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Abstract
The purpose of this paper is to prove the following result:- Let R be a 2-torsion
[ree semiprime ring. Z(R) be the center of R U be a nonzero ideal of R. and d be a

nonzero derivation on R, then R contains a nonzero central ideal if one of the

lollowing conditions holds:

i- d"|x, v|Flx, vle Z(R) torall x, y e U . where n is a fixed positive integer.
: ; i P £

i- d” [\ }']47 4% [\ _\‘]“f_‘ [\;] € Z(R) for all x,yel/. where p. m are fixed

positive integers.
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Introduction:

Many studies were done on a derivations and
commutativity in prime and semiprime rings see
[1-6]. Daif and Bell [4] proved that, a simeprime
ring must be commutative if it admits a
derivation d such that
dlx,y]=[x,y] forall x, ve R.or
dix.y]+[x,y=0 forall x,ye R,

Motoshi Hongan [5] generalized the above result
by proving that: Let R be a 2-torsion free
semiprime ring. Z(R) be the center of R and
d:R—> R be

dlx,y]+[x,v]le Z(R)
dlx.y] =[x, v]€ Z(R), forall x,yel/, where
U is a nonzero ideal of R, then R contains a
nonzero central ideal. and the following question
was raised : let R be a 2-torsion free semiprime
ring, ¢ : R —> R be a nonzero derivation, and U
a nonzero ideal of R, and let n be a fixed positive

a derivation.

or

If

Ok 3e laaia
integer. Does the condition that
or

d"[x, y]+[x, ¥]€ Z(R)
d"[x,y]-[x,y]€ Z(R), forall x,ye U imply
that UV < Z(R), the purpose of this paper is to
answer this question, and give extension for it by
proving that R must be contains a nonzero central
ideal, when d is satisfying the following
condition;

dP[x, y]+d"|x, y]+[x, v] € Z(R) or

dP[x,y]=d"[x,y]-[x,¥]€ Z(R), for all
x,yelU. Where p and m are fixed positive

integers.

Preliminaries

Throughout this paper, a ring R is semiprime
it aRa =0 ,for ae R ,then a =0. A ring R is
2-torsion free if , 2x =0 , forces x =0 ., for
xe R.
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An additive map d from R to R is called a
derivation if d(.r_v):d{,\";,wr,\‘d(_\}. for all

x,y€ R, we write [x,y]=xy—yx and note

that the important identity

[x.yz]= .\‘[.\‘.‘1']+|x,y§:. Given a subset S of

R, we put
V()= {xe R|[x,s]=0 forall 5& S}
We need to state the following results.

Lemma 1: |5, lemma 1]
Let R be a simeprime ring. U be a nonzero ideal

of R.and ae R.

- Let heU.if [b.x]=0 for all xe U . then
he Z(R) therefore,
then U/ < Z(K).

if U is commutative,

2. 1If [a.x]€ Z(R) for all xeU, then
aelVpll).
3- Let R be a 2-torsion free ring and

[a.[x. vl € Z(R)y, for all x, yel . then
aclyU).

Lemma 2:
Let R be a simeprime ring. U be a nonzero ideal

of R, and d:R—> R be a nonzero derivation

cuch that d"[x,¥]1F[x.¥]€ Z(R), for all

x.velU. if d"(U)c Vp(U) then U is a
commutative and U < Z(R), where n is a fixed
positive integer.
Proof:
Let aeU .since d"[x, y]1F[x.¥]€ Z(R)

for any x.y e U, wehave

0 =[a,d"[x.y]1F[x»l]

0=[a.d"[x y]]+ [a.[x. ¥]]

0=[a,d"(xy) - d"(yo)] Fla.[x ¥l

0=[a.d"(x)]-[a d" (yo)] F [a.[x 1]
Since d"(U)cVrpW). i. & [a.d"(U)] =0,
forall x,yel/ then 0= Fla,[x, y]] and we get
aeVp(U) by [4, lemma 1.
Therefore, U is commutative, and so we obtain
that U < Z(R) by lemma 1.

