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Abstract  

   In this paper, the partial metric space is adopted as the background of the work. As 

known, a partial metric space is a general case of a metric space where self-distances 

are not always zero. A generalization of the (𝛽- 𝜓) -Jaggi type contractive mapping 

is presented by adding some factors while retaining the control functions. The 

existence and uniqueness of a fixed point for this type of mappings are studied and 

discussed. It is very useful in extending the current findings of the corresponding 

literature. 

 

Keywords: Admissible functions, (𝑐)-Comparison function, Fixed point, Jaggi-type 
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في الفضاءات  نوع جاجيلتطبيق انكماشي من  النقطة الصامدة مبرهنات

   المترية الجزئية

 غيداء سعدون أشعيع, سلوى سلمان عبد*

   جامعة بغداد , كلية التربية للعلوم الصرفة ابن الهيثم , بغداد , العراق 
 

  الخلاصة 
هو    الفضاء المتري الجزئي  من المعروف انتم اعتماد الفضاء المتري الجزئي كخلفية للعمل.  خلال هذا البحث,  

. يتم تقديم تعميم التطبيق الانكماشي من  ن المسافات الذاتية صفرًا دائمًا حيث لا تكو   حالة عامة للفضاء المتري 
عن طريق إضافة بعض العوامل مع الاحتفاظ بدوال التحكم. تمت دراسة ومناقشة وجود    جاجي - (𝛽- 𝜓)  نوع 

 و وحدانية نقطة الصامدة لهذا النوع من التطبيقات. إنه مفيد جدًا في توسيع النتائج الحالية للأدبيات المقابلة.
 

1. Introduction 

    Over the past decades, many authors have generalized the concept of the metric space such 

as quasi metric space by Maurice Frechet [1-2], b-metric space by Bakhtin [3-4], G-metric 

space by Mustafa and Sims [5-6], partial metric space by Matthews [7-9], Wangwe and 

Kumar [10] formed varied results on fixed-point for F-Hardy-Roger's multi-valued maps in 

partial metric spaces with ordering, etc.   For spaces with special installations, see [11-12], 

where were discussed the proximity properties in fuzzy normed spaces and modular spaces 
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respectively. A partial metric space (shortly, PMS) provides a powerful and flexible 

framework for studying spaces with self-referential distances, making them valuable in 

theoretical computer science and fixed-point analysis. Vijayabaskerreddy and Srinivas [13] 

proved a common fixed-point theorem for two pair of self-maps using the weakly compatible 

mappings through 𝐹-contraction. In [14], the authors proposed the notion of double 

controlled partial metric type spaces and studied the existence of fixed points for Kannan type 

contractions.   
The work throughout this search is depended on the PMS to present some results about the 

existence fixed points. Banach's contraction assignment principle is the base of many 

extended fixed-point theories [15-16]. It has wide-ranging applications in many branches of 

mathematics and other science [17-19] in this field. 

In this paper, we will deal with a type of contractive mapping called Jaggi contractive which 

was shown by Jaggi [20] in 1977 to showing the existence of fixed points. Karapınar and 

Fulga [21] combined of a Jaggi type contraction and interpolative type contraction in the 

metric spaces to present a hybrid type contraction and investigate the existence and 

uniqueness of it. Also, showed an application these results by solving fractional differential 

equations. Pankaj and Kumar [22] proved the existence and uniqueness weak (ψ-φ)-Jaggi 

type contraction. The concept of Jaggi-Wardowski-type contraction is introduced by Shagari 

and et al., [23] in G-metric space to give results of fixed points and then applied it to solve 

Fredholm-type integral equation under new conditions.  

2. Preliminaries 

     In the following, some basic notions are recalled in PMS. 

 

Definition 2.1: [24] Let 𝐺 be a non-empty set and 𝜌: 𝐺 × 𝐺 →  ℜ+ be a function where 

ℜ+ = [0,∞) such that for all 𝑔, 𝑠, ℎ ∈ 𝐺,  
1. 𝜌(𝑔, 𝑔) ≤  𝜌(𝑔, 𝑠);  
2. if  0 ≤ 𝜌(𝑔, 𝑔) =  𝜌(𝑔, 𝑠) =  𝜌(𝑠, 𝑠) then, 𝑔 =  𝑠; 
3. 𝜌(𝑔, 𝑠) =  𝜌(𝑠, 𝑔); 
4. 𝜌(𝑔, ℎ) + 𝜌(𝑠, 𝑠) ≤  𝜌(𝑔, 𝑠) +  𝜌(𝑠, ℎ).  
Then the pair (𝐺, 𝜌) is called a partial metric space. 

 

Remark 2.2: [25-26] 

1. If 𝜌(𝑔, 𝑠) =  0, then from Definition (2.1, 1- 2), we have 𝑔 = 𝑠. 
2. Any metric space is a partial metric space, but converse not always true, as the following, 

if 𝐺 =  ℜ+ and 𝜌(𝑔, 𝑠) =  𝑚𝑎𝑥{𝑔, 𝑠}. Then (𝐺, 𝜌) is a partial metric space and 𝜌(𝑔, 𝑔) ≠
0. For all 𝑔 ∈ 𝐺 \ {0}, but it is not metric space. 

3. A partial metric  𝜌 on 𝐺 generates a 𝑇0 topology 𝜏𝜌 on 𝐺 with a base of the family of open 

𝜌-balls is Β𝜌(𝑔, 𝜖) =  {𝑠 ∈ 𝐺:  𝜌(𝑔, 𝑠)  <  𝜌(𝑔, 𝑔)  +  𝜖} for all 𝑔 ∈ 𝐺, and 𝜖 > 0.  

4. Hausdorff status may not be achieved in PMS. 

To clarify the Remark 2.2, the following examples are presented:  
 

Example 2.3: Let 𝐺 =  ℜ+ and 𝜌: 𝐺 × 𝐺 → ℜ+ be 𝜌(𝑔, 𝑠) =  |𝑔 − 𝑠| +
𝑚𝑎𝑥{𝑔2, 𝑠2}, Β𝜌(0,1) = {𝑠 ∈ 𝐺:  𝜌(0, 𝑠)  < 1}, such that {𝑔 ∈ 𝐺: |𝑔| + 𝑔2 < 1}, then 

(𝐺, 𝜌)is PMS. Now, to describe the ball in this status, there are two cases: if 

i. 𝑔 ≥ 0, ⟹ |𝑔| = 𝑔. Then 0 < 𝑔 <
−1+√5

2
  for all 𝑔 ∈ 𝐺. 

ii. 𝑔 < 0, ⟹ |𝑔| = −𝑔. Then  
1−√5

2
  < 𝑔 < 0. And then Β𝜌(0,1) is an open interval 

(
1−√5

2
  ,
−1+√5

2
). 
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Example 2.4: Consider a set 𝒜  enhanced with element ô such that ô ∉ 𝒜. Define a partial 

order on 𝐺 = 𝒜 ∪ { ô} such that ô < 𝑠, ∀𝑠 ∈ 𝒜 and no other order relations exist. Define the 

function 𝜌: 𝐺 × 𝐺 → {0,1} as 𝜌(ℎ, 𝑠) = 0, if ℎ = 𝑠 and ℎ ≠  ô, and 𝜌(ℎ, 𝑠) = 1 if ℎ ≠ 𝑠. 

