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Abstract

This paper primarily focuses on the study of an ecological model in which
fractional differential equations (FDEs) are utilized to construct the model rather
than using traditional first order differential equations. A model of tri-trophic food
chain is explored using the Beddington—DeAngelis (BD) functional response with
harvesting in each species. The impact of harvesting on the system’s behaviour is
observed, that brings about the occurrence of both bifurcations, Transcritical and
Hopf bifurcation, which depends not only on fractional order derivative parameters,
but also on the harvesting parameters. The existence, uniqueness, non-negativity,
and boundedness of the solutions are explored. Next, the stability of all feasible
equilibrium points is determined locally. Additionally, sufficient conditions are
established to make certain the global asymptotic stability of each point of
equilibrium, except the trivial equilibrium point, by selecting an appropriate
Lyapunov function. Finally, numerical simulations are given to illustrate the
outcomes of our dynamical analysis of the model.

Keywords: Food chain model, Beddington-DeAngelis, Fractional order model,
Stability, Bifurcation, Numerical simulation.
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1. Introduction

Fractional differential equations (FDEs) are increasingly being adopted in mathematical
modeling due to their ability to accurately describe both linear and nonlinear phenomena [1],
[2], [3]. Recently, the study of the behaviours of biological models has seen an increase in the
use of mathematical models based on FDEs. The impact of FDEs on the prey predator model
has been examined by several authors in [4]. Because the prey and predator interactions are
very frequently in nature, mathematical ecology has drawn significant interest from
researchers in recent years [5], [6], [7]. When predators fight for food, interference between
them occurs frequently, which is missing from the most popular Holling-II functional
response. To address this issue, the BD functional response, proposed by Beddington and
DeAngelis, is much more similar to the Holling type II response but includes an extra
component in the denominator to account for interference among predators [8], [9]. Numerous
studies have also been conducted on multi-species food chains, the literatures [10-14] show
that these models exhibit chaotic behaviour when using Holling-type or BD nonlinear
functional responses [5], [15], [16]. The dynamics of a three-species prey- predator system
were the subject of research by Hastings and Powell (1991) [17]. The effect of the fractional-
order derivative on a prey- predator model with predator harvesting has been studied by Javidi
and Nyamoradi [18]. According to the above-mentioned literature review, fractional calculus
is well suited for describing the hereditary characteristics and memory of diverse systems,
which are not taken into account by traditional integer-order models. We consider a three-
species prey-predator model to analyse the effect of the fractional-order derivative on prey-
predator models. The original Hastings and Powell model's dynamics in the context of
population harvesting are another goal of the current work. We investigate how population
harvesting affects the tri-trophic food chain model proposed by Hastings and Powell (1991).
Population dynamics are typically strongly impacted by harvesting [19]. The severity of this
impact depends on the type of harvesting strategy employed, which can range from rapid
population decline to complete population preservation. This paper explores the tri-trophic
food chain model behaviour with a standard predator-dependent of BD type functional
response, both theoretically and numerically. In our proposed model, we also examine the role
of harvesting in controlling chaos and its influence on system behaviour, particularly the
occurrence of bifurcation.

To incorporate a BD functional response in both consumer species, Y and Z, a set of
nonlinear differential equations describing pairwise interactions between three species, X, Y,
and Z, has been developed as follows:

dX X a, XY
W e(1-%)- |
dT K/ 1+ b X+ b,Y
dy a, XY asYZ
- = - - DY, (1)
dT 1+ b;X+bY 1+b3Y +b3Z
dZ a,YZ
== - D2Z

dT ~ 1+ bY + b,Z

Here, X represents the number of prey species, Y represents the number of intermediate
predators that feed on X, and Z represents the number of super predators that feed on Y. The
variable T denotes time. The constant K denotes the carrying capacity of prey species X,
while the constant r represents the intrinsic growth rate. Parameters a; and az denote attack
rates, whereas a, and a, represent conversion rates. Constants by, b,,b; and b, are
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parameters associated with the functional response. While D; and D, represent constant
mortality rates for species Y and Z, respectively. All parameters are positive.

The impact of harvesting on ecological populations is considered one of the most crucial
topics in population ecology. Hunting can lead to harvesting, which may cause population
decline [20]. Future harvesting strategies will benefit from analyzing harvest quantities in
relation to population sizes.

Here, Q4, Q, and Q5 represent the rate of harvesting of population of the prey, intermediate
predator and super predator, correspondingly. Assuming Q; € (0,1) for i =1,2,3, the
following system can be used to represent system (1) under these presumptions:

dX X(l X) a XY ¥
ar ~ K) T+bx+ny 9%
arv a, XY asYZ Dy v
AT~ T+bX+b,Y 1+b,y +bz DV~ @ @)
dz a,YZ
= - Dzz - Q3Z

dT ~ 1+ bY + b,Z

To non-dimensionless the system, we employ the scaling x = % , V= % Y, z= %Z , t=

rT. After simplification system (2) takes the form:

dx [1 ]
a7 1+ax+by 1)
dy [ z _d ] 3
_y1+ax+by T+my+nz 7 %) )
€y
S gy
Zl+my+nz 2= 4
b Q K b b Q
where a = b;K, b—r—: q1=71, elzazT,mzra—:,n ra: d, = q2=72, e, =
Qs

_, d2=% andQ3=—

a

The parameters qq,q,q3; represent dimensionless harvesting parameters. Since no
population may be harvested at a rate exceeding 100%, these parameters cannot exceed the
maximum value of 1. For the fractional order three—species prey—predator model, we
extended the integer order model (3) as follows:

y
D*x(t) =x|1—x _—1+ax+by_q1] Gi(x,y,2),
CDy(t) = : €1x VA ] iy ) )
Y _y.1+ax+by 1-|-my+nz 92| = G2\X, Y, 2), ()
[ ey
CDOl — _ _ ]=
z(t) =z T my tnz qs| = G3(x,y,2),

with the initial conditions, x(0) = x, >0, y(0) =y, > 0 and z(0) = z, > 0. When a €
(0,1) and ¢D*? is the sense of Caputo fractional derivative.

2. Preliminaries
This section presents several definitions and important lemmas related to Caputo fractional
order derivatives, which are used extensively throughout this study.

Definition 2.1. [21] The Caputo derivative represents a normalization of the Riemann

Liouville formula. For a function f(t) with t > t, = 0, the @ — th order of Caputo derivative
is defined as:
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t
‘D f(t) = ;f(t - S)(""“)"ld—nf(S)ds
I'n—a) dsn ’
0
wheren —1<a < n,n €N ,n = [a] and D% denotes the standard Caputo differentiation.
Following [22]. If @ € (0,1), then for a function f(t) with t > t, = 0, the Caputo derivative
of order a reduced to

t
1 d
CD* f(t :—ft_ a— ds.
FO = gy | €= 9 5/ (5)ds
0
Lemma 2.2. [23] Let a € (0,1] and A < 0. Then, E, ,(At%) and E, 44, (At*) monotonically
tend to zero as t — oo.
Lemma 2.3. [23] For any continuous function x(t) on [0, +o0) that satisfies *D%x(t) <y —
Ax(t), x(ty) =x,, wherea € (0,1], ,y € Rand A+ 0. The following inequality
holds:
x(8) < (x - %) E (—At%) + % .
Definition 2.4. [24] An autonomous system with the Caputo derivative D% = Ax(t) is said
to have an equilibrium point X*.
Locally stable if Ve >0, 3 § >0 such that ||X(t) —X*|| <€ holds for VX, € {Z:
|Z—-X*|| < 6}andV t > 0;
Locally asymptotically stable if X™ is locally stable and tligrn X(t) =X".

Lemma 2.5. The equilibrium points for a system ¢D% = Ax(t), are asymptotically stable in
accordance with stability given in [25], when all the eigenvalues A4;, (i = 1,2,...,n) of the
Jacobian matrix J(X™), fulfil the condition:

an
largAU x| = largG)l > 5
Lemma 2.6. [26] Let B(t) € R* be a differentiable function. Then, for any t > t,, a € (0, 1]

and * = 0, one has
CpD*| B(t) — B*— B*Ln ﬁ[g?] < (1 - [f(t)) D B(1).

