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Abstract

This note introduces a new extended concept into a fuzzy soft area that plays a
prominent role in functional analysis, called the fuzzy soft b-partial metric space,
which is an extension of the fuzzy soft metric space and the fuzzy soft partial metric
space. The research discusses numerous analytical features based on this proposed
space, including the Fy.-closed, Fg-open ball, Fgo-Hausdorff space, and F,-
converge sequence. Moreover, several essential theorems of convergence of this
space are investigated. Furthermore, close connections between this newly defined
space and b-metric spaces are also examined. In this regard, several instances are
illustrated.

Keywords: Fg-sets, Fg.-b-partial Metric spaces, Fgo-Hausdorff- b-PMS, Fg-
Cauchy.
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1. Introduction

In mathematics, the discipline of Fuzzy Soft sets (FSs) is pivotal in dealing with
ambiguous and inaccurate data. FSs are of great importance because they make decisions on
various real-world problems. Indeed, the applications of FSs are used in medicine,
engineering, and optimization by developing new algorithms. In 1965, Zadeh [1] expanded
the traditional concept of belonging in his Fuzzy Theory (FT), allowing some items to belong
with degrees of membership ranging from zero to one. After Zadeh's study, many researchers
developed FT and used their applications in diverse fields [2-7]. On the other hand,
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Molodtsov [8] in 1999 founded the Soft Set Theory (SST) to deal with imprecise and
ambiguous data. Then, in 2003, Maji et al., [9] expanded the soft set by defining basic
concepts such as equality, subset, superset, complement, null, absolute soft set, and De
Morgan's law. Furthermore, Raghad I. Sabri, Buthainah A. A. Ahmed [10] in 2024, and
Bayramov et al., [11] in 2023 worked in the same field with different research directions. In
the context of mathematical analysis, Czerwik [12] in 1993 developed the b-metric space as a
generalized traditional metric space. Mathews in 1994 [13] introduced partial -metric spaces
as a generalization of classical metric spaces and showed that the self-distances are not
necessarily zero. In 2020, Sarkar [14] presented a rectangular partial b-metric space and
Cantor intersection theorem in this space, which has been proved. In the same year, Shaakir
and Abdullah [15] generalized partial metric spaces by introducing general partial metric
spaces and explained the relation between them and D-metric space. In 2022, Abu-Donia et
al., [16] introduced partial 2-metric space and provided some fixed-point theorem under self-
mapping in this space. In 2024, Gaba and Agyingi [17] proved that there is a unique fixed
point in a partial b-metric space when sequential condition is satisfied. In the same year,
Pandey et al., [18] studied some fixed-point theorems in complex valued partial b-metric
space for the contractive mapping. In 2001, Maji et al., [19] discussed and introduced the
principle of FSs as a generalization of soft sets and an extension of their application. Several
researchers [20-27] have contributed to recent studies in the development of applied and
theoretical sciences by generalizing the concept of metric space and its types to FSs. After
that, Faried et al., [28-29] and Mohsen [30] provided, based on the FSs, general principles of
inner product and Hilbert spaces. In this regard, FSs play a paramount part in topology theory
by generalizing some of the separation axioms and their merits in terms of FSs, see [31-33].
Due to the importance of soft sets, in 2023, Mohsen and Mousa [34] posed the fuzzy soft
Hilbert space in FSs and investigated various topological merits of this proposed space.
Then, the area of soft sets has attracted numerous researchers [35-40] and is considered a
continuation in the functional analysis field.

The present work introduces a novel concept in the fuzzy soft area that greatly impacts

functional analysis, known as the fuzzy soft b-partial metric space. This space is an extension
of fuzzy soft metric space and the fuzzy soft partial metric space. Based on this new space,
several analytical advantages are discussed, including the Fgs-closed, Fgg-open ball, F,-
Hausdorff space, and Fgs-converge sequence. Furthermore, some interesting theorems of
convergence of this space are considered. It presents the close correlation between the newly
defined space and b-metric spaces. In addition, several examples are also highlighted.

2-Preliminaries
This section reviews the relevant concepts that underlie the FSs and b-metric space.

Definition 2.1: [1] Let U be a universal set then the fuzzy set X can be defined by ordered
pair X={( (u,uz(w)) :u € U,uz(w) €1)} where uz(u) is degree membership of u in
Xand 1=10,1].

Definition 2.2: [8] Let G:A— P(U) be mapping, P(U) be a power set of U and A C E,
where E is a collection of parameters. Then soft set of U can be defined as G, =
{(e,G4(e):G4(e) € P(U), e € E} and denoted by ordered pair (G, A).