Then 𝜌(ℎ, ℎ) = 0, ∀ ℎ ≠ ô, 𝜌(ô, ô) = 1 and 𝜌(ℎ, ô) = 𝜌(ô, ℎ) = 1, ∀ ℎ ≠ ô.  

 

Definition 2.5: [27, 28] Let (𝐺, 𝜌) be a PMS. Then a partial metric 𝜌 induces non-Hausdorff 

topology because any open set containing ℎ will be also intersect with any open set 

containing ô, preventing the separation of a Hausdorff type. 

1. A sequence {𝑔𝑛} in (𝐺, 𝜌) converges to 𝑔 ∈  𝐺 if  𝜌(𝑔, 𝑔) =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔, 𝑔𝑛) ;   

2. A sequence {𝑔𝑛} in (𝐺, 𝜌) is called a Cauchy sequence if 𝜌(𝑔, 𝑔) =  𝑙𝑖𝑚
𝑛,𝑚→∞

𝜌(𝑔𝑚, 𝑔𝑛) 

exists (and is finite);      

3. (𝐺, 𝜌) is said to be complete if every Cauchy sequence {𝑔𝑛} in 𝐺 converges, with respect 

to ℑ𝜌, to a point 𝑔 ∈  𝐺 such that  𝜌(𝑔, 𝑔) =  𝑙𝑖𝑚
𝑛,𝑚→∞

𝜌(𝑔𝑚, 𝑔𝑛);  

 

Definition 2.6: [26] A subset 𝒜 of  𝐺 is 

1. Closed 𝒜′ ⊂ 𝒜 where (𝒜′ is the set of all accumulation points of  𝐺), if a sequence 
{𝑔𝑛} in 𝒜 converges to some 𝑔 ∈  𝐺, then 𝑔 ∈  𝒜. 

2. Bounded if there exists 𝑔0  ∈  𝐺 and  𝛭 > 0 such that for all 𝑎 ∈  𝒜, we have 𝑎 ∈
 𝛽𝜌(𝑔0,𝛭), that is, 𝜌(𝑔0, 𝑎)  <   𝜌(𝑎, 𝑎) +  𝛭.    

 

Definition 2.7: [29] Let (𝐺, 𝜌) be a PMS, a self-mapping Γ on 𝐺 is called to be continuous, if 

for each sequence {𝑔𝑛} in 𝐺 converges to 𝑢 ∈  𝐺, that is  

𝜌(𝑢, 𝑢) =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑢) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔𝑛+𝑘). 

Remark 2.8: [30] The above definition implies to: 

1. 𝜌(Γ𝑢, Γ𝑢) = 𝑙𝑖𝑚
𝑛→∞

𝜌(Γ𝑔𝑛, Γ𝑢 ) = 𝑙𝑖𝑚
𝑛→∞

𝜌(Γ𝑔𝑛, Γ𝑔𝑛+𝑘).  

Notice that, the equality above can be expressed as 

𝑙𝑖𝑚
𝑛→∞

𝜌(Γ𝑔𝑛, Γ𝑢) =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛+1, Γ𝑢) =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛+1, 𝑔𝑛+𝑘+1) =𝜌(𝑢, 𝑢). 

2. The non-Hausdorffian of 𝐺 implies to non-uniqueness of the limit of a convergent 

sequence. To explain this, follow the below example  
 

Example 2.9: Consider a PMS 𝐺 = [0, 1] with, 𝜌(𝑔, 𝑠) = 𝑚𝑎𝑥 {𝑔, 𝑠}, the sequence {
1

𝑛
}
𝑛 𝜖 ℕ

 

Then, (𝐺, 𝜌). Note 𝜌(0, 0) =  𝑙𝑖𝑚
𝑛→∞

𝜌 (0,
1

𝑛
) = 0 and 𝜌(1, 1) =  𝑙𝑖𝑚

𝑛→∞
𝜌 (1,

1

𝑛
) = 1. 

Lemma 2.10: [31] 

1. Let {𝑔𝑛} and {𝑠𝑛} be two sequences in a PMS 𝐺 such that 

𝜌(𝑔, 𝑔) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔) =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔𝑛) and 𝜌(𝑠, 𝑠) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑠𝑛, 𝑠) =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑠𝑛, 𝑠𝑛), 

Then, 𝜌(𝑔, 𝑠) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑠𝑛). 

In particular, 𝜌(𝑔, ℎ) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, ℎ), for every ℎ ∈  𝐺. 

2. For 𝑔, 𝑠 in  𝐺 

i. If  𝜌(𝑔, 𝑠) = 0, then 𝑔 = 𝑠, 
ii. If  𝑔 ≠ 𝑠, then 𝜌(𝑔, 𝑠)  > 0. 

As, in [32], investigated reform the following two definitions in the PMS: 

Definition 2.11: Let a mapping Γ: 𝐺 → 𝐺 and 𝛽: 𝐺 × 𝐺 →  [0,∞) be a function. Then Γ 

is called  𝛽-orbital admissible if  
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𝛽(𝑔, Γ𝑔) ≥  1  ⇒ 𝛽(Γ𝑔, Γ2𝑔) ≥  1. 

Definition 2.12: Let a mapping Γ: 𝐺 → 𝐺 and 𝛽: 𝐺 × 𝐺 →  [0,∞), be a function. Then Γ 

is called  𝛽-admissible if  

𝛽(𝑔, 𝑠) ≥  1  ⇒ 𝛽(Γ𝑔, Γ𝑠) ≥  1, satisfied for all 𝑔, 𝑠 ∈ 𝐺. 

Obviously, every 𝛽-admissible is 𝛽-orbital admissible by the following example:  

Example 2.13: Consider (𝐺, 𝜌), 𝐺 = {0, 2, 3, 4}, Γ: 𝐺 → 𝐺 and 𝜌: 𝐺 × 𝐺 →  ℜ, 𝜌(𝑔, 𝑠) =
|𝑔 − 𝑠| for all 𝑔, 𝑠 ∈ 𝐺, 𝛽: 𝐺 × 𝐺 →  [0,∞), when 𝛽(𝑔, 𝑠) = 0 if (𝑔, 𝑠) ∈ {(2, 4), (4, 2)} 
and 𝛽(𝑔, 𝑠) = 1 if {(𝑔, 𝑠) ∉ {(2, 4), (4, 2)} then Γ is 𝛽-orbital admissible, but not 𝛽-

admissible function, where Γ0 = Γ2 = 4, Γ4 = Γ5 = 5. 

