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Abstract

In this paper, the partial metric space is adopted as the background of the work. As
known, a partial metric space is a general case of a metric space where self-distances
are not always zero. A generalization of the (- 1) -Jaggi type contractive mapping
is presented by adding some factors while retaining the control functions. The
existence and uniqueness of a fixed point for this type of mappings are studied and
discussed. It is very useful in extending the current findings of the corresponding
literature.

Keywords: Admissible functions, (c)-Comparison function, Fixed point, Jaggi-type
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1. Introduction

Over the past decades, many authors have generalized the concept of the metric space such
as quasi metric space by Maurice Frechet [1-2], b-metric space by Bakhtin [3-4], G-metric
space by Mustafa and Sims [5-6], partial metric space by Matthews [7-9], Wangwe and
Kumar [10] formed varied results on fixed-point for F-Hardy-Roger's multi-valued maps in
partial metric spaces with ordering, etc. For spaces with special installations, see [11-12],
where were discussed the proximity properties in fuzzy normed spaces and modular spaces
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respectively. A partial metric space (shortly, PMS) provides a powerful and flexible
framework for studying spaces with self-referential distances, making them valuable in
theoretical computer science and fixed-point analysis. Vijayabaskerreddy and Srinivas [13]
proved a common fixed-point theorem for two pair of self-maps using the weakly compatible
mappings through F-contraction. In [14], the authors proposed the notion of double
controlled partial metric type spaces and studied the existence of fixed points for Kannan type
contractions.
The work throughout this search is depended on the PMS to present some results about the
existence fixed points. Banach's contraction assignment principle is the base of many
extended fixed-point theories [15-16]. It has wide-ranging applications in many branches of
mathematics and other science [17-19] in this field.
In this paper, we will deal with a type of contractive mapping called Jaggi contractive which
was shown by Jaggi [20] in 1977 to showing the existence of fixed points. Karapinar and
Fulga [21] combined of a Jaggi type contraction and interpolative type contraction in the
metric spaces to present a hybrid type contraction and investigate the existence and
uniqueness of it. Also, showed an application these results by solving fractional differential
equations. Pankaj and Kumar [22] proved the existence and uniqueness weak (y-¢)-Jaggi
type contraction. The concept of Jaggi-Wardowski-type contraction is introduced by Shagari
and et al., [23] in G-metric space to give results of fixed points and then applied it to solve
Fredholm-type integral equation under new conditions.
2. Preliminaries

In the following, some basic notions are recalled in PMS.

Definition 2.1: [24] Let G be a non-empty set and p: G X G — R™ be a function where
R* = [0, ©) such that for all g,s,h € G,

1. p(g,.9) = p(g,9);

2. if 0<p(g,9) = p(g,s) = p(s,s) then, g = s;

3. p(g,s) = p(s,9)

4. p(g,h) +p(s,s) < p(g,s) + p(s, h).

Then the pair (G, p) is called a partial metric space.

Remark 2.2: [25-26]

1. Ifp(g,s) = 0, then from Definition (2.1, 1- 2), we have g = s.

2. Any metric space is a partial metric space, but converse not always true, as the following,
if G = R* and p(g,s) = max{g, s}. Then (G, p) is a partial metric space and p(g, g) #
0. Forall g € G \ {0}, but it is not metric space.

3. A partial metric p on G generates a T, topology 7, on G with a base of the family of open
p-ballsis B,(g,€) = {s € G: p(g,s) < p(g,9) + €}forallg € G,ande > 0.

4. Hausdorff status may not be achieved in PMS.

To clarify the Remark 2.2, the following examples are presented:

Example 2.3: Let G = Rt and p: G X G - R bep(g,s) = |g —s| +

max{g?, s%},B,(0,1) = {s € G: p(0,s) < 1},suchthat{g € G:|g|+ g* < 1}, then
(G, p)is PMS. Now, to describe the ball in this status, there are two cases: if

-1++/5

i. g=20,=|gl=9.Then0< g < -— forallg € G.
ii. g<0,=|g|l=—g.Then 1_7\/5 < g < 0. And then B,,(0,1) is an open interval

(13 —1+\/§).