Definition 2.3: [19] Let G:A— IY be mapping and the fuzzy soft collection is {e €
A,Ga(e) € 1Y}, then (G, A) is said to be fuzzy soft of U and denoted by F, .

Definition 2.4: [31]

1- If uG(e) =1 for all e € A then Fy; — (G, A) is said to be absolute —Fg, , symbolized by
Cy-
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2-If uG(e) = 0 for all e € A then Fs — (G, A) is said to be null—F,, symbolized by @.
Definitions 2.5: [19] When U be common universal set of distinct Fg — (G4, 4) and

G, B
E-IZfA)E B, and G;(e) € G,(e) , uG,(e) < uG,(e) forall e € A, then we can write
(G4, 4) € (G,,B).
2-If (G4,4) € (G,,B) and(G,, B) € (G4, A) then Fgs — (G, 4) and (G,, B) are equal and
denoted by (G1,A) = (G,, B).
Definition 2.6: [28] If v € U and e€ A, such that:

pif v=vyande=¢,€ A

uG(e) = {0 ifu€e U—{vy}ore € A—{e,} wherep € (0,1]
then Fgg — (G, A) is said to be Fg; —point and symbolized by v, -
Definition 2.7: [29] 1. If for all € A, G(e) € G;(e) then Fys —point v,g (e is said to be
belong to (G, A) and denoted by v,6(e)-
2.If vt = v2, uG,(e;) = uG,(ey), then Fgg —point v' 6 ,yis equal to V% 45(e,)-
Definition 2.8: [35] The intersection of Fg; — (G4, A) and (G, B) is Fgs — (G5, A) such that:
UGs (y(V)={1Gy (¢)(v),if e €A —B,v €U uG, (,(v),if eEB—AvE
Umin[uGl(e)(v),uGz (e)(v)] ife € ANB,v € U, where v € U, BU A =C and e€ C.
Definition 2.9: [20] Let d : F,(U) X Fe(U) = R*(A) be function where Fy(U) is a non-
empty Fgs of U then d said to fuzzy soft metric on Fg(U) if for all v 460, V2 uc(ey)s
v3 uG(es) € Fss(U), the following conditions are satisfy:

I'C?(UIMG(Q)’UZMG(EZ)) = d(v? (e, V' uc(en))
2-d (V7 g ey V¥ uc(er) = 0-
3- d(V uo(e Vusten) = 0 © Vlugiey) = V2 us(e-
4-d(V g ey Viueien) 2 AW 6y Vi u6(en) + A0 u6(e) V3 uc(es))
and (FSS(U), d) is fuzzy soft metric space and denoted by Fg; — MS.
Definition 2.10: [34] Let d : Fo(U) X F(U) —» RT(A) be function where Fg (U)is non-
empty Fgs of U and S> 1, then d said to fuzzy soft b- metric on Fy (U) if for all UluG(el)a
V%16 (ey)> U uG(es) € Fss(U), the following conditions are satisfy:

1-d” (V" ey Vuc(en)) = 4° (V2 uc(e) U nen)):
2-d" (" e VG(en))-
3-d° (v ug(er) U us(en) = 0if and only if v ygieny = v%u6¢e,)-
4- A" (Ve V2 uc(en)) = S [4°Whka(ery Visien) + 4° (0P us(en) Vus(en)))
and (FSS(U), db) fuzzy soft b- metric space and denoted by Fg; — bMS.

Definition 2.11: [34] Let P : Fo(U) X Fe(U) = RY(A) be function where Fg (U)is non-
empty Fgs of U and S real number such that S > 0, then for all v' 6., V% u6(e,)> V3 pc(es) €

F. (U), P iscalled fuzzy soft partial on F4(U) if the following conditions are hold:
DP (V" user) V2 uaten) = P(Vu6(e2) 0 pccen)-
P( V2 u6(er) Vu6(en) = PV u6ten) v u6ten) = P07 uccery Vpcen))
ifand only if v'y5e) = V%46 (ey)-
iif) ﬁ(vlﬂG(el)’vzﬂG(ez)) = p(vll«la(eﬂ’vlﬂG(eﬂ)'
VP (V' 4660 V2 uc(en) =

[P(v s ey Vusten) + P02 u6ien Vuccen) = P(Vnsceny Vnscen)]
and (FSS(U ) P) is a fuzzy soft partial metric space and denoted by Fg;; — PMS.
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3- Analytic attributes of fuzzy soft b-partial metric space

This part provides the concept of b-partial metric subjected to FSs and discusses
several analytic advantages. Some illustrating examples are described in this posed space,
which are crucial to comprehend some characteristics.