Definition 2.14: The function  𝜓: [0,∞) → [0,∞) is called a (𝑐)-comparison if it is non-

decreasing and satisfies  

there exists 𝑘0 ∈ ℕ and  𝑎 ∈ (0, 1) and   ∑ 𝑣𝑘
∞
𝑘=1 < ∞ such that  𝑣𝑘 ≥ 0 and 

𝜓𝑘+1(𝑡) ≤ 𝑎𝜓𝑘(𝑡) + 𝑣𝑘,  for 𝑘 ≥ 𝑘0  and any 𝑡 ≥ 0. 

 
Lemma 2.15: Let Ψ ≕ {𝜓:𝜓 is (𝑐)-comparison function}. Then  𝜓 satisfies the following: 
1. (𝜓𝑛(𝑡))𝑛 𝜖 ℕ converges to 0 as  𝑛 → ∞ for all 𝑡 ∈ ℜ+. 
2. 𝜓(𝑡) < 𝑡, for all 𝑡 ∈ ℜ+. 
3. 𝜓 is continuous at 0. 
4. The series  ∑ 𝜓𝑘(𝑡)∞

𝑘=1  converges for all 𝑡 ∈ ℜ+. 
Samet [28] suggested a contraction type self-mapping to unify several previous results in the 

literature by control functions. 

     The rational expression for contraction had been introduced for the first time by Jaggi 

[19], as the following definition shown: 

 

Definition 2.16: Let (𝐺, 𝜌) be a metric space, and Γ: (𝐺, 𝜌) → (𝐺, 𝜌) be mapping. Γ is called 

a 𝜓 Jaggi Type Contraction denoted if, there exist 𝜓 ∈  Ψ such that  

𝜌(Γ(𝑔), Γ(𝑠)) ≤  𝜓 (𝜚1
𝜌(𝑔, Γ𝑔). 𝜌(𝑠, Γ𝑠)  

𝜌(𝑔, 𝑠)
+ 𝜚2𝜌(𝑔, 𝑠))                                                 (1) 

for all 𝑔, 𝑠 ∈ 𝐺, such that 𝜚1 + 𝜚2 < 1.  
 

3. Main Results 

In the following is a new version of Jaggi contraction type via control functions in PMS. 

Definition 3.1: Let Γ be 𝑎 self-mapping on a PMS (𝐺, 𝜌) and 𝛽, 𝜓 be real functions as in 

Definitions 2.11 and 2.14, respectively then Γ is called (𝛽- 𝜓) generalized Jaggi contraction if 

𝛽(𝑔, 𝛤𝑠)𝜌(𝛤(𝑔), 𝛤(𝑠)) ≤  𝜓(𝛾𝑞𝛤(𝑔, 𝑠)). 

Where 𝛾𝑞𝛤(𝑔, 𝑠) =  

 √𝜚1 (
𝜌(𝑔, 𝛤𝑔). 𝜌(𝑠, 𝛤𝑠)  

𝜌(𝑔, 𝑠)
)

𝑞 

+ 𝜚2(𝜌(𝑔, 𝑠))
𝑞 
+ 𝜚3 [ 𝑚𝑎𝑥 {

𝜌(𝑔, 𝛤𝑔) + 𝜌(𝑠, 𝛤𝑠)  

2
,

𝜌(𝑔, 𝑠), 𝜌(𝑠, 𝛤𝑔)
}]

𝑞
𝑞

   (2) 

for all 𝑔, 𝑠 ∈ 𝐺, q > 0 and 𝜚𝑖 ≥ 0, 𝑖 = 1, 2,3 such that 𝜚1 + 𝜚2+𝜚3 = 1.    
Theorem 3.2: Let Γ: (𝐺, 𝜌) → (𝐺, 𝜌) be a continuous mapping on a complete PMS  (𝐺, 𝜌),  

if Γ is (𝛽- 𝜓) generalized Jaggi contraction. Then Γ has a fixed point 𝑔 ∈ 𝐺. Moreover, for 

any 𝑔0 ∈ 𝐺, the sequence {Γ𝑛𝑔0} converges to 𝑔.  
Proof: Since Γ is  𝛽-orbital admissible, then there exists 𝑔0 in 𝐺, such that 𝛽(𝑔0, Γ𝑔0) =
 𝛽(𝑔0, 𝑔1) ≥ 1, so 𝛽(Γ𝑔0, Γ

2𝑔0) =  𝛽(𝑔1, 𝑔2) ≥ 1. And so on  𝛽(𝑔𝑛+1, 𝑔𝑛+2) =
 𝛽(Γ𝑔𝑛, Γ𝑔𝑛+1) ≥ 1  for all 𝑛 ∈  ℕ , where 𝑔1 = Γ𝑔0, and 𝑔2 = Γ𝑔1 = Γ2𝑔0… . . . , 𝑔𝑛 = 

Γ𝑔𝑛−1  =  Γ𝑛−1𝑔0.  
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By assuming that 𝜌(𝑔𝑛, 𝑔𝑛+1) > 0 for all 𝑛 ∈  ℕ,  if it is not true that there exists 𝑘0 ∈ ℕ 

such that 𝜌(𝑔𝑘0 , 𝑔𝑘0+1) = 0, Therefore, 𝑔𝑘0 = 𝑔𝑘0+1 = Γ𝑔𝑘0 then it is the proof is 

completed, since 𝑔𝑘0 forms a fixed point. Now, when q ≥ 0, by letting γqΓ(𝑔, 𝑠) for 𝑔 =  𝑔𝑛 

and 𝑠 = 𝑔𝑛+1, so 
𝛽(𝑔, Γ𝑠)𝜌(Γ(𝑔), Γ(𝑠)) ≤  𝜓(γqΓ(𝑔, 𝑠)). 

Becomes 

𝜌(𝑔𝑛+1, 𝑔𝑛+2) = 𝜌(Γ(𝑔𝑛), Γ(𝑔𝑛+1)) ≤ 𝛽(𝑔𝑛, Γ𝑔𝑛+1)(𝜌(Γ(𝑔𝑛), Γ(𝑔𝑛+1)) ≤

𝜓(γqΓ(𝑔𝑛, 𝑔𝑛+1 ))                                                                                                             (3) 

where 

 γqΓ(𝑔𝑛, 𝑔𝑛+1 ) = √

𝜚1 (
𝜌(𝑔𝑛,Γ𝑔𝑛).𝜌(𝑔𝑛+1,Γ𝑔𝑛+1)  

𝜌(𝑔𝑛,𝑔𝑛+1)
)
q 

+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 
+

𝜚3 [max {
𝜌(𝑔𝑛,Γ𝑔𝑛)+𝜌(𝑔𝑛+1,Γ𝑔𝑛+1)  

2
,

𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, Γ𝑔𝑛)
}]

q

.
 

q

                            (4)   