Lemma 3:
Lel R be a simeprime ring. U be a nonzero ideal of R.

and d: R—» R be a nonzero derivation such that
dPLx, y]F d"[x, V1T [x, 0] € Z(R), for all

x,yel.if AP Fd"(U) V(U) then U
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is a commutative and so U © Z(R).where pand m
are positive integers.
Proof:
Let
dP[x, y]Fd"[x. y1¥ [x,y]e Z(R) for all
x,vel/, wehave
0=[a.d"[x.y]Fd"[x.y]¥ [x, ¥]]
0=[ad?[x.y]F d"[x, yFla.[x 2]
0=[a.d?(xy)-d”(yx)F d" (xy) -

d" (yo)] Fla.[x v
0= ]a.d-"} (xy)+ d"(x)] -

[a.d? (yx)Fd" (yx)]F [a.[x, »]]
Since dP U Fd"U) S VrU),
[a.d”(U)F d™(LFy] =0,
[a.d? (xy)+ d™(xv)] =

[a,d? (yx)+d" (y)] =0

for all x,ve U then 0=F[a[x y]1 and we get

a e Vyp(U) by [4, lemma 1].
Therefore, U is a commutative ideal, we
obtain U/ = Z(R) by lemma 1.

aell, since

then

thus

The main results

Theorem 1:

Let R be a 2-torsion free semiprime ring. U be a

nonzero ideal of R, if R admits a nonzero

derivation d satisfying d"[x, y]1¥[x. v]e Z(R),

for all x,yelU, then R contains a nNoOnzero

central ideal, where nis a fixed positive integer.

Proof:

Suppose that d # 0, for any X,

have d"[x.[y,z]]F [x[y.211€ Z(R), for all

x,y,zel

=d"(x[y.z2))—d"(y.z]0) F [x.[»,2]]

d" (), z]+xd"[y.z]= d v, 2=
[y.z]d"” (x)F (%[ z]]

=[d" (x),[v, 2]} + L%, d"[y.z]]F [x[y.2]]

—{d" (s 2N+ [ d " [ 2] F 2D

Since d"[y,z]F[y.z]€ Z(R), then we have

y,zel we

[x,d"[y.z2]F[»2]1=0, forall y,zeU.
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Thus [d"(x),[y.z]]€ Z(R), since R is a 2-
torsion free semiprime ring and
[d"(x).[y.2]]€ Z(R) , for all y,zel then

by Lemma 1, we obtain d”(x) e Vp(U), that is

d”((ﬁ) < V(). th
= Z(R).

So we can get the following corollary

Corollary 1:

Let R be a 2-torsion free semiprime ring, and
d:R—> R
d"([x, y)F [x.v]e 2(R),
then R is commutative,
positive integer.

Remark
In theorem | and corollary 1, we can not exclude
the condition "2-torsion frec" as below.

erefore by lemma 2 we have

for all x,yeR.

where n is a

Example:
We denote by Z the integer system Let
(Z Z y :
27 ﬂ Y
R=| |
z oz 0)
22 27, '

and d be the inner derivation induced by a, that
is, d(x)=[a,x] for all xe R, then R is a non-

commutative prime ring with Char, R =2, when
2 ~

n=2 then d7[x,y]F[x.v]e Z(R) . for all

x, ¥ € R. And by the same way we can prove:

Theorem 2:

Let R be a 2-torsion free semiprime ring, and U
be a nonzero ideal of R, if R admits a nonzero
derivation d satisfying

dP[x, y]Fd"[x.y] ¥ [x

R contains a

vle Z(R), for all

x,yel/, then nonzero central

ideal, where p and m are fixed positive integers.

Proof:

We suppose that =0, forany x,y,ze U

have

dl[x,[y,z2]1Fd"[x, [0, z]1F [x.[y. 2]] € Z(R).,

Then

=d?(x[y.z])-dP([y.z)x
=d" ([, F[x.[y,2]]

=[d? (). [ zN1F [x.d7 [y, 2]]

Fld"(x) v z]]Fx.d™[v. 2]]

m

Yy Fd7 (v, z])
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F[x,[v.2]]

=[d?()Fd" (). [z Fx.d [y, 2]
Fd" |y, z]F v 2]
Since d”[y,z]Fd"[y,z]F[y.z] € Z(R), for
all y.zel then
[\ d?\y,z]Fd" v, 2] F[y.z]]=0 , for all
nzel Thus we obtain

itf‘“(-\‘) i U””(v\‘)q[}’.:jje Z(R). by lemma I,
we have

dP(x)+d" (x)e Vp(U),
d"(U)+d" (U) < Vp(U),

lemma 3 we have U < Z(R).

that is

therefore, by

Corollary 2:
Let R be a 2
d:R—>R be a
dP[x, v]1Fd"[x.y]F[x,y] € Z(R), for all

x,y € R, then R is commutative, where p and m

-torsion free semiprime ring, and

nonzero derivation, if

are fixed positive integers.

Proof:

From precedence theorem 2, we obtain
U Z(R), U is a nonzero ideal of R, so if

dP[x, v]Fd"[x, ] F[x.¥]e Z(R) for all
x,ve R, Rc Z(R), then R is

commutative.

get

o

we
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