2 2
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Example 2.4: Consider a set A enhanced with element 6 such that 6  A. Define a partial
order on G = A U { 6} such that 6 < s, Vs € A and no other order relations exist. Define the
function p: G X G - {0,1} as p(h,s) = 0,ifh = sand h # 0, and p(h,s) = 1if h # s.
Then p(h,h) = 0,Y h # 0, p(6,6) = 1 and p(h,0) = p(6,h) = 1,V h # 0.

Definition 2.5: [27, 28] Let (G, p) be a PMS. Then a partial metric p induces non-Hausdorff
topology because any open set containing h will be also intersect with any open set
containing 6, preventing the separation of a Hausdorff type.
1. A sequence {g,}in (G, p) convergesto g € G if p(g,9) = lim p(g,9.);
n—-oo
2. A sequence {g,}in (G, p) is called a Cauchy sequence if p(g,g) = lim p(gm Gn)
n,m-—oo

exists (and is finite);
3. (G, p) is said to be complete if every Cauchy sequence {g,} in G converges, with respect
to 3, toapoint g € G suchthat p(g,g) = lim p(gm gn);
n,m-oo

Definition 2.6:[26] A subset A of G is

1. Closed A’ © A where (A’ is the set of all accumulation points of G), if a sequence
{gn}in A converges to some g € G,theng € A.

2. Bounded if there exists g, € G and M > 0 such that foralla € A, wehavea €

By(go, M), that is, p(go,a) < p(a, a) + M.

Definition 2.7: [29] Let (G, p) be a PMS, a self-mapping I" on G is called to be continuous, if
for each sequence {g,} in G converges to u € G, that is
puw) = lim p(gn,u) = lim p(gn, n+1).

n—-oo

Remark 2.8: [30] The above definition implies to:
1. p(Tuy,Tu) =limp(Tg, Tu) = rllirgop(an, TGnii)-

n—oo

Notice that, the equality above can be expressed as
lim p(Tgn, Tw) = lim p(gns+1, TW) = Um p(Gns1, Gnrics1) =p W w).

2. The non-Hausdorffian of G implies to non-uniqueness of the limit of a convergent
sequence. To explain this, follow the below example

Example 2.9: Consider a PMS G = [0, 1] with, p(g, s) = max {g, s}, the sequence {%} \
ne
1 1

Then, (G, p). Note p(0, 0) = lim p (0, —) =0andp(1, 1) = limp(1, 2) =1
n—-oo n n—oo n
Lemma 2.10: [31]
1. Let {g,} and {s,} be two sequences in a PMS G such that
p(g,9) = lim p(gn, g) = lim p(gn, gn) and p(s,s) = Lim p(sy,s) = lim p(sp, spn),
Then, p(g,s) = lim p(gn, sp)-
In particular, p(g, h) = lim p(gn, h), forevery h € G.
n-—-oo

2. Forg,sin G

1. If p(g,s) =0,theng =s,

ii. If g # s,thenp(g,s) > 0.
As, in [32], investigated reform the following two definitions in the PMS:

Definition 2.11: Let a mapping[:G — G and f: G X G = [0,) be a function. Then T
is called B-orbital admissible if
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B(g,Tg) = 1 = B(Ig,T%g) = 1.
Definition 2.12: Let a mapping[:G — G and f: G X G — [0, ), be a function. Then T
is called p-admissible if

B(g,s) = 1 = B(Tg,T's) = 1,satisfied forall g,s € G.

Obviously, every f-admissible is f-orbital admissible by the following example:
Example 2.13: Consider (G, p),G ={0,2,3,4},T:G » Gandp:G X G - R,p(g,s) =
|g —s| forall g,s €G,B:G X G — [0,0), when B(g,s) = 0if (g,s) € {(2,4),(4,2)}
and B(g,s) = 1if {(g,s) € {(2,4), (4,2)} thenT is B-orbital admissible, but not 3-
admissible function, where [, = I, = 4,, =[5 = 5.
Definition 2.14: The function 1: [0, ©) — [0, o) is called a (c)-comparison if it is non-
decreasing and satisfies
there exists kg € Nand a € (0,1) and -, vy < oo such that v, > 0 and

Yr1(t) < ayp®(t) + vy, fork >k, and any t > 0.