Therefore, 

𝜌(𝑔𝑛+1, 𝑔𝑛+2) = 𝜌(Γ(𝑔𝑛), Γ(𝑔𝑛+1)) ≤ 𝛽(𝑔𝑛, Γ𝑔𝑛+1)(𝜌(Γ(𝑔𝑛), Γ(𝑔𝑛+1)) 

≤ 𝜓

(

 
 
 
 

√
  
  
  
  
  
  

𝜚1 (
𝜌(𝑔𝑛, Γ𝑔𝑛). 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1)  

𝜌(𝑔𝑛, 𝑔𝑛+1)
)

q 

+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 
+

𝜚3 [max {

𝜌(𝑔𝑛, Γ𝑔𝑛) + 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1)  

2
,

𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, Γ𝑔𝑛)
}]

q

q

)

 
 
 
 

                                      (5) 

 

≤ 𝜓

(

 
 
√

𝜚1 (
𝜌(𝑔𝑛,𝑔𝑛+1).𝜌(𝑔𝑛+1,𝑔𝑛+2)  

𝜌(𝑔𝑛,𝑔𝑛+1)
)
q 

+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 
+

𝜚3 [max {
𝜌(𝑔𝑛,𝑔𝑛+1)+𝜌(𝑔𝑛+1,𝑔𝑛+2)  

2
,

𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, 𝑔𝑛+1)
}]

q

q

)

 
 
                                                   (6)  

 

≤ 𝜓

(

 
 
√

𝜚1(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))

q 
+

𝜚3 [max {
𝜌(𝑔𝑛,𝑔𝑛+1)+𝜌(𝑔𝑛+1,𝑔𝑛+2)  

2
,

𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, 𝑔𝑛+1)
}]

q
q

)

 
 
.                                                               (7)     

Suppose that, if 

 𝜌(𝑔𝑛+1, 𝑔𝑛+2) > 𝜌(𝑔𝑛, 𝑔𝑛+1), putting in (7). Then    
  

𝜌(𝑔𝑛+1, 𝑔𝑛+2) ≤ 𝜓√

𝜚1(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
+ 𝜚2(𝜌(𝑔𝑛+1, 𝑔𝑛+2))

q 

+𝜚3 [max {
𝜌(𝑔𝑛+1,  𝑔𝑛+2),

𝜌(𝑔𝑛+1, 𝑔𝑛+2), 𝜌(𝑔𝑛+1, 𝑔𝑛+1)
}]
q

q

                                         (8)  

≤ 𝜓√𝜚1(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
+ 𝜚2(𝜌(𝑔𝑛+1, 𝑔𝑛+2))

q
+ 𝜚3[max{𝜌(𝑔𝑛+1, 𝑔𝑛+2)}]q

q

                 (9)                       

≤ 𝜓√(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
(𝜚1 +𝜚2 + 𝜚3

 )
q

                                                                                       (10) 

= 𝜓√(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q q

                                                                                                                   (11) 

< 𝜌(𝑔𝑛+1, 𝑔𝑛+2) by 𝜚1 +𝜚2 + 𝜚3
 = 1, and 𝜓(𝑡) < 𝑡. That is a contradiction.  
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assume that if 

𝜌(𝑔𝑛+1, 𝑔𝑛+2) ≤ 𝜌(𝑔𝑛, 𝑔𝑛+1), putting in (2). Then     

 𝜌(𝑔𝑛+1, 𝑔𝑛+2) ≤ 𝜓√

𝜚1(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 
+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))

q 

+𝜚3 [max {
𝜌(𝑔𝑛,𝑔𝑛+1)+𝜌(𝑔𝑛,𝑔𝑛+1) 

2
,

𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, 𝑔𝑛+1)
}]

q
q

                                          (12)                        

𝜌(𝑔𝑛+1, 𝑔𝑛+2) ≤ 𝜓√

𝜚1(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 
+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))

q 

+𝜚3 [max {
𝜌(𝑔𝑛, 𝑔𝑛+1),

𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, 𝑔𝑛+1)
}]
q

q

                                            (13)  

getting, 

≤ 𝜓√𝜚1(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 
+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))q+ 𝜚3[max{𝜌(𝑔𝑛, 𝑔𝑛+1)}]q

q

                           (14) 

≤ 𝜓√(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 
(𝜚1 +𝜚2 + 𝜚3

 )
q

                                                                                       (15) 

< 𝜌(𝑔𝑛+1, 𝑔𝑛+2) by 𝜚1 +𝜚2 + 𝜚3
 = 1, and 𝜓(𝑡) < 𝑡. That is a contradiction.  

Continuing in this way. To get 

𝜌(𝑔𝑛+1, 𝑔𝑛) ≤ 𝜓𝑛𝜌(𝑔0, 𝑔1) for any 𝑛 ≥ 1.                                                                                 (16)   
Let z ∈  ℕ0, and by the Definition 2.1, getting 

𝜌(𝑔𝑛, 𝑔𝑛+z) ≤  𝜌(𝑔𝑛, 𝑔𝑛+1) +⋯+ 𝜌(𝑔𝑛+𝑧−1, 𝑔𝑛+k) −∑ (𝜌(𝑔𝑛+𝑗 , 𝑔𝑛+𝑗))              
𝑘−1

𝑗=1
 

                   ≤ ∑ 𝜓𝑗(𝜌(𝑔1, 𝑔0))                                                                                            
𝑛+z−1
𝑗=𝑛      

                   ≤ ∑ 𝜓𝑗(𝜌(𝑔1, 𝑔0)) → 0∞
𝑗=𝑛 ,  for 𝑛 → ∞,                                                                (17)  

 
together with properties of (𝑐)-comparison function obtaining  𝑙𝑖𝑚

𝑛→∞
𝜌(𝑔𝑛, 𝑔𝑛+z) = 0. 

Hence {𝑔𝑛} is a Cauchy sequence (𝐺, 𝜌) and the completeness of 𝐺 implies that ∃ 𝑣 ∈ 𝐺; 

𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑣) = 0 =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔𝑛+𝑧) =  𝜌(𝑣, 𝑣). 

 

By continuity mapping of  Γ by Remark 2.8, getting  

𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛+1, Γ𝑣) = 𝑙𝑖𝑚
𝑛→∞

𝜌(Γ𝑔𝑛, Γ𝑣 ) = 0, so 𝑣 is a fixed point of Γ, that is 𝑣 = Γ𝑣. 

Since (𝐺, 𝜌) is complete, then there exists 𝑔 ∈ 𝐺 such that 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔) = 0. 

And since Γ is a continuous mapping, so conclude that 

𝜌(𝑔, Γ𝑔) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, Γ𝑔𝑛) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔𝑛+1) = 0. 

We find that 𝑔 is a fixed point of a mapping. 

 

     The following example satisfied Theorem 3.2. 