3. Analysis

3.1. Existence and Uniqueness

Theorem 3.1.1. The system (4) has a unique solution for any non-negative initial conditions.
Proof. To ensure the existence and uniqueness of system (4)'s solutions in the domain, we are
seeking an adequate and essential condition. ¥ X (0,T], where ¥ ={(x,y,2) €
R3: max(|x]|, |y, |z]) < M}, where M is a positive constant.

Following the approach described in [27]. Consider a mapping G(V) =
(6,(V),G,(V),G3(V)) and for any V = (x,y,2), V=(x,5,%), V,V €V¥, it comes from
(4) that:

6OV =GV = |6:(V) = G, (V)| + |G (V) = G, (V)| + |G (V) — G5 (V)| < wy|[v =V,
where:

W, = Max {1+ q, + 3M + bM?, d; + g, + 2M + (a + n)M?, d, + g5 + M + mM?}.
Thus, G(V) fulfil Lipschitz's requirement. This proves that the system (4) has a unique
solution. [

3.2 Non-negativity and Boundedness
Theorem 3.2.1. All solutions of system (4) that start in ¥, = {(x,y,z) ER3 : x>0,y >
0,z = 0} remain uniformly bounded and non-negative.
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Proof. We show that, all solutions are uniformly bounded for initial conditions in W, . Define
a function W, (t) = x(t) + e—lly(t) + iz(t), then we have:
“DIW,(8) + g Wo(t) < x —x? + l(611 —q)y + — (91 = q3)z.
€1 €162
Choose q; < min{q,,qs3}, then SD*W,(t) + g W,o(t) < x —x? = — (x - —)2 +i < %.
By using Lemma 2.2

1 1
W, (t S(W 0 ——)E —q.t%) +—.
»(8) »(0) 4qll «(—q1 )+4q1
As t - o, by Lemma 2.2 we have W, (t) < e Therefore, all solutions of system (4) with
1

initial conditions in ¥;, where:

1
‘sz{(x,y,z)E]Rri:WZ(t)Sa-i-e,e>0}. 5)
1
The non-negativity of solutions of system (4) can be shown as follows. From the first

equation of system (4):

y
Do) =x(1-x———2———q),
x(t) = x x 1+ ax+ by N ©)
From (5), we have this observation:
1 1 1
X+—y+—z<—. 7
e1y €162 4q, @)
Depending on (6) and (7) we obtain:
y 1+e
o0 =2 a) 1 )
(1) = x * 1+ ax + by N 4q, @)% = 5%
where s, =1— =22 _¢q..
4q,

Considering Lemma 2.3
x(t) = xgE,(5,t%).
Since x, = 0 and by Mittag-Leffler function positivity, then E,(s;t%) > 0. Hence for any
a € (0,1), then x(t) = 0.
From second equation of system (4)
Dry(R) =y (e e~ ) 2 (- P2 dy — gy y = =
Y y1+ax+by 1+my+nz ' 1) = 4q, 17 42)Y 2Y»
where s, = % + d; + q,. Therefore, y(t) = yoE,(—s,t%), thus y(t) = 0.

From the third equation in system (4) we obtain:

y
‘Dez(t) = z <1+m—y+nz —dy; — %) = (—d; — gq3)z = —s32,
where s3 = d, + g3. So, z(t) = zyE,(—s5t%), consequently z(t) = 0 and Theorem 3.2.1 is
entirely proven.
[ |

3.3 Equilibria and Local Stability

The equilibrium points of system (4) are obtained by solving the simultaneous equations:
CD%x(t) =0, D% (t) = 0and “D%z(t) = 0.

Possible equilibria are:

1. The trivial equilibrium point E, = (0,0,0) is always exist.
ii. The axial equilibrium point E; = (1 — g4, 0,0) is always exist since (q; < 1).
iii. Super predator free equilibrium point E, = (x,,y,, 0) exists in Int R? if the following

equations has a positive solution
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Y2
1—x, — -q, =0,
X2 1+ ax, + by, N ()
‘1%z —(dy+q) =0 9
1+ ax, + by, (di+42) = 0. ©)
From equation (9), we have
Jy = (e; — (d1 + @)a)x, —dy — QZ. (10)
bd, + bq,
From equation (8) and (10), we obtain
P(XZ) = Ax22+Bx2+C=O, (11)

where:

A=be, >0, B = be;q; —ad, —aq, —be; +e, and C = —(d; + q;) < 0.
According to Descarte’s rule of sign [28], P(x,) =0 has a positive x, . And y, >0
provided:

0Bt g (12)
e; — (di + gq2)a
iv. The co-existence equilibrium point E; = (x3,ys, Z3), exists in Int R3 if the following
equations has a positive solution
Y3
1—2x3— —-q, =0,
¥ 77 + ax; + by, N (13)
e1X3 Z3 q _ 0 A
1+ax;+by; 1+my;+nz, (d1=a2) =0, (14)
€23 —(dy—qs5) =0 15
1+ my; + nz, 27 s ' (15)

From (13) we obtain
(1 =x3—q1)(1 + ax3)

= 16
Y3= T —b+bq) + bx; (16)
By putting (16) in (15) we have
1 €2 (1 —x3—q)(1+ ax3)

== — -1]. 17
X3 n((d2+q3 m)( (1—b + bqy) + bxs 17

After substituting (16) and (17) in (14) we obtain
A3x§’ + Azx:)% + A1X3 + AO = O, (18)

where:
Az = bneje, > 0,
A, = 2bne,e,q, + am(d, + q3) + neje;, — [(dy + qz)an + (bne, + a)le,,
Ay = m(d; +q3)(1 + aqy) + ez[a + n(beiqf + a(dy + q2) + e1(b + q1))]
— [neyq,(ad, + aq; + 2be;) + ey(aq, + 1) + (d, + q3)(am + b)
+ ney(ey +dy + q2)],
Ay = ((dz +q3)(mq, +b) + ey(d; + q2) + 1)
— le2q:(n(dy + q2) + 1) + (d; + q3)(bgy + m + 1)].
Now, Equation (18) has a unique positive real root x5, according to Descarte’s rule of sign
[28], if one of the following holds:
. A, >0 and A4, <0.
ii. A; <0 and A4, <0.
Then we have

_ (1+ax3)(1—x3—qy)
SR T TE R 1

1 e,
23—£<(d2+q3—m>y3—1>. (20)
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Thus, y; and z5 are positive under the conditions

1
O<1_q1_E<X3<1_q1, (21)
€2Y3
d =7
0< 2+Q3<my3+1. (22)

respectively.

To analyze the stability of each equilibrium point, we employ the Jacobian matrix. For the
fractional order system (4), the Jacobian matrix is given by:

y
Cna — — -z =
D%x(t) = x _1 X T+ ax+ by ql] xfi(x,y,2),
[ ex A

_1+ax+by_1+my+nz_

CDay(t) =Yy dl - qz] = Yfz(x' Y Z)' (23)

Cnha — [ ey _ _ ] —
D%z(t) =z Tomy +nz d, —q3| = zf5(x, v, 2),
where:
y
=] — -
fl(xlylz) X 1 +ax+by ql;
R s S S——
Ry, " l14ax+by 1+my+nz 2
_ €y o
fs(x,y,2) = T+ mvtnz my + nz d; — qs.
The Jacobian matrix of (23), is derived as follow:
[ 0f1 0f 0f1
Xa'F f1 X@ XE
a2 af af>
], y,2) = Y ax ya+fz Yo, b (24)
af3 af3 f3
“ox oy o Th
where:
fi 14 ay ofi 1+ ax (')fl_o
ox (14 ax + by)?’ dy  (1+ax+by)?’ oz '
df,  ei(1+Dby) ifa be x N mz
ox (1+ax+by)?’ dy  (A+ax+by)2 (1+my+nz)?’
% _ (1+my)
0z (1+my + nz)?’
% _ % _ e;(1+nz) n % _ e,ny
ox ’ dy (1+my+nz)? 0z (14+my +nz)?’