Lemma 2.15: Let W =: {3: 1 is (¢)-comparison function}. Then 1 satisfies the following:
1. (Y™ (t))pen convergesto 0as n — oo forall t € R,
2. Y(t) <t forallt € R*.
3. 1 is continuous at 0.
4. The series Y5, ¥ (t) converges for all t € R*.
Samet [28] suggested a contraction type self-mapping to unify several previous results in the
literature by control functions.

The rational expression for contraction had been introduced for the first time by Jaggi
[19], as the following definition shown:

Definition 2.16: Let (G, p) be a metric space, and I': (G, p) = (G, p) be mapping. I is called
a P Jaggi Type Contraction denoted if, there exist i € W such that

,I'g). T
p(T(g),T(s)) < w(elp (9.T9)-p(5I's) +sz(g,s)> (1)

r(g,s)
for all g,s € G, such that p; + 0, < 1.

3. Main Results

In the following is a new version of Jaggi contraction type via control functions in PMS.

Definition 3.1: Let I" be a self-mapping on a PMS (G, p) and £, i be real functions as in

Definitions 2.11 and 2.14, respectively then I' is called (- y) generalized Jaggi contraction if
B (g, Ts)p(I'(g),I'(s)) < ¥(yiI(g,s)).

Where yiI'(g,s) =

p(g,Tg) +p(s,rs) )]

q

> +0:(p(g.9))" + 03| max 2 ol @
p(9,9),p(s,Tg)

forall g,s € G,q>0and o; = 0,i = 1, 2,3 such that p; + g,+03 = 1.
Theorem 3.2: LetI': (G, p) — (G, p) be a continuous mapping on a complete PMS (G, p),
if T" is (B- ¢) generalized Jaggi contraction. Then I' has a fixed point g € G. Moreover, for
any g, € G, the sequence {I'"g,} converges to g.
Proof: Since I' is S-orbital admissible, then there exists g, in G, such that $(go,Tgo) =
B(g0,g1) = 1,50 B(Tgo,T?go) = B(g1,92) = 1. And so on B(gns1, Ins2) =
B(TGgn,TGns1) =1 foralln € N, where g, = T'gg,and g, = Tg; =T2gg eevr, Gn =
[gn-1 = "' g,.

a <p(g,1“g)-p(s. I's)
! p(g,s)

2901



Ishiaa and Abed Iraqi Journal of Science, 2026, Vol. 67, No. 5, pp: 2898- 2911

By assuming that p(g,,, gn+1) > 0 for all n € N, if it is not true that there exists k, € N

such thatp(gko,gk0+1) = 0, Therefore, gk, = gk,+1 = TGk, then it is the proof is

completed, since gy, forms a fixed point. Now, when q = 0, by letting y4I'(g, s) for g = g,

and s = gp41, SO

B(g,Ts)p(T(9),T(s)) < ¥(YIr(g,s)).

Becomes
P(Gn+1, Gn+2) = P(T(Gn), T(Gn+1)) < BGn TGn+1) ((T(gn), T(gn41)) <
V(YT (Gn Ins1))

where
P(GnLgn)-p(Gn+1.0gn+1) \4 q
q 1( p(gi,znii)g = ) +92(p(gn1gn+1)) +
qu(gn, In+1 ) = PGnTgn)+p(Gn+1.09n+1) a
P(Gn In+1), P(Gn+1, Tgn)
Therefore,

P(Gn+1, Gn+2) = p(F(gn), F(9n+1)) < B(Gn, an+1)(p(r(gn): F(gn+1))
p(Gn,TGn)-P(Gne1,Tnsr) \° q
I/ 01 < 2 Gme) > + Qz(P(gn' gn+1)) +\I