Definition 3.1: Let d’;: Fes(U) X Fgs(U) = R*(A) be function where Fy(U)is non-empty
Fgs of U then for all v 60,y V246 (ey)> Vuc(es) € Fss(U),  dj is called fuzzy soft b- partial
metric on Fg(U) if the following conditions are hold:

i) dp (V6 ery V2 ucten) = dp (V2 uc(er V' usten):

if) dp(V%u6(en) V2 u6cen) = dp (V' u(ery V' us(en) = dp (v uoery Viuscen) if and only if
Viueen) = V7 pa(er)

iif) dp (v w0 Vi c(er) = dp (V6o V' uscen))

V) (e Visen) S [dp(0 et Visien) T dp (W ucteny Vis(en) —

dp (v w6 es) VP picen)) ]
and (FSS(U ) dg ) is fuzzy soft b- partial metric space and denoted by Fg;; — bPMS.

Example 3.2: Let Fo(U) = R*(A4) and d5: Fg(U) X Fss(U) > R*(A) defined by:

dp (V' ug (e Voucten)  =(Max{v'yge) Viucepn )42, then  (Fs(U),dp) is  Fys—
bPMS with S=4.

Remarks 3.3:

1) Fss — bPMS is Fg; — PMS when S=1, but the convers is not necessary be true. To see an
example that illustrates this when S=1, and 072: Fo.(U) X Fo(U) > RT(A) defined by,
dp (v w6k V26 ) = 07, dp (V6011 VP 6 eyy) = 0.8 N
dp (V4602 V6 k) = 0-9: dp(V 6y V) = 02 - dp (02000 VoG aep)) = 05
dp (V° 46 V6 iea)) = 0:6, for all vy, V% i) VP ey 1 Fiss (U):

2) Fgs — bPMS isnot Fgs — bMS, see the example above.

3) Fgs — bMS is Fg; — bPMS with ( self distance ) but the convers is not necessary be true,
that means b-partial is not b- metric, since d(v'y(,) U uG(k,)) = 0 in Fgs — bMS, but
(V" w60y V i e)) # 0.

4 If V26 (ky) V2 a6 iy be Fss —point in Feg(U) such that d5 (v 46,y V2 (k) )=0-

We have v',6(k,) = Vu6(k,)» but the convers is not necessary be true, since, v'ygk,) =

2 Ib 1 1 ! Ib 2 2 N
U260k Ay (U w6 (k) V G eny) # 0 and dp (V2 6,y V26 (k) % 0.

Remark 3.4: Let(G, 4), (G, B) € F(U) and Fgg — bPMS is (Fy5(U), db) then:
cig ((G,A), (G, B)) is symbolized of the distance between (G,A) and(G,B) such that
defined as dg ((G,A), (G,B)) = ll’lf{dg (qu(a)'qu(b))l UuG(a) € (G,A), UuG(a) € (G,B)}

Deﬁniti0n~3.5: Let(FSS(U),(ig) be Fg—bPMSand (v",;,)) be any sequence
in(Fss(U),dg) then (v",6(,)) is said to be convergent to Uyge) in Fe(U) if

~ b ~ b
(V" u6eny Vucer) = dp (Vuccey Vo)) = dp (V" uGeny V" ucen))-
Definition 3.6: In (FSS(U), dg) a sequence (U™ g(e,)) 18 said to Fg; — Cauchy sequence if

A5 (V™ e () V™ uc e,y)) EXists and finite.
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Definition 3.7: AF,, —bPMS is said to complete if every Fg, —Cauchy sequence
in(Fss(U),db) is convergent.

Theorem 3.8: Every F,, — convergent sequences in (FgU)is Fg, — Cauchy sequences
where(Fg5(U),db) is Fgs — bPMS.

Proof: In (FgU), suppose(v” g(e,)) Fss — convergent to vyg (e since (V" 6(e,)) = Vuc(e)
then for any &€ € R*(A), & > 0 there is K is non negative integer , K = K (€¢) such that for
alln > K d3(0™ u6 (e Vuc(e)) < i and |UG(e)(S) = uG(em)(S)| < <.

So, for every n,m > K we have;

3 § 3 3 Y KA -
dp (V" 6 (en)r Vus(e)) < 55 < S[Ap (V" uc(en) Vuc(e)) + dp (Vuc(e, Umua(em))]—s[g + g] =<
and 4G (e,)(S) = UG (ey) (S)] < UG (e2)(S) — G (e)(S)+IUG (e)(S) — G (e,) (S)] <
€ €

42,

2 ' 2

Definition 3.9: Let { be aF, real number and (FSS(U),dg) be F; — bPMS. We can
define F;; —open ball in (FSS(U), ng) by {Uua(a) € F(U): dg (UHG(Q),UHG(B)) < (_} which is
denoted by dgz(vﬂa(e)), and Fgg —closed Dball is defined by {U#G(a) €

Fus U): 8 (uctar o) 2 € and denoted by 32 [u,cc ]

Definition 3.10: In a F,, — bPMS a F,, — (G, A) is said to be Fg; —open if for each
Fgs —point vyg ey of (G, A) 3 Fgs —open ball d} Z(UHG(B)) € (G,A).