Theorem 3.3.1. The equilibrium point E, = (0,0,0) of system (4) is a saddle point.
Proof. If any of the eigenvalues A; of the J(E,) fulfil |arg(4;)| < %, then the equilibrium

point E; = (0,0,0) is an unstable saddle point. In accordance with Matignon’s condition [25].
At E, = (0,0,0), the J(E,) of system (4) is:

1 - ql 0 O
J(Ep) = 0 —(d; + q3) 0 .
0 0 —(d; + q3)
The corresponding eigenvalues are Ag; = 1—qq, Aoz = —(dy + q3) and Ay3 =

—(d, + q3). Clearly, we can see that |arg(1y1)| =0 < % for all @ € (0,1). Thus, E, =
(0,0,0) is saddle point.
[ |
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Theorem 3.3.2 The equilibrium point E; = (1 —q4,0,0) of system (4) is locally
asymptotically stable, when

e;(1—qq)
—<d . 25
1+a(1—q1)< 1142 (25)
Proof. We calculated J(E;) and acquired:
(1—-q1)
-1 - - 0
( q1) T+ a(l—qp)
J(Ey) = e;(1—qq)
0 1 + a(l _ ql) (dl + qZ) 0
0 0 —(d2 + q3)
Then, the corresponding eigenvalues of J(E;) are A;;, = —(1—¢q,) , A3 = %—
41
(dy + q3) and A3 = —(d, + q3). Note that |arg(1,1)| = larg(A,3)| =T > % for all a €
0,1), but larg(dy)l = > for all a€(0,1) when % < (dy + qo).
—41
Consequently, E; becomes locally asymptotically stable under the condition (25).

[ ]

Observation 3.3.3. Regarding Theorem 4 the stability of E, is not depend on the fractional
derivative order a. However, the mortality rate and intermediate predator harvesting rate (d,
and g, respectively), control the stability behavior of E;.

Now stability of E; = (x5, y,, 0) has been investigated, J(E,) is also assessed:
ai1 A1z Qg3

J(E,) = [a21 Az Qz3

az1 Az 04z3

)

ay, 1+ax, e1(1+by,)
Where a11 = xz (_1 + L_Z) B a12 = _xZ ( 12 ) < O, a13 = 0, a21 = yz (—Lz > 0,
0 0 0
be1x2) Y2 €2y2
Ay, = =Y, |——) <0,a,3 = — <0,a3; =0, az, =0,a33 = —(d
22 Y2 ( 12 » A23 Ttmy, » A31 » A3z 433 = Ty (dy +q3)

and Ly = 1 + ax, + bys,.
The eigenvalues correlating with E, = (x5, y,,0) are the following characteristic equation's
roots:

(A - a33)().2 + AA + B) = 0, (26)
where
_ _X2,2
A=—(ay1 tay)= L_% (Lo + y,(be; — a)), (27)
ex 1
B = 1L(§)y2 (bxz + L—O) > 0. (28)

Since the discriminant of the quadratic part of (26) is defined by A = A% — 4B, then by
examining the system's associated characteristic equation at E, = (x5, y,, 0), we acquired the
stability condition that described in the next theorem.

Theorem 3.3.4 The equilibrium point E;, = (x,,y,,0) is
1. Locally asymptotically stable, when
€2)2

0<————<d, +
1+ my, 2T 43 (29)
and
LZ
O<a<bel+—0. (30)
V2

ii.  Locally asymptotically stable, when (29) holds and
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2

0<—=+be, <a, (€29)
¢
be, —a 4
b ) 32
y2< I ) <a+el(3 +sz0 (32)
—V-=4 an

tan | —— | > —. 33

an ( 1 > 5 (33)
Proof: (i) From Equation (26), it has the following eigenvalues A,; = az; = 1i2my ; —

2
(dy +q3) and Ayy,3 = A+\/— I 0 < == Y2 - < d, + g3, then |arg(Ay)| =7 > =, Va €

(0,1).If0 < a < be; + i— then A > 0 Wthh 1mp11es that A,, and 1,5 have two negative real
2

parts. Thus, according to second point of Routh-Hurwitz criterion in FDEs, E, = (x5, Y5, 0) is
locally asymptotically stable V a € (0, 1).

(ii) The characteristic Equation (26) possesses Ayq = —222

1+my,

—(d, +q3) and a pairs of

. . . i L3
complex conjugate eigenvalues with positive real parts, when 0 < —°+b91 <a and

—AFiV-A It 0< ey

Y2 (be1 ) <a+e (3b + ) as follows: Aj;,3 = - < d, + qs,

x2Lo
bei—a
Lo

then |arg(Ay,)| = > = If 0 < + be, < a andyz( ) <a+e (Sb + ) then

x2Lo

A < 0 and A< 0 which 1mp11es that larg(23223)| = tan™! (#) . Hence, |arg(252,23)| >

== when tan™! (_\/__A) > o

2 A 2

As a result, following second point of Routh-Hurwitz criterion in FDEs, we obtain E, =
(x3,¥5,0) is locally asymptotically stable V a € (0, a;), where a; = %tan‘l (—\{4—7\)' .

Theorem 3.3.5 The equilibrium point E5 = (x3,y3, Z3) is locally asymptotically stable, when
anyone of the below cases holds:

i D(P) > 0, ay; < L% and mz3L% < e;bx3L% forall a € (0,1].

i D(P)<0,ay; < 1% and mz;l3 < eybx; 13 forall a € (0,2).

iii. ~ D(P) <0, ay; = L% and mz3L% = e;bx3L5 forall a € [0, 1).

Proof. Initially J(E3) of system (4) is provided by

bi1 b1z by3
](E3) = |b21 bzz bas|,
bs1 b3, bss
where  by; = ﬁ(a% —L3), by, = _% <0, by3=0, by; = 31(1+L—l;1373)3’3 >0, by, =
Lsz (mz3L3 — e1bx3l3), by = WZ#, b3y =0, b3y = % > 0and b33 =
nezy3z3 <0 with L; =1+ ax; + by; and L, = 1+ my; + nzs.
2
Now, the characteristic equation of J(E3) is provided by
A3+ B;A%> + B,A+ B; =0, (34)

where:
By = —(b11 + byy + b33), By = by1bz3 + b11b3z + baybss — byzbzy — bigbyy,
B3z = b13b1b33 + b11b23b3y — bi1baobss .
To determine the local stability of E; = (x3,y3,23), we evaluate the discriminant of (34)
using the definition of the discriminant, we obtain:
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D(P) = 18B;B;B; + (B;B;)* — 4B3( B1)® — 4( B,)* — 27(B3)*.

Regarding condition (i) if it exists, then D(P) >0, B; >0, B; > 0and B;B, —B; >0,
which makes E; = (x3, V3, Z3) locally asymptotically stable V a € (0, 1] as demonstrated in
third point of Routh-Hurwitz criterion in FDEs [29].

If condition (ii) exists, then D(P) <0, B =0, B, = 0and B3 > 0, which makes E3 =

(x3,¥3,23) locally asymptotically stable V «a € (0, 2), as demonstrated in fourth point of

Routh-Hurwitz criterion in FDEs [29].

If condition (iii) exists, then D(P) <0, B; >0, B, >0 and B;B, — B; = 0, which
makes E5; = (x3,V3,23) locally asymptotically stable V a € [0,1), as demonstrated in fifth
point of Routh-Hurwitz criterion in FDEs [29]. [ |

3.4  Bifurcation Analysis

In this section, we prove the existence of a Transcritical bifurcation around E; =
(1 —q4,0,0) using Sotomayor's theorem. Additionally, we investigate the existence of Hopf
bifurcation in system (4) around E, = (x;,y,,0) and E5 = (x3, V3, Z3).