=y p(gnsTgn) + p(Gns1, TGni1)
03 |max 2

\ P(Gns Gn+1), P(Gn+1,TGn)

Q

q

)

P(gngn+1)-P(Gn+1.9n+2) a q
qu( p(gn.gn+1) ) +92(p(gnlgn+1)) +

< 1/J P(Gn.gn+1)+P(Gn+1.9n+2) 9

P(Gns Gn+1) P(Gn+1, Gn+1)

o 101(p(@nr1 Gns2))" + 02(p (G Gnen))” +

<y P(Gn.gn+1)+P(Gn+1.9n+2) d

,D(gn, gn+1): p(gn+1: gn+1)

Suppose that, if
P(Gn+1, Gn+2) > P(Gn, Gn+1), putting in (7). Then

q Q1(P(gn+1’gn+2))q + Qz(P(gn+1'9n+2))q

P(Gn+1, Gn+z), }]q
+ [max{
03 0(Gns1 Ins2) P(Ins1, Gnst)

p(gn+1, gn+2) < l/)

< lpi/Ql(p(gn+1rgn+2))q + 02 (p(Gner Gne2)) + 03[max{p(Gns1, Gns2)}]

< I/Jq\/(P(gnH; 9n+2))q (01+02 +03)

1 q
= 1,0\/ (P(gn+1 Gn+2))
< p(Gn+1)Gnez) by 01 +02 + 03 =1, and Y(t) < t. That is a contradiction.
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assume that if
P(Gn+1) In+2) < P(Gn» Gn+1), putting in (2). Then

o1 01(p(Gn 9ns))" + 02(p(gns Gns1))"
,D(gn+1, gn+2) <y PGngn+1)+P(Gn.gn+1) q (12)
+03 lmax{ }l

2 )

P(Gn In+1), P(Gn+1 Gn+1)

ol 01(0(gn gns))* + 02(0(gn gns))*

P(Gn+1) Gne2) S Y 0(Gn» Gns1), a (13)
+Q3 [maX {p(gn' gn+1)’p(gn+1: gn+1)}]

getting,

< wi/gl(p(gn, Ini1)" + 02(0(Gny 1))+ 03[max{p(gn, gns1)}1 (14)

< l/)i/(p(gn, In1))" (01 +02 +03) (15)

< p(Gns1)Gnez) by 01 +02 + 03 =1, and Y(t) < t. That is a contradiction.
Continuing in this way. To get

P(Gn+1gn) < P"p(go, g1) forany n = 1. (16)
Let z € Ny, and by the Definition 2.1, getting

k-1
P(Gn In+z) < PG In+1) + -+ P(Gnsz-1, Intx) — z 1 (p(gn+j' gn+j))
]:

< X (p(g1,90))
< Zjin 1/)] (p(gl; gO)) - 0) forn - o, (17)

together with properties of (¢)-comparison function obtaining Tlll_zg) P(Gn, Gn+z) = 0.

Hence {g,} is a Cauchy sequence (G, p) and the completeness of G implies that 3 v € G;
lim p(gn,v) = 0= lim p(gn, gn+2) = p(v, V).

By continuity mapping of I' by Remark 2.8, getting
lim p(gn41,Tv) = lim p(Tg,,Tv) = 0,s0 v is a fixed point of T, that is v = T'v.
n—oo n—oo

Since (G, p) is complete, then there exists g € G such that lim p(g,,g) = 0.
n—-oo

And since I' is a continuous mapping, so conclude that
p(g.Tg) = lim p(gn,Tgn) = lim p(gn, gn+1) = 0.
We find that g is a fixed point of a mapping.

The following example satisfied Theorem 3.2.

max{g,s},if g #s
Example 3.3: Consider G = [0,2], p(g,s) =4 0 ,if g = s¢ Wwhich is a PMS [29,

33].
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(0,if g€0,3))
wifgels ]
3if g €[L]
(i 9€G2)
0,if g €[0,3]
Lif9€G.2]

therefore, ['3(g) = 0 is continuous mapping on G, then just claim that I' satisfies of the
Theorem 3.2 by putting in Equation 2 and assume that 8(g,T's) = land ¢ (t) =t,q = 2,
1 1

DefineI':G — G asT(g) = ¢ » is not continuous mapping on G.

