is utilised
to order the nodes. From left to right, the nodes were numbered starting with the bottom row.
Example 5.2.1 In this example, the parameters are chosen such that T = 5,w; = =5, w, =

1,y =1, and the problem is solved over the domain A = [0,1] X [0,1] with h = 0.05, At =
0.001 and J = 100. The initial conditions are:

p(x,y,0) =1+ 0.5x, q(x,y,0) = 0.5. (83)
The numerical solutions of p and g, for the time level T = 5, are shown in Figures 5 and 6.

o -~

(a) solutionofp atT =1 (b)solutionofqgatT =1 (c)solutionofpatT = 3 (d) solution
ofgatT =3

(e) solution of p at T =5 (f) solution of g at T = 5(g)solution of p at x = 0.3,y = 0.3
(h)solution of g at x = 0.3,y = 0.3

Figure 5: Numerical solution of p , of Example 5.2.1,atw; = =5,w, =1,y =0

(a) solutionof patT =1 (b) solution of g at T = 1 (c) solution of p at T = 3 (d) solution

ofqatT =3
7 E '.I‘ ,"II II". ‘.'I‘ I""II II."I‘ I‘"u‘ll I‘I.‘"I‘ II"\.U.-"II \ v / \ U%/\\\

(e) solutionofp atT =5 (f) solution of q at
T =5 (g)solution of p at x = 0.3,y = 0.3 (h)solution of g at x = 0.3,y = 0.3
Figure 6: Numerical solution of q , of Example 5.2.1,at w; = =5,w, = 1,y = 1.
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Example 5.2.2 In this example, the parameters are chosen such that T = 5,w; =w, =1,y =

0 , and the problem is solved over the domain A = [0,1] X [0,1] with A = 0.01, At = 0.001
and / = 100. The initial conditions are:

p(x,y,0) = exp(1+ 0.5y%), q(x,y,0) = exp(1 + 0.5x?). (84)
The numerical solutions of p and g, for the time level T = 5, are shown in Figures 7 and 8.

ST AT

(a) solution of p at T = 1 (b) solution of g at T = 1 (c) solution of p at T = 3 (d) solution of
qatT =3

|

(e) solution of p at T =5 (f) solution of g at T =5 (g)solution of p at x = 0.3,y = 0.3
(h)solution of g atx = 0.3,y = 0.3

Figure 7: Numerical solution of p , of Example 5.2.2, atw; =w, =1,y = 0.

(a) solution of p at T = 1 (b) solution of g at T = 1 (c¢) solution of p at T = 3 (d) solution of
qatT =3

/\

(e) solutionof p at T = 5 (f) solutionofqg atT =

5 (g) solution of p at x = 0.3,y = 0.3 (h)solution of g at x = 0.3,y = 0.3
Figure 8: Numerical solution of g , of Example 5.2.2, atw; =w, = 1,y = 1.
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6. Conclusions

In this study, we investigated a nonlinear predator-prey system under Robin boundary
conditions within a convex bounded domain. By employing the Faedo-Galerkin approach
alongside compactness arguments, we rigorously established the existence and uniqueness of
both weak and strong solutions. Furthermore, higher regularity the solutions was demonstrated,
and continuous dependence on initial data was confirmed. Through careful construction of
approximations and detailed energy estimates, we converted the infinite-dimensional problem
into a finite-dimensional one, facilitating both theoretical analysis and practical computation.
To validate and illustrate the theoretical results, numerical simulations in one and two spatial
dimensions were performed. These simulations confirmed the theoretical predictions and
revealed the dynamic patterns and stability behavior of the system. These results contribute
significantly to the mathematical understanding of reaction-diffusion systems with nonlinear
interactions and complex boundary behavior, laying the groundwork for future research in
related fields, such as chemical kinetics, biological pattern formation, and ecological modeling.
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