Theorem 3.4.1. The system (4) undergoes a Transcritical bifurcation considering the
bifurcation parameter g, around E; = (1 — q4,0,0) if
e1(1—qq)
=——d;. 35
Proof. The Jacobian matrix of system (4) at E; = (1 — q4,0,0) with g, = q; = % —
—41
dq, possess a zero eigenvalue, in the form of:

~(1-qp) e
_ Yo 14a(l-q)
](E1)|q2=q§ = 0 0 0
0 0 —(d; + q3)

Here 111 = _(1 - ql) < O, 112 =0 and 113 = _(dz + CI3) < 0.
Let Vl = (Ul, Uy, U3)T = (Ul, _(1 + a(l - ql))vl, O)T and V2 = (Wl, Wo, W3)T = (0, Wo, O)T
be the two eigenvectors correlating with the zero eigenvalue (1;, = 0) of the J(E;) and

T .
(] (El)) , respectively. Where v; and w, are any non-zero real numbers.

0 0
Consider ;—qGZ = <—y) = F,,(X,7). Thus v,T (qu (Eq, qz)) = (0,w,,0) (O) = 0. Therefore,
0 0
in accordance with Sotomayor's theorem [30] for local bifurcation, the system (4) does not
exhibit a saddle-node bifurcation near E; at q; = ealldy) 1
1+a(1-q4)
0 0 O
Now, DF,(E;,q3)=|0 -1 0] Then, V,"(DF,(E;,q5)V;)=—(1+a(l-
0 0 O

N -b(1-
Q1))V1W2 # 0, and VzT(DZG(EL qZ)(VbVl)) = (elgia(i qq;;?) - 1) (2vw,) # 0.
—41

By Sotomayor's theorem [30], system (4) has a Transcritical bifurcation around E; =

(1-¢4,0,0), when q, = q5 = % — d as q, passes through the value of g5, while no
—42
Saddle-node bifurcation can occur. ]

Observation 3.4.2. The existence of Transcritical bifurcation at E; = (1 — q4,0,0) depends
on harvesting rate of intermediate predator population (q,).
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Theorem 3.4.3. In system (4), when the parameter a crosses the critical value a; =

%tan_1 (#), a Hopf bifurcation occurs at E, = (x5, y,,0) when the conditions (31) and
(32) hold.

Proof. Considering the conditions (31) and (32) and the critical value a; = %tan‘1 (_?),
where A = A% — 4B , as A and B were defined in (27), (28). We define
1 1(x,
1 1 |4 1 :
eL1x X
and 0 ==-V-A=— ! 22}’2 (bxz + —) - —;(L% +y,(bey —a) | - (37)
2 2 | 12 Ly \I2

Regarding (31) and (36), we obtain u = —%(f—j (L% + y,(be; — a))) > 0. Furthermore,
0
from conditions (31), (32) and (37), we acquire a pair of complex conjugate eigenvalues
A2223 = u+ 6 with pu > 0. Therefore, condition (i) of the Hopf bifurcation theorem [31]
holds.
From (29), (36) and (37), and based on the definition of H(a) in [31], we have H(a;) =
a;—n —min{larg(1;1)|, larg(A,2)|, larg(A,3)|} = 0. Thus, condition (ii) of the Hopf
bifurcation theorem [31] holds.
d H(a) _ T

Additionally, from the definition of H(a), we obtain =% 0, which implies that

da lg=q 1
condition (iii) of the Hopf bifurcation theorem [31] is also holds.
Consequently, from Theorem 8. in [31], when parameter a crosses the critical value a;,
system (4) undergoes a Hopf bifurcation at E, = (x;,y,,0).
[ ]

The existence of a Hopf bifurcation in system (4) at E5 = (x3, 3, Z3) is established, with a
as the bifurcation parameter. When a stable focus equilibrium point changes to an unstable
one, this bifurcation occurs and a limit cycle appears simultaneously as the bifurcation
parameter changes.

Theorem 3.4.4. Suppose that S;,S, € R and 3(S; +5,) < B; < —%(Sl +5,). A Hopf

bifurcation occurs at E; = (x3,V3, Z3), when a crosses a, = % |arg (/132,33)|.
Proof. From J(E;), we obtain the characteristic polynomial A3 + B;A? + B,A + B; = 0.
Using Cardano's formula, the eigenvalues are given by A3; = S; + 5, — % and A3p33 = wy +

S11S; B1
3

3 3
Sl=\/P1+ /P23+P12, 52=jpl— /P23+P12,

wyi, where w; = — and w, = ?(51 —S,), where:

9BlB2 - 27B3 - 2B1 BBZ - Blz
1= 54 and PZ 3= T
By assumption Sll SZ € R, and if 3(51 + Sz) < B1 < _5(51 + Sz), then 131 = Sl + Sz -
S51+S2 _ B4

% <0 and w; = — > Y
eigenvalue and a pair of complex conjugate eigenvalues A3, 33 = wy + w,i with positive real
parts. Based on the definition of H(«) in [31], It's simple to verify that

> 0. Hence, the Jacobian matrix J(E3) has one negative real
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O =Tz

a=a, 2

). Based on the Hopf bifurcation theorem

H(a;) = == —min{larg(431)|, larg(432)|, larg(433)1} = 0, and

Observe that a, = - |arg(/’l32,33)| = ;tan‘ ( —=

Wi
[31], the sign of H(«) may change when the parameter a crosses the critical value a,. That is.
E; = (x3,y3,23) is asymptotically stable for a € (0,a,) and is unstable for a € (a,,1).
Hence, one may claim that Hopf bifurcation in system (4) takes place near E5 = (x3, Y3, Z3) at
a = 0(2. ]

3.5 Global Stability
The stability of E; = (1 — q4,0,0), E; = (x2,¥,,0) and E3 = (x3,V3,23) of the system (4)
are investigated globally asymptotically in this section.

Theorem 3.5.1. If e;(1 — q;) < d; + g, holds, then the equilibrium E; = (1 — q4,0,0) of
system (4) is globally asymptotically stable.
Proof. Consider the positive definite Lyapunov function V,(x, y, z), deﬁned as:

1
Vi(x,y,2) = <x(t) —(1-q)-A=gqln <1 il )) T y(t) +e—Z(t)

q1

Here V.(x,y,z) is a continuous function such that V,(x,y, Z) >0 for all values of
(x(0), y(®),2(1)) # (1 — q4,0,0) and V,(x,y,z) = 0 only at (1 — ¢4, 0,0).
Computing the a order derivative of V,(x,y, z) along the solution of system (4), it follows
from Lemma 2.6, that:

x(t) —(1—q)

CDa* ) S
v 5 (P
— (v — (1 — oy )
=(x-(Q1 ql))(l ik eyl
1 e1xXy vz )
el<1+ax+by 1+my+nz (di +q2)y

1 e,yz
e )
eie; (1 +my +nz (d2 +¢5)z

2 1
=—(x—(1-q1) —E(d2+CI3)Z+<

) CDex(t) +e1 Dy (t) +L CDez(t)

€16,

1-q1 1(d+ )
1+ax+by e = )Y

2 1 1
<—-(x-(1-q)) —E(dz +q3)z + ((1 —q1) —e—l(dl + q2)>y

In consequence, *D%V,(x,y,z) < 0 where e;(1 — q;) < d; + q.