Therefore, T'?(g) = is not continuous mapping on G,

01 = 02 :Z»Qs =3
To prove the existence (unique) of a fixed point of a mapping I' under assumption of

continuity and by (- 1) generalized Jaggi contraction.

Theorem 3.4: LetI': (G, p) — (G, p) be a (B- 1) generalized Jaggi contraction, and (G, p) be
a complete PMS. If for some M € N, Mis integer M > 1, '™ is continuous. Then T has a
unique fixed point.

Proof: By similar way of proof Theorem 3.2, there exists the sequence {g,,}, gn = 'gn—1 for
alln € N such that p(g,, g) = 0 is convergent to some g € G, a sequence {g,} has a
subsequence {gn(k)} where n(k) = k.M, k € N and Mis integer M > 1.

Therefore, let I'? is identity mapping in G, thus getting In@i) = ¥ In(k)-m then

p(g.T"g) = lim p(g, T gngy-m) = lim p(gn 9) = p(g,9) = 0.

Therefore, g is a fixed point of T, Assume that ['g # g, getting

M-p=lg =TM"Pg forany p = 0,1, ...,k — 1. Used by (B- ) generalized Jaggi
contraction, by putting in (2) g = TM"P~1g and s = T’M~Pg, the expression

YAr(rt=r=ig, " g)

p(TM—v=1g, T(IM"1g)). p(IM~Pg, T(TM~Pg) '\
. Ql( p(TM-p=1g,TM=P g) >
_ +0,(p(TM-P=1g,TM-P g))" (18)
p(TM-P=1g,TTM-P~1g) + p(TM-Pg,ITMPg) 1"
+03 [max 2 ’
\ p(TM-P=1g,TM=Pg), p(TM-Pg,T(TM-P~1g))
Then
M-p-1 M-p M—p M-p+1 q
q 1(,0(F QF’)I(‘FM_pg_)iZ,(II_:M_pZ)F g)> +Qz(P(FM_p_19,FM_p9))q
= p(TMp71g,THPg) + p(IM-Pg, MM P+ig) N]°
+03 [ max 2 ’

p(TM-p=1g,M-Pg ), p(TM-Pg,TM~P g)

e
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. 01(p(TM-P g, TM-P+1g))? 4 g, (p(TM-P-1g,TM-P g))*
_ p(TM-p=1g,TM=P g) + p(TM-P g,TM-P+1g) ]’ (19)

+03 |max 2 ’
p(TM=p=1g,TM=Pg), p(T'M-Pg,I'M~P g)

getting,
P(F(FM—p—lg), F(FM—pg)) < B(FM_p_lg, FM—p+lg)(p(l—‘M_pg’ I,M_pﬂg)
a Ql(p(FM—pg' r‘M—p+1g))q + 0, (p(rM—p—lg’ l"M—pg))q
<y p(TM—P=1g,TM-Pg) + p(TM-Pg,TM-P+1g) \]* | (20)

+03 |max 2
p(IM=p=1g,TM=Pg), p(TM-Pg,I'M~P g)

Suppose that, if
p(TM=P=1g TM=Pg) > p(TM~P g, TM~P*1g), putting in (20). Then,

g g 9 9 g
p(r@"=r=1g),r(C""g)) < p(r"r=1g, MM **1g)(p(I" g, r"7*g) <
P(yIr(@” g, "rg)) =

( Llo(p@¥=P=1g,TM-P g))? 4 g, (p(TM-P-1g, F”’pg))q\‘
Y

p(TM-P~-1gTM~Pg)+p(TM-P~1g,rM-Pg) q
+03 max{ 2 ’
p(TM=P=1g,TM=Pg ), p(TM~Pg,IM"Pg)

o [o1(p(TM=P=1g, 1M g))? 4 g, (p(TM-P-1g,TM-Pg))*

p(TM-P=1g,TM-Pg), }]q
e [max {p(FM‘”‘lg, M=pg),p(TM-rg,TM-Pg)