Definition 3.11: The Fs; —point v, is Fgs — limit point of (G, A) inFgs — bPMS if and
only if for every 0 <# € R* (A) we have d}) Z(vug(e)) N (G,A) # 0.

Definition 3.1%: If dg(vlﬂa(el),vzya(ez)) S0 for any v'yG(e,) » V%u(k,) i Fss(U) then
there exists ng(vlﬂa(el)) and dgz(vzﬂc(ez)) be two Fg —open  ball such that
dzgg(vlua(el)) n dgz(vzﬂa(ez)) = @ where the radius { and center v’ 5,y and V% 5,
then Fg; — bPMS is said to be Hausdorff space.

Definition 3.13: In a Fg; — bPMS  a sequence (V" ,5(e,)) is said to be bounded if there
exists Fgs real number{ such that v™y5e,) € db ?(U“G(e)) and |uG (v”uc(en))(S) -

uG(e)(S)| < & where £ € (0,1) foralln € N.

Theorem 3.14: Every (FSS(U), dg) is Hausdorff space.

Proof: Let(FSS(U), 073) be F;c — bPMS at least have two Fy, —points, and let UluG(el)’
V% 16(ey)> U uG(es) b€ Fss —points in Fg(U) such that

db (v u6(ery V2 uc(ep)) > 0 and dj(v3 46,y V3 u6(e,)) > 0 - Take any { be a Fy real number
dg(vlﬂG(eﬂ’szG(ez)) > 0 and

dp(Vuo(es) Vo uG(es)) > 0

0<(< % d5 (v 46 (ey) V2 uc(e,) ) Consider Fgg — open balls

dp 2 (V' usen) = {0 ue(ay) € Fss(U): dp (v 6y v sen) < €'}
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dp Z(UZMG(ez)) = {V246(az) € Fss(U): dB(v%46(a2) V2 u6(en) < }
and
dp - (Vus(e)) = (¥ us(as) € Fss (W) dp (v usag) Vpocen) < C}
Let v yu(eq) € dp 7 (0" u6(en) N dp 5 (V% u6ce))
Vus(es) € dp 7 (V' neten) then dp(v3 ey vl uaien) < 7
Vu(es) € dp 7 (V7 us(en) then dp(v2peq) Vuc(en)) < ¢

since v uG(e;) € dp 2 (V2 us(ep)) then dp(v3us(es) V3usces)) < ¢

by the Definition 3.1

db (v y e Vucley) < SIC+ T — 1 = SC.

Therefore, { > %(15 (v 46(ey) V2 uc e, ) Which contradict the hypothesis. So, clearly
db Z(UlllG(eﬂ) ndb Z(UZMG(EZ)) = @ and hence (Fg5(U),d}) is Hausdorff space.

Theorem 3.15: If every Fg, — Cauchy sequences in  (Fg,U) has convergent sub sequences,
then Fgc — bPMS is complete.

Proof: To prove Fg —bPMS is complete we must prove that if (v™,5e,)) has sub
sequences (v"k#G(enk)) = Uygee) InFg(U), then (U",6ee,)) = Vugey Where (V" 46(,)) 18
F,; — Cauchy sequences in (Fs U). Given € > 0, there exists a ¢ > 0 and take N=N(U) large
enough such that dg (U"#G(Kn),vmﬂc(,{m)) < ¢ for alln, m > N implies

|uG (K,)(S) — uG(K,,)(S)| < & then choose n; = N and &2 (U”iug(,(ni),v”g(k)) < & with

|G (K,;)(S) — uG(k)(S)| < € and by using n; < n, ... is an increasing sequences of
integers and (V" ;6(k,)) = Uug(k) therefore n > N we have

35 (V" ok Vuo ) < STA (V™0 V" uotkn) + 85 (V" a0k Va0
b (o ns i N

=8 (0™ V) ) < SE+E =D =8

and |uG (Kn) (S) — uG(K)(S)] < S[|uG (Kx)(S) — uG (K, )(S)]

+|uG (Kn,)(S) — uG (k) ()| — |16 (K, )(S) — nG (K, )(S)|] < S(E+€—€) =€

Theorem 3.16: The Fy, —open ball d~£ Z(vug(e)) is open set in Fg; — bPMS.