Regarding proposition 2. in [26] we obtain that, if e;(1 —q;) < d; +¢q, then E; = (1 —
q1,0,0) is globally asymptotically stable.
[ ]

Theorem 3.5.2. The equilibrium point E, = (x3,¥,,0) of system (4) is globally
asymptotically stable in the subregion ¢p; = { (x,v,z) € R} :

1+ax,
e1(1+by,)

}, under the condition

Proof. Consider the positive definite Lyapunov function V,(x, y, z), defined as:
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1
N L —

+ z(t).
Here V,(x,y,z) is continuous function such that V,(x,y,z) >0 for all values of
(x(0), y(1),2()) # (x2,2,0) and V.(x,y,2) = 0 only at (x3,y3,0).
Computing the a order derivative of V,(x,y, z) along the solution of system (4), it follows
from Lemma 2.6 that:

o x(t) — x; a 1+ax, (y()—y, @ «
DV, (x,y,2) < (—x(t) > D%x(t) +e1(1+by2) < "0 ) Dy(t) + ‘D% z(t)
=<x‘xﬂ(1‘x‘fiz;:z;‘q0

4 1+ ax, ( ) ex Z d; +a,)
es(L+by) > "\1+ax+by 1+my+nz 7%

eyz
1+my+nz

< —(1—ay)(x —x3)% —

—(d; + q3)z
be;x,(1+ ax,)
LoLe;(1 + by,)

1+ ax, 1+ ax, z
+ <(82 B e;(1+ byz))y + e;(1+ by,) y2> 1+my+nz’
In consequence, “D%V,(x,y,z) < 0 in the subregion ¢;, under the condition ay, < 1.
Regarding proposition 2. in [26] we obtain that, if ay, < 1 then E, = (x5, y,, 0) of system (4)

v —y2)?

is globally asymptotically stable in the subregion ¢;. [
Theorem 3.5.3. The equilibrium point E3 = (x3,V3,23) of system (4) is globally
asymptotically stable in the subregion ¢, = {(x, y,2) ERI: 0<L< ;1:—923}, under the
341
condition
ayz; < 1. (39)

Proof. Consider the positive definite Lyapunov function V,(x, y, z), defined as:

_ x(t) 1+ ax; y(t)
V.(x,y,2z) = <x(t) — X3 — X3 Ln< s )) + e1(1+ bys) <)’(t) —¥y3 —Yy3ln (I))

1+ ax3)(1 + mys) © L z(t)

z(t) —z3 —zzLn|—| ).
6162(1 + by3)(1 + nZ3) 3 3 Z3

Here V.(x,y,z) is continuous function such that V,(x,y,z) >0 for all values of

(x(t),y(t),z(t)) # (x3,¥3,23) and V,(x,y,2) = 0 only at (x3, Vs, Z3).

Computing the a order derivative of V,(x,y, z), along the solution of system (4), it follows

from Lemma 2.6 that:

« x(t) — x3 a 1+axs (y(@)—ys
CD”“%”S<x@ )%x@+qu+wg<ym
1+ ax;)(A+my;) [(z(t) —z3 .
ere;(1+ bys3)(1 + nzs3) ( z(t) ) “Dz(t)

) “Dy(x)
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o (1-x )

1+ ax+ by
1+ ax; e,x 2
s 0= (e - T )
1+ ax3)(1 +mys) e,y
—z) | (d
9192(1+by3)(1+n23)(z z3) 1+my +nz (d; + q3)

1+ axs be xs

e1(14—by3)((14—ax3+—by3)61+-ax4—by)

_ nys(1+ ax3)(1 + mys) (z = 2)?
e;(1+mys +nz3)(1+my +nz)(1+ bys)(1 + nz3) 2T 20

In consequence, *D%*V,(x,y,z) < 0 in the subregion ¢, under the condition ay; < 1.
Regarding proposition 2 in [26], we obtain that, if ay; < 1 then E3 = (x3,y3,z3) of system
4) is globally asymptotically stable in the subregion o,.
[ ]

< —(1 - ay)(x — x5’ —mz,) (v - 5’

4 Numerical simulation
Approximation and numerical approaches must be utilized since the majority of FDEs lack
exact analytic solutions. For FDEs, several numerical techniques have been proposed. In this
section, the dynamical behaviour of each equilibrium point has been investigated numerically,
with this hypothetical set of parameter values
a=1 b=01 ¢g,=02 e, =12 m=1 n=0.1,
d, =0.04, g, =055, e, =1, d, =0.1, g3 =0.2.
The equilibrium point E; = (0.8, 0,0) is locally and globally asymptotically stable if g, €
(0.49333, 1), but it is unstable when g, € (0,0.49333), which indicates that a Transcritical
bifurcation occurs at q; = q, = 0.49333. For g, = 0.55 the ecigenvalues of the Jacobian
matrix at E; are 4, = —-0.8 A; = —-0.05666 A; = —0.3. Then, E; = (0.8,0,0) is locally
and globally asymptotically stable for all @ € (0,1), and the a orders are (0.85 and 1) as
demonstrated in Figure (1 and 2) sequentially.
In addition, Figure 3 illustrates a Transcritical bifurcation of E; and shows the impact of
harvesting rate of intermediate predator population (g,) on stability of E;.

(40)

(a) (b)

x(t)

17 y@)
z(t)

0.5F
0 L L
0 1000 2000 3000 4000
N na ’ Time

Figure 1: System (4) with a = 0.85 and g, = 0.55. (a) 3D view of convergence of E; =
(0.8,0,0), (b) The time series starts at (xg, ¥o,2o) = (1,1, 1).
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(a) . (1'1)

X(1,
F05 051 y;;
z(t)
9 0
1 | | |
0.5 06 0 1000 2000 3000 4000
v(t) 0 04 ’ Time

x(t)

Figure 2: System (4) with a =1 and g, = 0.55. (a) 3D view
(0.8,0,0), (b) The time series starts at (xg, ¥o,2o) = (1,1, 1).

of convergence of E; =

0.8 T T
0.75
0.7

=
iﬂ 0.65
0.6

0.55

0.5 L L . L : . . :
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
9,

Figure 3: Transcritical bifurcatic;n diagram of E; = (0.8,0,0).

Figure 4 illustrates the impact of the fractional order @ on convergence speed of solutions,
for different a values. All solutions converge to E; = (0.8,0,0); the solution of system (4)
has a greater convergence speed and requires less time when « is larger compared to smaller
a value. As the order a approaches 1, the system’s solution proceeds toward the integer-order
system (3).

(a)
4L T T T T T T 0=0.6
a=0.7
a=0.8
0.9+ 0=0.9
= a=1
~—
“o.8
0.7+ o
1 1 1 1 1 | 1
0 1000 2000 3000 4000 5000 6000 7000 8000
Time
(b)
T T T T T T a=0.6
0.8 — a=0.7
a=0.8
0.6~ —— a=0.9
=~ —o0=1
< 0.4
0.2 g =
o N~
_02 1 1 I | 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000
Time

3979



Hassan and Rahman Iraqi Journal of Science, 2026, Vol. 67, No. 7, pp: 3965 -3988

(t|=)

—F 0=0.6
= — 0=0.7
a=0.8
— a=0.9
-~ =1
S 0.5
0 LL!
1 1 1 1 1 1 1
0 1000 2000 3000 4000 5000 6000 7000 8000

Time
Figure 4: The solution curves of system (4) of equilibrium point E; = (0.8,0,0) with
different values of @, showing impact of @ on convergence speed of (a) prey (b) intermediate
predator (c) super predator.

Regarding E, = (x,,y5,0), which exists when g, = 0.01 and is locally asymptotically
stable when ¢3 € (0.3712,1) while unstable when g3 € (0,0.3712), with the remaining
parameters as given in (40) are same.

By choosing q; = 0.4, we obtain E, = (0.04718485,0.8525155, 0), which is locally and
globally asymptotically stable for all @ € (0, 1), with the a orders of 0.85 and 1, as illustrated
in Figure 5 and 6 respectively.

(a) . (®)

x(1)
05k ()
z(1)

0.5 0 0.5 1 1.5 2
y(t) 00 x(1) Time «10%

Figure 5: System (4) with a = 0.85 and a = 1. (a) 3D view of convergence of E, =
(0.04718485,0.8525155, 0), (b) The time series starts at (x,, Vo, 29) = (1,1, 1).

(2) (b)

-

x(1)
MU
(1)

0.5

I3

0.5
() 00 * 0 500 1000 1500 2000

Figure 6: System (4) with a =1 and a =1. (a) 3D view of convergence of E, =
(0.04718485,0.8525155, 0), (b) The time series starts at (xg, Vo, Z9) = (1,1, 1).
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@)
T

1 1
0 500 1000 1500 2000 2500 3000 4000

Time

(b)
T

a=0.7
a=0.8
a=0.9

1.5

1
3500
— 0=0.6

()

I
0 500 1000 1500 2000 2500 3000 3500 4000
Time

(c)
T

| 1 1 1 1 1 1
0 500 1000 1500 2000 2500 3000 3500 4000

Time
Figure 7: The solution curves of system (4) of equilibrium point E, with different values of
a, showing impact of a¢ on convergence speed of (a) prey (b) intermediate predator (c) super
predator.