< wq\/(p(FM‘p‘lg, -7 g))* (01 +02 + 03),

= | (prr-1g, T g))", @)

= Y(p(T"Pg, TP g)), (22)
< p(TM=P=1g TM=P )by o, +0, + 03 = 1, and Y (t) < t. That is a contradiction.
Also, suppose if
p(TM=P=14 TM=Pg) < p(TM~Pg,TM~P*1g), putting in (22). Then,
getting,
p(r(@"—r=1g),T(I"?g)) < B P=1g, I P*1g)(p(T"Pg, " P*1g)

. 01(p(TM-P g, TM-P+1g))? 4 o, (p(TM-P g, TM-P+1g))?

<y p(IM-p g, TM-P+1g) + p(I'M-Pg,TM-P+1g)
+03 [ max 2 ’

p(IM-pg,TM=P+1g), p(IM-Pg,TM~P g)
o lo1(p(TM-P g, TM-p+19))? 4 o, (p(TM-P g, TM-P+1g))*
p(TM-Pg, TM-p+1g) }]q
e [max {p(FM‘”g, M-p+1g), p(TM~Pg,I'M~Pg)
q _ _ q

< wJ (p(TM-p g, IM-P+1g))" (01 +0; + 03), (23)

= wq\/(p(FM‘pg, rM-p+ig))?,

=

q

=y
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= P(p(T""Pg, TP+ g)), (24)
< p(TM=P g4, TM-P+14) by 0, +0, + 05 = 1, and Y(t) < t. That is a contradiction.

Thus I' has a fixed point say g.

Corollary 3.5: The continuous mapping I' on a complete PMS G has a fixed point g*, if

2
o (L) +ei(p(g,9) +

p(T(g)T(s)) < & , | (25)
T By
01 [maX {er(gl S)I p(sl Fg) }]
forany g,s € Gand g # 5,6 € (0,1).
Proof: Putting f(g,T's) = 1land Y(t) =t,q=2,0, =0, = i,g3 = %in Theorem 3.2, and

in Equation (2).
Now, the following definition leads us to new results in PMS without condition of continuity.

Definition 3.6 [32]: Suppose that G is a PMS, and f is admissible function. Then G is said to
be regular if for each iterative sequence {g,}in G provides that B(g,, gn+1) = 1 for all n
and g, » g € G,as n — o, then there exists a subsequence {gn(k)} of {g,} such that

ﬁ(gn(k),g) > 1 for all k.

Theorem 3.7: Let (G, p) be a complete PMS and I: G — G be (- ) generalized
Jaggi contraction. Suppose that
i. TI'is B —orbital admissible;
ii.  There exists g, € G such that $(go,Tgo) = 1;
iii. T isregular.
Then, there exists u € G such that 'u = u and p(u,u) = 0.
Proof: By condition (iii), there exists a subsequences {gn(k)} of {g,} such that

B(gn(k), u) > 1 for all k, get that
P(gnio+1Tu) = p(TGnae, Tu ) < B(gnwo w)P(TGnae, Tu)
=Y (qu(gn(k)'u )) <Y (Gnry 4 )-

Where
,T o, T'u a
R ) IR 1 CAY)
YA (gngey w) = P(9nw TOnao) + p(u, Tu) ! (26)
+03 | max 2
\ P(gno 1) (W Tgnao)
Therefore,

p(u,Tu) < wq\/(p(u, rw)” (o1 +02 + 03) = Y(p(u,Tw)) < p(u, Tw). By 01 +0, + 05 =

1 and ¥ (t) < t. That is a contradiction.

Thus, we have p(u, 'u) = 0. Therefore, u = l'u.

Corollary 3.8: Let (G, p) be acomplete PMS and 8: G X G = [0,0) andy € W.If
[:G - G such that

B(g,5)p(Tg,T's) < (max (EL2EEED (g, 5),p(s,Tg))) (27)

for all g,s € G. Assume also that
i.  T'is f —orbital admissible;
ii.  There exists g, € G such that $(gy,gy) = 1;
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iii.  either I' is continuous or regular.
Then there exists u € G such that Tu = u and p(u,u) = 0.