Proof: Let d~§ g(qu(e)) be Fg; —open ball such that

VuGe) € dp Z(UuG(e)) that means d3 (Ve (e) Vue(ep)) < ¢ With |G (ex)(S) — uG(e)(S)| < €

and choose |uG(e,)(S) —uG(e)(S)| < 55_1

Then consider Fgg —real numberi,—1 < —513 (UuG(e)'UuG(ek)) + g, where €, € (6, i) such that

€, < € — €. Consider Vyg(e,) € dpz,(Vugey) that means df(Vug(e, ) Vucien) < %, with
S

luG (en)(S) — uG (e (S < %
dp (Vuc ey Vi e)) < S[flg (Vuster Vusten) + dp (Ve Vusewy) — dp (Vus (e Vua (e )1<

S[&g (UMG(e)' UMG(ek)) + % - dg (UHG(ek)’UHG(ek))] <S E] ={ and|uG(e)(S) —
1G(ew ()| < S[luG(e)(S) — uG(er) (S| + [uG(er)(S) — uG (e, (S)| — luG(ew(S) —
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uG (e )(S)|1< S[% + ES—Z] < €, thus dg ?_1(UuG(e)) c &g Z(vﬂg(e)) SINCE Uy (e, 18 an arbitrary

S
element of d}) Z(U#G(e)) then dj Z(U"G(e)) is Fy; —open set.

Theorem 3.17: Let(Fg(U),d5) be Fg—bPMSwith coefficient S>1, then
3 —n /b b
d (v u6er) V2 u6e)) 725 (V' ey Vuen)) — Ao (Vs er) ¥ neten)) —
db (V2 46(ey) V2 uc(e,)) Tor each vl ygie Viuc(e,) Viuce;)  in Fos(U) isFgs —bMS on
F.(U) with the same coefficient S.
Proof: Forall v,y V246, V2 uc(es) € Fss(U) and by definition of dj, and d3,
it is easy to prove that d satisfies (1), (2), and (3) of Definition 2.10
Now, to prove
b b b
d° (V' uoen) Vi cien) < S [4° (Ve Vo) + 40 (Ve Vaten)]
1),
Since dy (v ug (e V2 c(er))=

b ()1 2 b (7)1 1 b ()2 2
2dp (v u6(er) V2 uc(er) — Ap (V' ucte) V' ueten) — dp (V2 uc(en) V2 uc(er):
l2)
dp (V' 6oy V2 ucen)=

b b b

5 2d5 (V" uo(en) Vuc(es)) — dp (V' 6o V6 en) — A5 (V3 Vc(e)- SRNE)
dp (V% 4 (e Vi (e3)=

b b b
2d5 (V462 VP uien) — dp (Ve Vicen) — dp (W ucten) Viien))-

cen(d)
Substituting (3) in the left side of the inequality (1) and (2), (4) in the right side , we get:

2d5 (v ey V6 (en) — Ap (U (er) V ucen) = @5 (V6 (es) V6 (en))

< SL2(dp (v us e V2usen) + dp (Vs Vusten)) = dp (¥ uote Viten)
—dp (V" u6ey) V' ucen) = A (V3 eny Vuc(en)) |

< S[2dP(0" 16y V¥ uc(en)) — Ap (V' u6e) V' ucer)) = dp (V3 (en) V2 uc(en))]-

Then,

Ay (v us ey Vuee) < S [ AoV uoten Vo) + Ao (V2user Vuscen)|:

Theorem 3.18: Let (Fy(U), dg) be Fgg —PbMS and let (v";5(e,)) be Fss — sequence in
Fss(U) then (V" 5(e,,)) 1s converges to Uy e)in (FSS(U), &b) hat is d? (UnuG(en)’UuG(e)) =0 if
and only if (V" u6 (e, Vi (e)) =dp (V" w6 en) V" u6(end) = (VG(e)» Vucce))

Proof:  Let(v",5(e,) converges to  Uyge)in (FSS(U), db) that is mean
dlj(vnug(en), UuG(e)) =0 by Theorem 3.17 db(vnﬂc(fn), Vue(e))=

2dy (V" w6 en V() ~ dp (V" w6 en) V" u6en)) — dp (Vaer Vic(e)):

By take the limit as n — oo then

lim [n—>g°2dg (V™ ue(eny Vuce)) —dp (V" u(en) V" ucen)) — dp (UuG(e)'UyG(e))] = 0.