Regarding Hopf bifurcation, the parameter value plays a significant role in controlling
Hopf bifurcation. For example, for the parameters in (40), if 0 <a < 1.657, Hopf
bifurcation does not occur around E, as investigated above. However, when a > 1.657, Hopf
bifurcation does occur around E, as explored in Theorem 8. Therefore, among the parameters

in (40), we take a = 2 in our example to guarantee the occurrence of Hopf bifurcation around

E, = (0.049508,0.891726, 0) with the bifurcation value a, = %tan‘l 0178172972324115

0.0046403534085
0.9834235.
Hence, if a € (0,0.9834235), E, is locally asymptotically stable, as shown in Figure 8.
When «a € (0.9834235,1), E, is unstable and experiences a limit cycle around E,, as
demonstrated in Figure 9.
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(a) (b)
: M»\
x(1)
0.5 »(@)
k& ]
0
3 0 500 1000 1500 2000
v(t) 0 x(t) Time
(© (d)
1 _
]
=
" 0.5 x(t)
0.5 »()
z(1)
0-
\/ 1 0 n f f
0 0 0.5 0 500 1000 1500 2000
y(t) x(1) Time

Figure 8: (a) and (c) are 3D views of convergence of E, = (0.049508,0.891726, 0) with
a =09 and a = 0.96, respectively. (b) and (d) are their time series which start at

(XO, YOIZO) = (1: 1: 1)

1 () 15 (l.))
x(1)
»@®
o | ‘ WUWWWWWU
0
2 0.5 |
1 Mﬁwmwm
0
0 T 1 N * _\1 0 500 1000 1500 2000
(1) 0 0.2 0‘4(} 0.6 0.8 Time
x(t
(c) (6")
1 1.5 x(1)
Y@
5 05 1 (0
0
0.5
1
0
y 0g 1 0 500 1000 1500 2000
v 0 0 0.2 0.4 06 Time

x(t)

Figure 9: (a) and (c¢) are 3D views of limit cycle around E, = (0.049508, 0.891726, 0) with
a =099 and a =1, respectively. (b) and (d) are their time series which start at

(xOr }’0; ZO) = (1! 1; 1)'
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(a)
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0.8
T T T T T T T g=09
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— 0=0.99
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0 I
0 100 200 300 400 500 600 700 800 900 1000
Time
(b)
2
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(c)
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Figure 10: The solution curves of system (4) of equilibrium point E, with different values of
a, showing impact of a¢ on convergence speed of (a) prey (b) intermediate predator (c) super
predator.

Regarding the co-existence equilibrium point E3, by use of this set of parameter values
a=02 b=03, ¢ =001, e, =1 m=2 n=0.2 @1
di =03, ¢q,=02 e,=06 d,=01 g3=0.01,

E3; = (0.748535,0.299294,0.169623) is locally and globally asymptotically stable. As
shown in Figure 11 and 12.

(a) (b)

x(1)
1t y
N 2(1)
O.S&C
05 X O 1 1 1
) 0 1000 2000 3000 4000
¥ 0 04 xft) Time

Figure 11: System (4) with a=0.8. (a) 3D view of convergence of E; =
(0.748535,0.299294, 0.169623), (b) The time series starts at (x,, Vo, Zo) = (1,1, 1).
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(a) . (1'7)

x(1)
Y@
z(t)

0.5

06 . 0 1000 2000 3000 4000
0 04 ' Time

v(t) : x(t)
Figure 12: System (4) with a=1. (a) 3D view of convergence of E; =
(0.748535,0.299294, 0.169623), (b) The time series starts at (x,, Vo, Zo) = (1,1, 1).
(@)

0.9 T T
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0.85 a=0.8
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0.8 E
| | ] | |
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Time
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01 | | 1 | |
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Time
(0)
0.1 T T T T T
0.09F ]
a=0.6
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a=0.8
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I | | I I o=l
0 500 1000 1500 2000 2500 3000
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Figure 13: The solution curves of system (4) of equilibrium point E3 with different values of
a, showing impact of a on convergence speed of (a) prey (b) intermediate predator (c) super
predator.

In the second case of Theorem 3.3.4, the parameter values are considered as
a=1, b=345 q, =06, e, =106, m=10, n=0.1,
d, =0.03, g,=0.04, e, =2, d, =0.03, g3 =0.03.

This parameter set satisfies the positivity condition for E3=
(0.359302,0.064356,5.016552). It is locally asymptotically stable for all a € (O, %), as

illustrated in Figure.14, and unstable for a € (g, 1) as shown in Figure.15. In Figure 16, the

(42)

impact of fractional order is shown on each species.
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Figure 14: (a) and (¢) are 3D views of convergence of E3=
(0.359302,0.064356,5.016552), with « = 0.6 and @ = 0.65, respectively. (b) and (d) are

their time series which start at (x,, y,, z9) = (0.4,0.1,5).
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Figure 15: (a) and (¢) are 3D views of Ilimit cycle around E;=
(0.359302,0.064356,5.016552), with a« = 0.7 and a = 0.75, respectively. (b) and (d) are
their time series which start at (x,, vy, zo) = (0.4,0.1,5).
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Figure 16: The solution curves of system (4) of equilibrium point E5 with different values of
a, showing impact of ¢ on convergence speed of (a) prey (b) intermediate predator (c) super
predator.

5. Conclusions

In this study, we analysed a fractional-order tri-trophic model with harvesting and the BD
functional response, demonstrating its superiority over integer-order systems in capturing
realistic dynamics. Among the chief benefits of the fractional calculus is that a higher-order
system may be converted to a lower-order model via employing fractional-order. First, we
created a model of the tri-trophic food chain that included harvesting of each species. Then,
we evaluated the conditions for the solutions' non-negativity and uniform boundedness. We
have also determined the equilibrium points and their existence. For local stability of various
equilibrium points, Routh-Hurwitz criterion is used for FDEs and we established some
criterion to verify global stability of E,E, and E;, by formulating desirable Lyapunov
functions. Our results highlight that the intermediate predator’s harvesting parameter controls
Transcritical bifurcation at E; of system (4) and the derivative order parameter a controls the
occurrence of Hopf- bifurcation on both E, and E; of system (4). Biologically, fractional-
order dynamics introduce memory-driven transitions, and controlled harvesting stabilizes
populations by mitigating abrupt collapses. These insights, supported by simulations,
underscore the interplay of mathematical and ecological principles in trophic systems. Finally,
theoretical findings are supported by several numerical simulations.
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    A 0 =  (  (   d 2 +   q 3 )  ( m   q 1 + b ) +   e 2  (   d 1 +   q 2 ) + 1 ) −  [   e 2   q 1  ( n  (   d 1 +   q 2 ) + 1 ) +  (   d 2 +   q 3 )  (   b q 1 + m + 1 ) ] .


    x 3


        A 2 > 0    


    A 0 < 0 .