 
 
 
 
 

Example 3.3: Consider 𝐺 = [0,2],  𝜌(𝑔, s) = {
max{𝑔, 𝑠} , 𝑖𝑓 𝑔 ≠ 𝑠
  0               , 𝑖𝑓 𝑔 = 𝑠

 

}  which is a PMS [29, 

33]. 
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Define Γ: 𝐺 → 𝐺 as Γ(𝑔) =

{
  
 

  
 0, 𝑖𝑓 𝑔 ∈ [0,

1

2
)

1

4
, 𝑖𝑓 𝑔 ∈ [

1

2
, 1]

1

2
, 𝑖𝑓 𝑔 ∈ [1,

3

2
]

 
3

4
, 𝑖𝑓 𝑔 ∈ (

3

2
, 2]

 }
  
 

  
 

  is not continuous mapping on 𝐺. 

Therefore,  Γ2(𝑔) = {

0, 𝑖𝑓 𝑔 ∈ [0,
1

2
]

1

4
, 𝑖𝑓 𝑔 ∈ (

1

2
, 2]

 

} is not continuous mapping on 𝐺, 

therefore, Γ3(𝑔) = 0 is continuous mapping on 𝐺, then just claim that Γ satisfies of the 

Theorem 3.2 by putting in Equation 2 and assume that 𝛽(𝑔, Γ𝑠) = 1and 𝜓(𝑡) = 𝑡, 𝑞 = 2, 

𝜚1 = 𝜚2 =
1

4
, 𝜚3 =

1

2
. 

To prove the existence (unique) of a fixed point of a mapping Γ under assumption of 

continuity and by (𝛽- 𝜓) generalized Jaggi contraction.  

 
Theorem 3.4: Let Γ: (𝐺, 𝜌) → (𝐺, 𝜌) be a (𝛽- 𝜓) generalized Jaggi contraction, and (𝐺, 𝜌) be 

a complete PMS. If for some 𝑀 ∈ ℕ,𝑀is integer 𝑀 > 1,  Γ𝑀 is continuous. Then Γ has a 

unique fixed point.  

 
Proof: By similar way of proof Theorem 3.2, there exists the sequence {𝑔𝑛}, 𝑔𝑛 = Γ𝑔𝑛−1 for 

all 𝑛 ∈  ℕ such that 𝜌(𝑔𝑛, 𝑔) = 0 is convergent to some 𝑔 ∈ 𝐺, a sequence {𝑔𝑛} has a 

subsequence {𝑔𝑛(𝑘)} where 𝑛(𝑘) = 𝑘.𝑀, 𝑘 ∈  ℕ and 𝑀is integer 𝑀 > 1. 

Therefore, let Γ0 is identity mapping in 𝐺, thus getting 𝑔𝑛(𝑘) = Γ𝑀𝑔𝑛(𝑘)−𝑀 then 

 𝜌(𝑔, Γ𝑀𝑔 ) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔, Γ𝑀𝑔𝑛(𝑘)−𝑀) =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛(𝑘), 𝑔) =  𝜌(𝑔, 𝑔) = 0. 

Therefore, 𝑔 is a fixed point of Γ𝑀. Assume that Γ𝑔 ≠ 𝑔, getting  

 Γ𝑀−𝑝−1𝑔 ≠ Γ𝑀−𝑝𝑔 for any 𝑝 = 0, 1, … , 𝑘 − 1. Used by (𝛽- 𝜓) generalized Jaggi 

contraction, by putting in (2) 𝑔 =  Γ𝑀−𝑝−1𝑔 and 𝑠 = Γ𝑀−𝑝𝑔, the expression 

 γqΓ(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔) 
 

=

√
  
  
  
  
  
  
  
  

𝜚1 (
𝜌(Γ𝑀−𝑝−1𝑔, Γ(Γ𝑀−𝑝−1𝑔)). 𝜌(Γ𝑀−𝑝𝑔, Γ(Γ𝑀−𝑝𝑔)  

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔)
)

q 

+𝜚2(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))
q 

+𝜚3 [max{

𝜌(Γ𝑀−𝑝−1𝑔, ΓΓ𝑀−𝑝−1𝑔) + 𝜌(Γ𝑀−𝑝𝑔, ΓΓ𝑀−𝑝𝑔)  

2
,

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ(Γ𝑀−𝑝−1𝑔)) 
}]

q

.

q

                                    (18) 

 

Then 

 

=

√
  
  
  
  
  
  

𝜚1 (
𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔). 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔)  

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔)
)

q 

+ 𝜚2(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))
q 

+𝜚3 [max {

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔) + 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔)  

2
,

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝𝑔)
}]

q

q
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=

√
  
  
  
  
 

𝜚1(𝜌(Γ
𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))

q 
+ 𝜚2(𝜌(Γ

𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))
q 

+𝜚3 [max{

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔) + 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔)  

2
,

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝𝑔)
}]

q
q

                                          (19) 

getting,  

𝜌(Γ(Γ𝑀−𝑝−1𝑔), Γ(Γ𝑀−𝑝𝑔)) ≤ 𝛽(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝+1𝑔)(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔) 

≤ 𝜓

(

  
 

√
  
  
  
  
 

𝜚1(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))
q 
+ 𝜚2(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))

q 

+𝜚3 [max{

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔) + 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔)  

2
,

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝𝑔)
}]

q
q

)

  
 
 .                           (20) 

Suppose that, if 

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔) > 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔), putting in (20). Then,  

𝜌(Γ(Γ𝑀−𝑝−1𝑔), Γ(Γ𝑀−𝑝𝑔)) ≤ 𝛽(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝+1𝑔)(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔) ≤

𝜓(γqΓ(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔 )) =

𝜓

(

 
 
√

𝜚1(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))
q 
+ 𝜚2(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))

q 

+𝜚3 [max {
𝜌(Γ𝑀−𝑝−1𝑔,Γ𝑀−𝑝𝑔)+𝜌(Γ𝑀−𝑝−1𝑔,Γ𝑀−𝑝𝑔)  

2
,

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝𝑔)
}]

q
q

)

 
 
                                                 

≤ 𝜓(√

𝜚1(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))
q 
+ 𝜚2(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))

q 

+𝜚3 [max {
𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔),

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝𝑔)
}]
q

q

) 

≤ 𝜓√(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))
q 
(𝜚1 +𝜚2 + 𝜚3

 )
q

,  

= 𝜓√(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔))
q 
,

q

                                                                                           (21) 

 = 𝜓(𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔)),                                                                                                 (22)    

< 𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔)by 𝜚1 +𝜚2 + 𝜚3
 = 1, and 𝜓(𝑡) < 𝑡. That is a contradiction.  