Corollary 3.9: Let (G, p) be a complete partial metric space and f: G X G — [0, ) and
Y € W.If T:G - G suchthat f(g,s)p(Tg,Ts) < Y(max (p(g,s),p(g,Ts),p(s,Tg)))
for all g,s € G, assume also that

i. T'is p —orbital admissible;

ii.  There exists g, € G such that 8(go,Tgo) = 1;
iii.  either I is continuous or regular.
Then there exists u € G such that Tu = u and p(u,u) = 0.

Abdeljawad [34] introduced an interesting results about generalized weakly contraction
mapping. In this work, the existence of fixed points is studied for generalized weakly
contraction mappings in PMS.

Definition 3.10: Let (G,p) beaPMS, yp € Wand ¢ : [0,0) — [0,0) is a strictly increasing
function with ¢(0) = 0. A mapping I': (G, p) = (G, p) is called (8 — Y — @) Jaggi weakly
contraction if

B(g,Ts)Y(p(T(9),T(s)) < ¥(yIr(g,s)) — p(nir(y,s))
where, Y9I'(g,s)
_ (p(g, rg).p(s,Ts)
! p(g,s)

q
> +0,(0(g,9))" + 03[max{p(g,s), p(s,T's)}]4

and pr(g, s)

Tg).p(s,Ts) \?
| T e

) . (28)
+0; [max{=[p(9,5) + p(s. T (g, ), (5. T5), pCsT5) ]
forallg,s € G,q=0and g; = 0,i = 1, 2,3 such that g; + g,+03 = 1.

Theorem 3.11: Let I': (G, p) = (G, p) be a continuous mapping, and (G, p) is complete PMS
of (B — Y — @) Jaggi weakly contraction, such that there exists g, € G. Then, I' has a unique
fixed point.
Proof: Use of assumption S-orbital admissible, then there exists g in G, assume that g = g,,
such that 8(go, [ go) = B(go,g1) = 1, then f(Igo,T?go) = (g1, 92) = 1 and obtain
B(Gn+1,Gn+2) = BAXGn,Tgnse1) =1 forall n € N, by assume that p(g,, gns1) > 0 for all
n€ N,g; = I'gg,and g, = Tg; =T?2gg oo, Gn =T Gn_1 = T 1g,.
On the contrary, if the inequality above does not hold, that is, if there exists ky € N such that
p(gko,gk0+1) = 0. Therefore, g, = gry+1 = gk, Since g, forms a fixed point, it
terminates the proof. Then, when q = 0, by letting y4T'(g, s) for g = g, and s = g, 41, the
expression

B(g. T)P(p(T(g),T(s))) < P(¥yiT(g,s)) — p(nr(y,s)).
putting in Equation (28) then getting,
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p(gn+1: gn+2) = p(F(gn), F(gn+1)) =< B(gn' an+1)(p(r(gn)’ l-‘(gn+1))

q
q p(gnr an)-p(gn+1; an+1) > q

+ (9 In+1)

<4 1< O gres) 02(p(gn) Gn+1))

+o3[max{p(gn, In+1), P(Gn+1, TGn+1)}19

TUF n n+ 'F n+
r 91<p(g gn)- P+, 19 1)> +02(p(Gn Gns1))"

P(Gn) Gn+1)
1 q (29)
+03 max{ 2 [p(9n Gn+1) + P(Gn+1, Tgn+1)], }

P(Gn In+1 ) P(Gn+1, TGn+1), P(Gns1, TGns1)

\

p(gn,gnﬂ) P(Gn+1, Gn+2) > q
+ (Gn )
p(Gn Gni1) 02(P(gn Gn11))

+03[max{p(gn, Gn+1), P(Gn+1, Gn+2)319
( <p(gn,gn+1)-p(gn+1,gn+z)
q 01

q
0(Gnr Gni1) ) +02(0(gns n+1))

| 1 q :
+Q3 maX{ 7[p(gn;gn+1) +p(gn+1:gn+2)]: }
\ p(gn' In+1 )' p(gn+1' gn+2)'p(gn+1; gn+2)