Since d5(V™u6(e,) Vuc(e,)) CONVerges as n — oo then lim oo db (V" ue(e,) Vuc(e)) =
b

dp (Vus ey Vuace)) ~ )

Conversely, suppose that dg (v” G (en) Un#G(en)) =d£ (UuG(e)' UMG(Q)) to prove

d® (V™ 6 ey Vuc (e)) =0 by Theorem 3.17, d° (V™ y6 ey Vg e))=

2d5 (V" 46 (en) Vua(e)) = dp (V" uceny Va6 (en) — 3p (Vuc ey Vuc(e))
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Since dp (V" ug(en) Vut(e)) =dp (Vuc(e) V(o)) then
Lim (2n-eody (Vs ey Vut(e)) —dp (V" ugeny V"6 en)) — dp (Vuser Vus (o)) ]
=Lim [-s00d5 (25 (Voo Vuo ) = A (V" e ey V" ut o))

b _ b Jb _
then d (V" u6 (en)» V" w6 en)) =0p (Vua(e) Vua(ey) and d° (V" ug ey Vuciey) =0-

Theorem 3.19: (1) In Fgs —bPMS , a sequences (v",g,)) is Fss — Cauchy sequences if

and only if is Fg¢ — Cauchy sequences in  Fgg — bMS.
(2) Fgs — bMS is complete if and only if Fg¢ — bPMS is complete.

Proof: (1) Let (" 5(e,)) be Fss — Cauchy sequences inFgg — bPMS.

b _
S0, d” (V"6 (e V™ w6 (em)) =(VuG(e) VG (e))
Let € > 0, then there exists a natural number N, such that:

|45 (V" w6 (eny V"6 (em)) — (Ve Vuc(ey)| <5 forall mm =N
|45 (V" G eny V" w6 em)) | = )
|2d5 (V"™ w6 eny V" w6 (em)) — Ap (V" w6 (en) V6 (en)) — Db (V™ ey V" G em)) |
= |2d3 (V" ug (e V" w6 em)) — 2(Vic(er Vua(e)) — dp (V" w6 (e VG (en) +
(Ve (o) Yuc(@)) = A (V™ uc ey V" w6 (em)) + (Wuc (e Vs (@)
< |dp (" w6 enr V™" uGem)) — (VuG(er Vae)|
Hdp (V™ w6 eny Vw6 (em)) — (VuG(e) Vnaiey)| < Eforall m,m =N
0 (U™ 4G(ey)) 18 Fss — Cauchy sequences in Fg — bMS.

N |

Conversely, let (™ ,6(e,,)) be Fgs — Cauchy sequences in Fg; — bMS . And let € =

N | =

then n, in N such that d’ (v”“G(en),vm#G(em)) < for all n,m > ny, implies

) B 1

ng (Un'uG(en): UnOI.LG(enO)) _dll; (UnoliG(eno)’ UnonuG(eTlO)) B dg (vnMG(en)' vnliG(en)) E'
. b jb 1

Implies d, (vnug(en)lvnoyc(eno)) —dy (UnouG(enO),v”oﬂc(eno)) <2

b b b 1
dp (V" 6 en) V" 6 en) < dp (UnMG(en)'UnouG(eno)) <dp (U”"ua(eno)'””"ﬂa(eno)) +3

So, {dg (Un,uG(en): UnuG(en))} is abounded sequences in R(A).

Hence, 43 (V™ (00 V™ w6 onp)) = (V™ 6oy V™ u6eny))

Since (V™ 46(e,)) 18 Fss — Cauchy sequences in Fgg — bMS for € > 0 there exists ng such
that d5 (V™ 46 e,y V™ a6 (e,p) < € forall n,m > ne.

Then, dp (V™ uc(en) V" ucten)) — Ap (V" w6 (em) V™ 6 em))

< dp (V" u6enr V™" uetem)) ~ Ao (V™ w6 Cem) V" 6 temd) < dp (V" w60 V" G em)) < E-

So, {dé’ (v"ug(en), U”HG(en))} is Cauchy sequences in R(A).

Implies dp (V" u6(e,) V" u6 (o)) = (Unluc(enl)'vnluc:(enl))

Now, |8 (V™ g enr V™" em) ~ A5 (U™ (e, V" i (eny)|

:|&g (V" w6 V™" 6 em)) A (V" w6 e V" a6 o) + A5 (V" () Vi) —
(Unlua(enl)' Unluc(enl))| < dp (V™ w6 (e V" 6 (em)) F |dzl; (V" u6(en) V" uGCem) —

(UnluG(enl)'vnluG(enl))l implies dzg (UnMG(en)'vmuG(em)) = (Unluc(enl)'vnluc(enl)) :
Therefore, (v™,6(e,)) 1S Fss — Cauchy sequences in Fg; — bPMS.
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(2) Let (v™46(e,)) be any Fgg — Cauchy sequences in Fgg — bPMS,

then (V"6 (e,)) is any Fgg — Cauchy sequences in Fgg — bMS.