Also, suppose if 

𝜌(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝𝑔) ≤ 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔), putting in (22). Then, 

getting,  

𝜌(Γ(Γ𝑀−𝑝−1𝑔), Γ(Γ𝑀−𝑝𝑔)) ≤ 𝛽(Γ𝑀−𝑝−1𝑔, Γ𝑀−𝑝+1𝑔)(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔) 

≤ 𝜓

(

  
 

√
  
  
  
  
 

𝜚1(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))
q 
+ 𝜚2(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))

q 

+𝜚3 [max{

𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔) + 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔)  

2
,

𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝𝑔)
}]

q
q

)

  
 
                    

≤ 𝜓(√

𝜚1(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))
q 
+ 𝜚2(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))

q 

+𝜚3 [max {
𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔),

𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔 ), 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝𝑔)
}]
q

q

) 

≤ 𝜓√(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))
q 
(𝜚1 +𝜚2 + 𝜚3

 )
q

,                                                                         (23)  

= 𝜓√(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔))
q 
,

q
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 = 𝜓(𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔)),                                                                                                          (24)   

< 𝜌(Γ𝑀−𝑝𝑔, Γ𝑀−𝑝+1𝑔) by 𝜚1 +𝜚2 + 𝜚3
 = 1, and 𝜓(𝑡) < 𝑡. That is a contradiction.  

Thus Γ has a fixed point say 𝑔. 

Corollary 3.5: The continuous mapping Γ on a complete PMS 𝐺 has a fixed point 𝑔∗, if 

𝜌(Γ(𝑔), Γ(𝑠)) ≤  𝛿 (√
𝜚1 (

𝜌(𝑔,Γ𝑔).𝜌(𝑠,Γ𝑠)  

𝜌(𝑔,𝑠)
)
2 

+ 𝜚1 (𝜌(𝑔, 𝑠))
2 
+

𝜚1 [max {
𝜌(𝑔,Γ𝑔)+𝜌(𝑠,Γ𝑠)  

2
, 𝜌(𝑔, s), 𝜌(𝑠, Γ𝑔) }]

2
),                         (25)     

for any 𝑔, 𝑠 ∈ 𝐺 and 𝑔 ≠ 𝑠, 𝛿 ∈ (0, 1).   

Proof: Putting 𝛽(𝑔, Γ𝑠) = 1 and  𝜓(𝑡) = 𝑡, 𝑞 = 2, 𝜚1 = 𝜚2 =
1

4
, 𝜚3 =

1

2
 in Theorem 3.2, and 

in Equation (2). 

Now, the following definition leads us to new results in PMS without condition of continuity. 

 

Definition 3.6 [32]: Suppose that 𝐺 is a PMS, and 𝛽 is admissible function. Then 𝐺 is said to 

be regular if for each iterative sequence {𝑔𝑛} in 𝐺 provides that 𝛽(𝑔𝑛, 𝑔𝑛+1) ≥  1 for all 𝑛 

and 𝑔𝑛 → 𝑔 ∈ 𝐺, as 𝑛 → ∞, then there exists a subsequence {𝑔𝑛(𝑘)} of {𝑔𝑛} such that 

𝛽(𝑔𝑛(𝑘), 𝑔) ≥  1 for all 𝑘. 

 

Theorem 3.7: Let (𝐺, 𝜌) be a complete PMS and Γ: 𝐺 → 𝐺 be (𝛽- 𝜓) generalized 

Jaggi contraction. Suppose that 

i. Γ is  𝛽 −orbital admissible; 

ii. There exists 𝑔0 ∈ 𝐺 such that 𝛽(𝑔0, Γ𝑔0 ) ≥  1; 

iii. Γ is regular. 

Then, there exists 𝑢 ∈ 𝐺 such that Γ𝑢 = 𝑢 and 𝜌(𝑢, 𝑢) = 0.  

Proof: By condition (iii), there exists a subsequences {𝑔𝑛(𝑘)} of  {𝑔𝑛} such that 

𝛽(𝑔𝑛(𝑘), 𝑢) ≥ 1 for all 𝑘, get that  

𝜌(𝑔𝑛(𝑘)+1, Γ𝑢 ) =  𝜌(Γ𝑔𝑛(𝑘), Γ𝑢 ) ≤ 𝛽(𝑔𝑛(𝑘), 𝑢)𝜌(Γ𝑔𝑛(𝑘), Γ𝑢 ) 

≤ 𝜓 (γqΓ(𝑔𝑛(𝑘), 𝑢 )) < γqΓ(𝑔𝑛(𝑘), 𝑢 ).   

Where 

γqΓ(𝑔𝑛(𝑘), 𝑢 ) =

√
  
  
  
  
  
  
 

𝜚1 (
𝜌(𝑔𝑛(𝑘), Γ𝑔𝑛(𝑘)). 𝜌(𝑢, Γ𝑢)  

𝜌(𝑔𝑛(𝑘), 𝑢)
)

q 

+ 𝜚2 (𝜌(𝑔𝑛(𝑘), 𝑢))
q 

+𝜚3 [max{

𝜌(𝑔𝑛(𝑘), Γ𝑔𝑛(𝑘)) + 𝜌(𝑢, Γ𝑢)  

2
, 𝜌(𝑔𝑛(𝑘), 𝑢), 𝜌(𝑢, Γ𝑔𝑛(𝑘)) 

}]

q

.

q

                       (26) 

Therefore,  

𝜌(𝑢, Γ𝑢) ≤ 𝜓√(𝜌(𝑢, Γ𝑢))
q 
(𝜚1 +𝜚2 + 𝜚3

 )
q

= 𝜓(𝜌(𝑢, Γ𝑢)) < 𝜌(𝑢, Γ𝑢). By 𝜚1 +𝜚2 + 𝜚3
 =

1 and 𝜓(𝑡) < 𝑡. That is a contradiction. 

Thus, we have 𝜌(𝑢, Γ𝑢) = 0. Therefore, 𝑢 = Γ𝑢.    
Corollary 3.8: Let (𝐺, 𝜌) be a complete PMS and 𝛽: 𝐺 × 𝐺 →  [0,∞) and 𝜓 ∈  Ψ. If  

Γ: 𝐺 → 𝐺 such that  

𝛽(𝑔, 𝑠)𝜌(Γ𝑔, Γ𝑠) ≤ 𝜓(max (
𝜌(𝑔,Γ𝑔)+ 𝜌(𝑠,Γ𝑠)

2
, 𝜌(𝑔, s), 𝜌(𝑠, Γ𝑔)))                              (27) 

for all 𝑔, 𝑠 ∈ 𝐺. Assume also that 

i. Γ is 𝛽 −orbital admissible; 

ii. There exists 𝑔0 ∈ 𝐺 such that 𝛽(𝑔0, Γ𝑔0) ≥  1; 
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iii. either Γ is continuous or regular. 

Then there exists 𝑢 ∈ 𝐺 such that Γu = 𝑢 and 𝜌(𝑢, 𝑢) = 0.  