    A 1 < 0       and           A 0 < 0 .


      y 3 =    ( 1 + a   x 3 )  ( 1 −   x 3 −   q 1 )  1 − b  ( 1 −   x 3 −   q 1 ) , 


        z 3 =  1  n  (  (     e 2    d 2 +   q 3 − m )   y 3 − 1 ) . 


    y 3


    z 3


      0 < 1 −   q 1 −  1  b <   x 3 < 1 −   q 1 , 


      0 <   d 2 +   q 3 <     e 2   y 3  m   y 3 + 1 , 


        C   D  𝛼 x  ( t ) = x  [ 1 − x −   y  1 + a x + b y −   q 1 ] = x   f 1  ( x , y , z ) ,                                                                  


      C   D  𝛼 y  ( t ) = y  [     e 1 x  1 + a x + b y −   z  1 + m y + n z −   d 1 −   q 2 ] = y   f 2  ( x , y , z ) ,              


      C   D  𝛼 y  ( t ) = y  [     e 1 x  1 + a x + b y −   z  1 + m y + n z −   d 1 −   q 2 ] = y   f 2  ( x , y , z ) ,              


        C   D  𝛼 z  ( t ) = z  [     e 2 y  1 + m y + n z −   d 2 −   q 3 ] = z   f 3  ( x , y , z ) ,                                                                        


        C   D  𝛼 z  ( t ) = z  [     e 2 y  1 + m y + n z −   d 2 −   q 3 ] = z   f 3  ( x , y , z ) ,                                                                        


    f 1  ( x , y , z ) = 1 − x −   y  1 + a x + b y −   q 1 ,                                        


        f 2  ( x , y , z ) =     e 1 x  1 + a x + b y −   z  1 + m y + n z −   d 1 −   q 2 ,


        f 2  ( x , y , z ) =     e 1 x  1 + a x + b y −   z  1 + m y + n z −   d 1 −   q 2 ,


    f 3  ( x , y , z ) =     e 2 y  1 + m y + n z −   d 2 −   q 3 .                                                        


    f 3  ( x , y , z ) =     e 2 y  1 + m y + n z −   d 2 −   q 3 .                                                        


  J  ( x , y , z ) =  [    x   ∂   f 1  ∂ x +   f 1  x   ∂   f 1  ∂ y  x   ∂   f 1  ∂ z   y   ∂   f 2  ∂ x  y   ∂   f 2  ∂ y +   f 2  y   ∂   f 2  ∂ z   z   ∂   f 3  ∂ x  z   ∂   f 3  ∂ y  z   ∂   f 3  ∂ z +   f 3 ] ,            


    ∂   f 1  ∂ x = − 1 +   a y  ( 1 + a x + b y  ) 2   ,       ∂   f 1  ∂ y = −   1 + a x  ( 1 + a x + b y  ) 2   ,       ∂   f 1  ∂ z = 0   ,


        ∂   f 2  ∂ x =     e 1 ( 1 + b y )  ( 1 + a x + b y  ) 2   ,       ∂   f 2  ∂ y = −   b   e 1 x  ( 1 + a x + b y  ) 2 +   m z     ( 1 + m y + n z ) 2     ,


        ∂   f 2  ∂ x =     e 1 ( 1 + b y )  ( 1 + a x + b y  ) 2   ,       ∂   f 2  ∂ y = −   b   e 1 x  ( 1 + a x + b y  ) 2 +   m z     ( 1 + m y + n z ) 2     ,


    ∂   f 2  ∂ z = −    ( 1 + m y )  ( 1 + m y + n z  ) 2   ,    


    ∂   f 2  ∂ z = −    ( 1 + m y )  ( 1 + m y + n z  ) 2   ,    


    ∂   f 3  ∂ x = 0     ,       ∂   f 3  ∂ y =     e 2  ( 1 + n z )  ( 1 + m y + n z  ) 2       and         ∂   f 3  ∂ z = −     e 2 n y  ( 1 + m y + n z  ) 2   .


    ∂   f 3  ∂ x = 0     ,       ∂   f 3  ∂ y =     e 2  ( 1 + n z )  ( 1 + m y + n z  ) 2       and         ∂   f 3  ∂ z = −     e 2 n y  ( 1 + m y + n z  ) 2   .


    E 0 = ( 0 , 0 , 0 )


    𝜆  i


  J  (   E 0 )


   | a r g ⁡  (   𝜆  i ) | <   𝛼 𝜋 2


    E 0 = ( 0 , 0 , 0 )


    E 0 = ( 0 , 0 , 0 )


  J  (   E 0 )


  J  (   E 0 ) =  [    1 −   q 1  0  0   0  −  (   d 1 +   q 2 )  0   0  0  −  (   d 2 +   q 3 ) ] .


    𝜆 01 = 1 −   q 1 ,       𝜆 02 = −  (   d 1 +   q 2 )


    𝜆 03 = −  (   d 2 +   q 3 )


   | a r g ⁡  (   𝜆 01 ) | = 0 <   α 𝜋 2


  𝛼 ∈ ( 0 , 1 )


    E 0 = ( 0 , 0 , 0 )


  ∎


    E 1 =  ( 1 −   q 1 , 0 , 0 )


      e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 1 ) <   d 1 +   q 2 .      


  J  (   E 1 )


  J  (   E 1 ) =  [    −  ( 1 −   q 1 )  −    ( 1 −   q 1 )  1 + a  ( 1 −   q 1 )  0   0      e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 1 ) −  (   d 1 +   q 2 )  0   0  0  −  (   d 2 +   q 3 ) ] .


  J  (   E 1 )


    𝜆 11 = −  ( 1 −   q 1 )     ,         𝜆 12 =     e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 1 ) −  (   d 1 +   q 2 )


    𝜆 13 = −  (   d 2 +   q 3 )


     |   a r g ⁡   (   𝜆 11 ) | =  |   a r g ⁡   (   𝜆 13 ) | = 𝜋 >   𝛼 𝜋 2


  𝛼 ∈ ( 0 ,   1 )


   | a r g ⁡  (   𝜆 12 ) | = 𝜋 >   𝛼 𝜋 2    


  𝛼 ∈ ( 0 ,   1 )


      e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 1 ) <  (   d 1 +   q 2 )


    E 1


  ∎


    E 0


  𝛼


    d 1


    q 2


    E 1


    E 2 =  (   x 2 ,   y 2 , 0 )


  J  (   E 2 )


  J  (   E 2 ) =  [      a 11    a 12    a 13     a 21    a 22    a 23     a 31    a 32    a 33 ] ,


    a 11 =   x 2  ( − 1 +   a   y 2    L 0 2 ) ,     a 12 = −   x 2  (   1 + a   x 2    L 0 2 ) < 0 ,     a 13 = 0 ,   a 21 =   y 2  (     e 1  ( 1 + b   y 2 )    L 0 2 ) > 0 ,       a 22 = −   y 2  (   b   e 1   x 2    L 0 2 ) < 0 ,     a 23 = −     y 2  1 + m   y 2 < 0 ,     a 31 = 0     ,       a 32 = 0 ,     a 33 =     e 2   y 2  1 +   m y 2 −  (   d 2 +   q 3 )


  and     L 0 = 1 + a   x 2 + b   y 2 .


    E 2 =  (   x 2 ,   y 2 , 0 )


       ( 𝜆 −   a 33 )  (   𝜆 2 + A 𝜆 + B ) = 0 ,                  


      A = −  (   a 11 +   a 22 ) =     x 2    L 0 2  (   L 0 2 +   y 2  ( b   e 1 − a ) ) ,                          


      B =     e 1   x 2   y 2    L 0 2  ( b   x 2 +  1    L 0 ) > 0 .                   


  Δ =   A 2 − 4 B


    E 2 =  (   x 2 ,   y 2 , 0 )


    E 2 =  (   x 2 ,   y 2 , 0 )


  0 <     e 2   y 2  1 + m   y 2 <   d 2 +   q 3      


  0 < a < b   e 1 +     L 0 2    y 2 . 


  0 <     L 0 2    y 2 + b   e 1 < a ,                


    y 2    (   b   e 1 − a    L 0 ) 2 < a +   e 1  ( 3 b +  4    x 2   L 0 ) , 


              t a n  − 1 ⁡   (   −  − 𝛥  A ) >   𝛼 𝜋 2 .       


    𝜆 21 =   a 33 =     e 2   y 2  1 +   m y 2 −  (   d 2 +   q 3 )     and         𝜆  22 , 23 =   − A ∓  Δ 2   .  


      0 <     e 2   y 2  1 + m   y 2 <   d 2 +   q 3 ,   then      |   a r g ⁡   (   𝜆 21 ) | = 𝜋 >   𝛼 𝜋 2 , ∀ 𝛼 ∈  ( 0 ,   1 ) .