Since Fgg — bMS is complete there exists a Fgg —pointv,g(ey in Fgs(U) such that and by
Theorem 3.18, Fg, — bPMS is complete.

Conversely , let Fgo —bPMS  is complete and let (v",5(,)) be any  Fg, — Cauchy
sequences in Fgs — bMS  then (V™ ,6(,)) is Fgs — Cauchy sequences in Fg; — bPMS, since
Foc — bPMS is complete, there exists a Fgg —pointvlﬂc(el) in Fgo(U) such that

dp (V" w6 (en) V6 (en) = dp(V u(en V' uscer) = dp (V" u6ten) V" usen))

Now, by Theorem 3.18, 712 (v"uc(en),vlﬂc(el)) = 0 hence Fgc — bMS is complete.

Theorem 3.20: Let (FSS(U), d}?) bea Fss — bPMS and A be any subset of F,(U) then
dp (A) < Sdp(A) where dp(A) = sup {dp (V" ya(e V2 use) = dp (Ve V' ueeen)
VU460 V¥ G(ey) € A-

Proof: Let v (0, V% uc(e,) € A then there exists {v™ 66} (V™ us(e,, ) in A

such that {v" 46,0} = V' ug(er) ad (V" g (en} = V246 (er)-
That is mean,

dg(vnuG(en)’UluG(el)) = d,l; (UluG(el)'UluG(el)) = df; (UnuG(en)'UnuG(en))-

b _ b
And dp(vmuG(em)'UzuG(ez)) = dp(UNZuG(ez)'UZuG(ez))

= dzg (UmuG (em)’ UmuG(em))'

Now, by triangular property of Fgc — bPMS then:
{i},? (v 6 V2 uc(er) <SIdp (UluG(eO' UnuG(en)) +dp (UnuG(en)'UzuG(ez)) -
dp (V" s (en)r V" u6(en) -

And re-applying this feature again then:

dp (V" G en) Ve)) < STp (V" w6 e V™" (o)) + A5 (V" eV o)) —
dzg (UmuG(em)' Um#G(em))]'

..(0)

By compensation (6) in (5) then:

A5 (0 uer) VG (en) SSIAE (Ve V™ ucten) + S (50 6o Vo) +

b b b
dp (V™ w6 () V2 G(er) — dp (UmuG(em)'UmuG(em))) = dp (V"6 () V"))
Taking limit m — oo,n — oo in the inequality above then:

b 2 b b 2
dp (V' e V2 ucer)) <SIAp (V' ucen) V' uc(en) +S (dp (V' uoen Viuc(en) +

b b b
A5 (0%6e0) Vo) — A5 (VP te) Y uc(en) ) — BB (V ey Viiten)]
b b
dyp (UluG(el)' UZHG(ez)) = :g[Sdp (UluG(eﬂ' UZuG(ez))]'
Adding and subtracting d5 (v 46(e,) V' u6(ep) to inequality above then:
dg (UIMG(31)’UZMG(32)) - dg (vlﬂG(eﬂ’Ul#G(eﬂ) = S[Sdll; (U1M6(31)' UZMG(ez))]
—db (vt o1 )
p\Y uG(e1) ¥ pGler)): _ ~
Implies sup{dp (v uo(e,) Vus(e)) ~ dp (V' uen) V' e (e)) Y0 w6 (e V2 use) € A}
< sup {§2dp (v uo(e) Vs (er)) — dp (Ve V' uoen) )}
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< Sd5(A4). Implies db(A4) < Sd5(A).

Theorem 3.21: A F;; — bPMS is complete if and only if every

Fss — sequences (C" 5 (e,)) Of Fss — closed sets inFgg — bPMS satisfying:

(D) €™ y6enin) S CMucee,y VYN € N and;

(2) d5(C™y6(e,)) = 0 asn — oo then Ny C™ () is singleton.

Proof: Let {v"ug(en)} be a Fg —cauchy sequences in Fgo—bPMS then
dp (V™ ey V" uG(en) = V' uc(e-

For arbitrary € > 0 3 natural number k such that

|d£(v"+pu6(en+p),v"uG(en)) — U*uG(e*))| < EVn > k.