 

Corollary 3.9: Let (𝐺, 𝜌) be a complete partial metric space and 𝛽: 𝐺 × 𝐺 →  [0,∞) and 

𝜓 ∈  Ψ. If  Γ: 𝐺 → 𝐺 such that  𝛽(𝑔, 𝑠)𝜌(Γ𝑔, Γ𝑠 ) ≤  𝜓(max (𝜌(𝑔, 𝑠), 𝜌(𝑔, Γ𝑠), 𝜌(𝑠, Γ𝑔)))  
for all 𝑔, 𝑠 ∈ 𝐺, assume also that 

i. Γ is  𝛽 −orbital admissible; 

ii. There exists 𝑔0 ∈ 𝐺 such that 𝛽(𝑔0, Γ𝑔0 ) ≥  1; 

iii. either Γ is continuous or regular. 

Then there exists 𝑢 ∈ 𝐺 such that Γu = 𝑢 and 𝜌(𝑢, 𝑢) = 0. 

   Abdeljawad [34] introduced an interesting results about generalized weakly contraction 

mapping. In this work, the existence of fixed points is studied for generalized weakly 

contraction mappings in PMS. 

 
Definition 3.10: Let (𝐺, 𝜌) be a PMS, 𝜓 ∈  Ψ and  𝜑 : [0,∞) → [0,∞) is a strictly increasing 

function with 𝜑(0) = 0. A mapping Γ: (𝐺, 𝜌) → (𝐺, 𝜌) is called  (𝛽 − 𝜓 − 𝜑) Jaggi weakly 

contraction if  

𝛽(𝑔, Γ𝑠)𝜓(𝜌(Γ(𝑔), Γ(𝑠))) ≤  𝜓(γqΓ(𝑔, 𝑠)) − 𝜑(μqΓ(𝑔, 𝑠))                                          

where,  γqΓ(𝑔, 𝑠) 

= √𝜚1 (
𝜌(𝑔, Γ𝑔). 𝜌(𝑠, Γ𝑠)  

𝜌(𝑔, 𝑠)
)

q 

+ 𝜚2(𝜌(𝑔, 𝑠))
q 
+ 𝜚3[max{𝜌(𝑔, s), 𝜌(𝑠, Γ𝑠)}]q

q

 

and μqΓ(𝑔, 𝑠) 

= √
𝜚1 (

𝜌(𝑔, Γ𝑔). 𝜌(𝑠, Γ𝑠)  

𝜌(𝑔, 𝑠)
)

q 

+ 𝜚2(𝜌(𝑔, 𝑠))
q 

+𝜚3 [max {
 1 

2
[𝜌(𝑔, s) + 𝜌(𝑠, Γ𝑠)], 𝜌(𝑔, s), 𝜌(𝑠, Γ𝑠), 𝜌(𝑠, Γ𝑠) }]

q

q

                         (28) 

for all 𝑔, 𝑠 ∈ 𝐺, q ≥ 0 and 𝜚𝑖 ≥ 0, 𝑖 = 1, 2,3 such that 𝜚1 + 𝜚2+𝜚3 = 1. 

 

Theorem 3.11: Let Γ: (𝐺, 𝜌) → (𝐺, 𝜌) be a continuous mapping, and (𝐺, 𝜌)  is complete PMS 

of (𝛽 − 𝜓 − 𝜑) Jaggi weakly contraction, such that there exists 𝑔0 ∈ 𝐺. Then, Γ has a unique 

fixed point. 

Proof: Use of assumption 𝛽-orbital admissible, then there exists 𝑔 in 𝐺, assume that 𝑔 = 𝑔0, 
such that 𝛽(𝑔0, Γ𝑔0) =  𝛽(𝑔0, 𝑔1) ≥ 1 , then 𝛽(Γ𝑔0, Γ

2𝑔0) =  𝛽(𝑔1, 𝑔2) ≥ 1 and obtain 

𝛽(𝑔𝑛+1, 𝑔𝑛+2) =  𝛽(Γ𝑔𝑛, Γ𝑔𝑛+1) ≥ 1  for all 𝑛 ∈  ℕ, by assume that 𝜌(𝑔𝑛, 𝑔𝑛+1) > 0 for all 

𝑛 ∈  ℕ, 𝑔1 = Γ𝑔0, and 𝑔2 = Γ𝑔1 = Γ2𝑔0… . . . , 𝑔𝑛 = Γ𝑔𝑛−1  =  Γ𝑛−1𝑔0.  
On the contrary, if the inequality above does not hold, that is, if there exists 𝑘0 ∈ ℕ such that 

𝜌(𝑔𝑘0 , 𝑔𝑘0+1) = 0. Therefore, 𝑔𝑘0 = 𝑔𝑘0+1 = Γ𝑔𝑘0. Since 𝑔𝑘0 forms a fixed point, it 

terminates the proof. Then, when q ≥ 0, by letting γqΓ(𝑔, 𝑠) for 𝑔 = 𝑔𝑛 and 𝑠 = 𝑔𝑛+1, the 

expression 
𝛽(𝑔, Γ𝑠)𝜓(𝜌(Γ(𝑔), Γ(𝑠))) ≤  𝜓(γqΓ(𝑔, 𝑠)) − 𝜑(μqΓ(𝑔, 𝑠)) . 

putting in Equation (28) then getting, 
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𝜌(𝑔𝑛+1, 𝑔𝑛+2) = 𝜌(Γ(𝑔𝑛), Γ(𝑔𝑛+1)) ≤ 𝛽(𝑔𝑛, Γ𝑔𝑛+1)(𝜌(Γ(𝑔𝑛), Γ(𝑔𝑛+1))

≤ 𝜓(√
𝜚1 (

𝜌(𝑔𝑛, Γ𝑔𝑛). 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1)  

𝜌(𝑔𝑛, 𝑔𝑛+1)
)

q 

+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 

+𝜚3[max{𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1)}]q

q

)

− 𝜑

(

 
 
 
 

√
  
  
  
  
  
  

𝜚1 (
𝜌(𝑔𝑛, Γ𝑔𝑛). 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1)  

𝜌(𝑔𝑛, 𝑔𝑛+1)
)

q 

+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 

+𝜚3 [max {

 1 

2
[𝜌(𝑔𝑛, 𝑔𝑛+1) + 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1)],

𝜌(𝑔𝑛, 𝑔𝑛+1 ), 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1), 𝜌(𝑔𝑛+1, Γ𝑔𝑛+1)
}]

q

q

)

 
 
 
 

      (29) 

≤ 𝜓(√
𝜚1 (

𝜌(𝑔𝑛, 𝑔𝑛+1). 𝜌(𝑔𝑛+1, 𝑔𝑛+2)  

𝜌(𝑔𝑛, 𝑔𝑛+1)
)

q 

+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 

+𝜚3[max{𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, 𝑔𝑛+2)}]q

q

)

− 𝜑

(

 
 
 
 

√
  
  
  
  
  
  

𝜚1 (
𝜌(𝑔𝑛, 𝑔𝑛+1). 𝜌(𝑔𝑛+1, 𝑔𝑛+2)  

𝜌(𝑔𝑛, 𝑔𝑛+1)
)

q 

+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))
q 

+𝜚3 [max {

 1 

2
[𝜌(𝑔𝑛, 𝑔𝑛+1) + 𝜌(𝑔𝑛+1, 𝑔𝑛+2)],

𝜌(𝑔𝑛, 𝑔𝑛+1 ), 𝜌(𝑔𝑛+1, 𝑔𝑛+2), 𝜌(𝑔𝑛+1, 𝑔𝑛+2)
}]

q

q

)

 
 
 
 

. 