Then

< p[ [1(PGnr ni2)" + 02(0(Gn Gnsn)’
+os[max{p(gn, gn+1), P(Gn+1, Gn+2)}1?

q q
01(P(Gni1 Ins2)) + 02(P(Gn) Gns1))
_ 1 q

¢ 5 [0(gn gns1) + P(Gnt1 Gns2)) } : (30)

+03 max{
P(Gns Gn+1 ) P(Gn+1, Gn+2), P(Gn+1) Gnt2)

Suppose that, if
P(Gn+1> In+2) > P(Gnr Gn+1), putting in Equation (30) then getting,

o] 010 Gne1 Ine2))” + 02(0(Gnsr, Gns2))”

p(gn+1' gn+2) = l/) l {p(gn+1' gn+2) + p(gn+1' gn+2) }lq
+ 03 |max >

01(0(Gns1, Gne2)) " + 02(0(Gnss, Gna2))"

1 q
= (PGt Gns2) + P(Gnsrs Gns2)] } (31

+03 max{
P Gn+1 In+2), P(Gn+1 Gn+2), P(Gn+1, Gns2)

<y (i/(p(gnﬂ,gm))q (01 +02 + 03 )) — @ (i/(p(gnﬂ.gmz))q (01 +02 + 03 ))
<y (q\/(p(gnﬂ, gn+2))q) —¢ (i/(p(gnﬂ,gm))q)
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< (p(gns1,9n+2)) — (P(gn+1,Gn+2)), by 01 +02 + 03 = 1, and (¢) < t. Thatis a
contradiction.

Moreover, assume that if p(gn+1, Gns2) < P(Gn Gn+1), that is clear, a contradiction.
Continuing in this way. To get p(gn+1,9n) < ¥Y"p(go, g1) forany n > 1.

Let z € Ny, and by the Definition 2.1, getting

k-1
P(Gns Gn+z) < P(Gns Gnr1) + + P(Gniz-1, Gnid) — 2 ) (p(gnrsr 9ner))
]:

s Z;'l:?%_l _lpj(P(ngo))
< %29/ (p(91,90)) = 0, forn — oo,
together with properties of (¢)-comparison function obtaining lim p(gy,, gn+z) = O.
n—oo

Hence {g,} is a Cauchy sequence (G, p) and the completeness of G implies that 3 v € G
such that lim p(g,,v) = 0 = lim p(gn, Gn+z) = PV, V). The continuity mapping of T
n—oo n—oo

and Remark 2.8, getting
lim p(gn41,Tv) = lim p(Tg,,Tv) = 0, so, v is a fixed point of T, that is v = 'v.
n—-oo n—-oo

Since (G, p) is complete, then there exists g € G such that lim p(g,,g) = 0.
n—-oo
Since I is a continuous mapping, we conclude that p(g,T'g) = lim p(g,,Tg9,) =
n—oo

lim p(gn, Gn+1) = 0. Thus g is fixed point of T.
n—-oo

4.Conclusions

PMS have important applications in computer science, especially in domain theory, fixed-
point computations and semantics of programming languages [35-36]. This is due to its
ability to handle self-referential structures and incomplete information makes them well-
suited for computational models [37]. The PMS provides a flexible and powerful
environment for studying spaces with self-referencing distances, making them valuable in
theoretical computer science. A new formula for the contractive condition was presented
through Definition 3.1 and used this condition to find the uniqueness and existences of fixed
point in partial metric space and the application was done in Example 3.3, as well as using
another link between the Definition 3.6 and the contraction condition, by [34] development
and introduce Definition 3.10 to find the fixed point. Finally, it is not bad to mention some
useful results for future work, such as, Nuray [38] who studied the statistical convergence in
partial metric spaces. It may be a catalyst for new findings in this area. Also, for future work
one can study demonstrates the applicability of theorems through applications to equations as
in [39-40].
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