Let Cugen) = 0™ ug(enpor)' P € N3 then €™ gy € Clugen)

Implies C™6e) € C"uc(e,)-
Now, |d£ O™ 4 enep) V6 en)) — dp (UnuG(en)'Un#G(en))| =
z

- * i
+dp (V" 6 () V" 6 () — VVnscen| < St3

,..b *
dp (Un+pMG(en+p)’ vnMG(en)) Y uG(e)
=€Vn = k. Also,

b, n+p n _ Abr,n+p n+p
dp(v MG(en+p)JU uG(en)) dp (U ﬂG(en+p)'U .UG(en+p))| =

+

<+
2

b, n+p n g% b, n+p n+p _qy*
dp (v uG(en+p)’ v uG(en)) U uGe.) dy(v uG(ensp)’ v uG(enﬂ,)) U uG(e.)

£=¢vn > k. Implies
b b b .
[dp (Un+pliG(en+p)’ UnuG(en)) - {dp (V" w6 (eny V" 6 e ) dp (Un+pHG(en+p)' Un+pu6(en+p))} '

VUn+pﬂG(en+p)'UnﬂG(en) € CnuG(en)] =0.

N

Implies d5(C"y6(e,)) = 0asn — o
And by us_ing Lemma~3.3, then dg (FuG(en)) —>0asn - .
So, ﬂ;‘{;lC”uG(en) ¢_@. o
Let v'y6(e,) € N=1C"u6(er) = V' uGen) € Cug(e) VN EN
also Uzl#G(eJl) € C"uG(en) © CnuG(en): o
then 0 < dp (V" ue (e V" ucen)) — dp(V w6 (er) V' u6en) < dp(Cc(en)
taking the limit and using the Sandwich Theorem then
1im dp (V™ u6(eny Vo) = dp (W uen) Vs en)- (D)
By the same way that have 0< db (v ue (e V™ ueen)) — A5 (V uc (e UV ey)) <
dg (C™uG(e,) and also using the sandwich theorem then
Tllirz)dg(vnﬂG(en)’Un#G(en)) = dp (V"6 en) V' wten))- -(8)
By (7) and (8) get on
. b _ b — iy b
L dy (0" G e V' ucen) = Ap(V e (ery Vs (en) = Limdp (V™ useny V" us(en))
Hence, Fg; — bPMS be complete and the condition (1) and (2) are satisfying.
Now, to prove Ny=1C™ (e, is singleton consider
C"u6(e) € Cug (e, foralln € N. Since C™** g ) € C™ygiey)-
Iinpliezs V™ G en) € C"uc(ey) for~all m = n that implies )
0 < dp(v" u6eny V" u6tem)) = o (V" w6 e V' u(en)) < dp (C"uiey) that implies
0<dp (UmuG(em)' U6 (en)) —dp (UmuG(em)'UmuG(em)) < dp(C"ug(e,) Which gives
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0 < 2d5 (V" uo(en) V™ u6tem)) ~ Ap (V" ey V" u6en)) ~ dp (V" u(em) V" i (em)) <
2d5(C™ g ey) implies 0 < 2dp (V"™ ug (e V™ uc(em)) < 2d5(C ug(er))-

Using (2) and by using Sandwich Theorem obtaining v",;(,) be a Fs; —Cauchy sequences
in Fg — bPMS and since Fgs — bPMS is complete by Theorem 3.20 then Fg, — bMS is
complete. Hence, 3v e,y € Fss(U) such that d®(v™y6(e.), U us(e) = 0 as n — oo which
implies v",5(,) converges to v',g,) in Fgg —bPMS. This gives v'ycee) € Cug(ey)
is Fgs — closed in (Fss(U), db), thus v?5e,) € C" (e, ) VNN,

LetUZMG(eZ) € n?f:lcnuG(en) - UZyG(ez) € CnuG(en) forall n €N,

A < b b b
0 < dp(v e V2 ucten) — dp (V' ua(er) V' ua(en) < dp(C uen)-
Taking the limit and using the Sandwich Theorem we get

b — Ab
dp (Ve V2 u6en) = dp (V' pG(ery Vingen))-
Similarly, get on dp (V"G ey) U eten)) = dp (V% uG(er) Viten))

Therefore,  dp (V% ug(e,) V2uc(e) = dp (W ua(e) Vo) = dp (Vo) Vus(ep))  this
implies vluG(el) = UZMG(QZ) and Ny~ C™y6(e,) 1s singleton then the proof is complete.

4. Conclusions

In this research, the newly posed space combines the FSs and partial metric space
principles, namely the fuzzy soft b-partial metric space. Then, several analytic merits are
successfully investigated, such as the F¢ -closed, F¢c-open ball, Fgc-Harsdorff space, and F-
converge sequence. Finally, the relevance between this newly designated space and b-metric
spaces is also indicated. The appropriate examples are illustrated to characterize the various
merits of posed space.
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