Then  

≤ 𝜓(√
𝜚1(𝜌(𝑔𝑛+1, 𝑔𝑛+2))

q 
+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))

q 

+𝜚3[max{𝜌(𝑔𝑛, 𝑔𝑛+1), 𝜌(𝑔𝑛+1, 𝑔𝑛+2)}]q

q

)

− 𝜑

(

 
 

√
  
  
  
  
 

𝜚1(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
+ 𝜚2(𝜌(𝑔𝑛, 𝑔𝑛+1))

q 

+𝜚3 [max {

 1 

2
[𝜌(𝑔𝑛, 𝑔𝑛+1) + 𝜌(𝑔𝑛+1, 𝑔𝑛+2)],

𝜌(𝑔𝑛, 𝑔𝑛+1 ), 𝜌(𝑔𝑛+1, 𝑔𝑛+2), 𝜌(𝑔𝑛+1, 𝑔𝑛+2)
}]

q
q

)

 
 
.          (30) 

Suppose that, if 

 𝜌(𝑔𝑛+1, 𝑔𝑛+2) > 𝜌(𝑔𝑛, 𝑔𝑛+1), putting in Equation (30) then getting,   

𝜌(𝑔𝑛+1, 𝑔𝑛+2) ≤ 𝜓

(

 
 
√

𝜚1(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
+ 𝜚2(𝜌(𝑔𝑛+1, 𝑔𝑛+2))

q 

+ 𝜚3 [max {
𝜌(𝑔𝑛+1, 𝑔𝑛+2) + 𝜌(𝑔𝑛+1, 𝑔𝑛+2)  

2
}]

q
q

)

 
 

 

−𝜑

(

 
 

√
  
  
  
  
 

𝜚1(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
+ 𝜚2(𝜌(𝑔𝑛+1, 𝑔𝑛+2))

q 

+𝜚3 [max {

 1 

2
[𝜌(𝑔𝑛+1, 𝑔𝑛+2) + 𝜌(𝑔𝑛+1, 𝑔𝑛+2)]

, 𝜌(𝑔𝑛+1, 𝑔𝑛+2), 𝜌(𝑔𝑛+1, 𝑔𝑛+2), 𝜌(𝑔𝑛+1, 𝑔𝑛+2)
}]

q
q

)

 
 
                          (31) 

≤ 𝜓(√(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
(𝜚1 +𝜚2 + 𝜚3

 )
q

) − 𝜑 (√(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q 
(𝜚1 +𝜚2 + 𝜚3

 )
q

)   

≤ 𝜓(√(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q q

) − 𝜑 (√(𝜌(𝑔𝑛+1, 𝑔𝑛+2))
q q

)                                                    
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≤ (𝜌(𝑔𝑛+1, 𝑔𝑛+2))  − (𝜌(𝑔𝑛+1, 𝑔𝑛+2)), by 𝜚1 +𝜚2 + 𝜚3
 = 1, and 𝜓(𝑡) < 𝑡. That is a 

contradiction.  
Moreover, assume that if  𝜌(𝑔𝑛+1, 𝑔𝑛+2) ≤ 𝜌(𝑔𝑛, 𝑔𝑛+1), that is clear, a contradiction. 

Continuing in this way. To get 𝜌(𝑔𝑛+1, 𝑔𝑛) ≤ 𝜓𝑛𝜌(𝑔0, 𝑔1) for any 𝑛 ≥ 1.  
Let z ∈  ℕ0, and by the Definition 2.1, getting 

𝜌(𝑔𝑛, 𝑔𝑛+z) ≤  𝜌(𝑔𝑛, 𝑔𝑛+1) +⋯+ 𝜌(𝑔𝑛+𝑧−1, 𝑔𝑛+k) −∑ (𝜌(𝑔𝑛+𝑗 , 𝑔𝑛+𝑗))
𝑘−1

𝑗=1
 

                   ≤ ∑ 𝜓𝑗(𝜌(𝑔1, 𝑔0))
𝑛+z−1
𝑗=𝑛  

                   ≤ ∑ 𝜓𝑗(𝜌(𝑔1, 𝑔0)) → 0∞
𝑗=𝑛 ,  for 𝑛 → ∞,                                                           

together with properties of (𝑐)-comparison function obtaining  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔𝑛+z) = 0. 

Hence {𝑔𝑛} is a Cauchy sequence (𝐺, 𝜌) and the completeness of 𝐺 implies that ∃ 𝑣 ∈ 𝐺 

such that 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑣) = 0 =  𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔𝑛+𝑧) =  𝜌(𝑣, 𝑣). The continuity mapping of  Γ 

and Remark 2.8, getting  

𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛+1, Γ𝑣) = 𝑙𝑖𝑚
𝑛→∞

𝜌(Γ𝑔𝑛, Γ𝑣 ) = 0, so, 𝑣 is a fixed point of Γ, that is 𝑣 = Γ𝑣. 

Since (𝐺, 𝜌) is complete, then there exists 𝑔 ∈ 𝐺 such that 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔) = 0. 

Since Γ is a continuous mapping, we conclude that 𝜌(𝑔, Γ𝑔) = 𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, Γ𝑔𝑛) =

𝑙𝑖𝑚
𝑛→∞

𝜌(𝑔𝑛, 𝑔𝑛+1) = 0. Thus 𝑔 is fixed point of Γ.  

     

4.Conclusions 

   PMS have important applications in computer science, especially in domain theory, fixed-

point computations and semantics of programming languages [35-36]. This is due to its 

ability to handle self-referential structures and incomplete information makes them well-

suited for computational models [37]. The PMS provides a flexible and powerful 

environment for studying spaces with self-referencing distances, making them valuable in 

theoretical computer science. A new formula for the contractive condition was presented 

through Definition 3.1 and used this condition to find the uniqueness and existences of fixed 

point in partial metric space and the application was done in Example 3.3, as well as using 

another link between the Definition 3.6 and the contraction condition, by [34] development 

and introduce Definition 3.10 to find the fixed point. Finally, it is not bad to mention some 

useful results for future work, such as, Nuray [38] who studied the statistical convergence in 

partial metric spaces. It may be a catalyst for new findings in this area. Also, for future work 

one can study demonstrates the applicability of theorems through applications to equations as 

in [39-40]. 
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