  0 < a < b   e 1 +     L 0 2    y 2


  A > 0


    𝜆 22


    𝜆 23


    E 2 =  (   x 2 ,   y 2 , 0 )


  ∀   𝛼 ∈ ( 0 ,   1 )


    𝜆 21 =     e 2   y 2  1 + m   y 2 −  (   d 2 +   q 3 )


  0 <     L 0 2    y 2 + b   e 1 < a  


    y 2    (   b   e 1 − a    L 0 ) 2 < a +   e 1  ( 3 b +  4    x 2   L 0 )


    𝜆  22 , 23 =   − A ∓ i  − Δ 2   .  


  0 <     e 2   y 2  1 + m   y 2 <   d 2 +   q 3


   |  arg ⁡   (   𝜆 21 ) | = 𝜋 >   α 𝜋 2


  0 <     L 0 2    y 2 + b   e 1 < a    


      y 2    (   b   e 1 − a    L 0 ) 2 < a +   e 1  ( 3 b +  4    x 2   L 0 )   ,


  A < 0


  ∆ < 0


   | a r g ⁡  (   𝜆  22 , 23 ) | =     t a n  − 1 ⁡   (   −  − 𝛥  A )   .


   | a r g ⁡  (   𝜆  22 , 23 ) | >   𝛼 𝜋 2


      t a n  − 1 ⁡   (   −  − 𝛥  A ) >   𝛼 𝜋 2


    E 2 =  (   x 2 ,   y 2 , 0 )


  ∀   𝛼 ∈  ( 0 ,   𝛼 1 )


    𝛼 1 =  2  𝜋   t a n  − 1 ⁡  (   −  − 𝛥  A )


  ∎


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  D ( P ) > 0


  a   y 3 <   L 1 2


  m   z 3   L 1 2 <   e 1 b   x 3   L 2 2


  𝛼 ∈  ( 0 ,  1 ] .


  D ( P ) < 0


  a   y 3 ≤   L 1 2


  m   z 3   L 1 2 ≤   e 1 b   x 3   L 2 2


  𝛼 ∈  ( 0 ,    2 3 ) .


  D ( P ) < 0


  a   y 3 =   L 1 2


  m   z 3   L 1 2 =   e 1 b   x 3   L 2 2


  𝛼 ∈  [ 0 ,  1 ) .


  J  (   E 3 )


  J  (   E 3 ) =  [      b 11    b 12    b 13     b 21    b 22    b 23     b 31    b 32    b 33 ] ,


    b 11 =     x 3    L 1 2  ( a   y 3 −   L 1 2 ) ,       b 12 = −    ( 1 + a   x 3 )   x 3    L 1 2 < 0 ,       b 13 = 0 ,       b 21 =     e 1  ( 1 + b   y 3 )   y 3    L 1 2 > 0 ,       b 22 =     y 3    L 1 2   L 2 2  ( m   z 3   L 1 2 −   e 1 b   x 3   L 2 2 ) ,       b 23 = −    ( 1 + m   y 3 )   y 3    L 2 2 ,       b 31 = 0 ,       b 32 =     e 2  ( 1 + n   z 3 )   z 3    L 2 2 > 0   and       b 33 = −   n   e 2   y 3   z 3    L 2 2 < 0    


      L 1 = 1 + a   x 3 + b   y 3    


    L 2 = 1 + m   y 3 + n   z 3   .


  J  (   E 3 )


    𝜆 3 +   B 1   𝜆 2 +   B 2 𝜆 +   B 3 = 0 ,


    B 1 = −  (   b 11 +   b 22 +   b 33 ) ,       B 2 =   b 11   b 22 +   b 11   b 33 +   b 22   b 33 −   b 23   b 32 −   b 12   b 21 ,       B 3 =   b 12   b 21   b 32 +   b 11   b 23   b 32 −   b 11   b 22   b 33   .


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


    D  ( P ) = 18   B 1   B 2   B 3 +    (   B 1   B 2 ) 2 − 4   B 3    (      B 1 ) 3 −   4  (      B 2 ) 3 − 27    (   B 3 ) 2 .


  D ( P ) > 0


    B 1 > 0   ,         B 3 > 0   and       B 1   B 2 −   B 3 > 0 ,


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  ∀  


  𝛼 ∈  ( 0 ,  1 ]


  D ( P ) < 0


    B 1 ≥ 0 ,         B 2 ≥ 0   and         B 3 > 0


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  ∀  


  𝛼 ∈  ( 0 ,  2 3 )


  D  ( P ) < 0 ,           B 1 > 0 ,           B 2 > 0


    B 1   B 2 −   B 3 = 0


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  ∀  


  𝛼 ∈  [ 0 ,  1 )


  ∎


    E 1 =  ( 1 −   q 1 , 0 ,   0 )


    E 2 =  (   x 2 ,   y 2 , 0 )


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


    q 2


    E 1 =  ( 1 −   q 1 , 0 ,   0 )


    q 2 =     e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 1 ) −   d 1 .


    E 1 =  ( 1 −   q 1 , 0 ,   0 )


    q 2 =   q 2 ∗ =     e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 1 ) −   d 1 ,


     J  (   E 1 ) |    q 2 =   q 2 ∗ =  [    −  ( 1 −   q 1 )  −   1 −   q 1  1 + a  ( 1 −   q 1 )  0   0  0  0   0  0  −  (   d 2 +   q 3 ) ] .


    𝜆 11 = −  ( 1 −   q 1 ) < 0 ,       𝜆 12 = 0


    𝜆 13 = −  (   d 2 +   q 3 ) < 0


    V 1 =    (   v 1 ,   v 2 ,   v 3 )  T =    (   v 1 , −  ( 1 + a  ( 1 −   q 1 ) )   v 1 , 0 )  T


    V 2 =    (   w 1 ,   w 2 ,   w 3 )  T =    ( 0 ,   w 2 , 0 )  T


   (   𝜆 12 = 0 )


  J  (   E 1 )


     ( J  (   E 1 ) )  T ,  


    v 1


    w 2


    ∂ G  ∂   q 2 =  (    0   − y   0 ) =   F    q 2  ( X , 𝜏 ) .


      V 2  T  (   F    q 2  (   E 1 ,   q 2 ∗ ) ) =  ( 0 ,   w 2 , 0 )  (    0   0   0 ) = 0


    E 1


    q 2 ∗ =     e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 1 ) −   d 1


  D   F    q 2  (   E 1 ,   q 2 ∗ ) =  (    0  0  0   0  − 1  0   0  0  0 ) .


      V 2  T  ( D   F    q 2  (   E 1 ,   q 2 ∗ )   V 1 ) = −  ( 1 + a  ( 1 −   q 1 ) )   v 1   w 2 ≠ 0 ,


      V 2  T  (   D 2 G  (   E 1 ,   q 2 ∗ )  (   V 1 ,   V 1 ) ) =  (     e 1  (   v 1 − b  ( 1 −   q 1 )   v 2 )     ( 1 + a  ( 1 −   q 1 ) ) 2 − 1 )  ( 2   v 2   w 2 ) ≠ 0 .


      E 1 =  ( 1 −   q 1 , 0 ,   0 )


    q 2 =   q 2 ∗ =     e 1  ( 1 −   q 1 )  1 + a  ( 1 −   q 2 ) −   d 1


    q 2


    q 2 ∗


  ∎


    E 1 =  ( 1 −   q 1 , 0 ,   0 )


    q 2


  𝛼


    𝛼 1 =  2  𝜋   t a n  − 1 ⁡  (   −  − 𝛥  A )


    E 2 =  (   x 2 ,   y 2 , 0 )


    𝛼 1 =  2  𝜋   t a n  − 1 ⁡  (   −  − Δ  A )


  Δ =   A 2 − 4 B


  A


  B


      𝜇 = −  1 2 A = −  1 2  (     x 2    L 0 2  (   L 0 2 +   y 2  ( b   e 1 − a ) ) ) , 


  and     𝜃 =  1 2  − Δ =  1 2    4   e 1   x 2   y 2    L 0 2  ( b   x 2 +  1    L 0 ) −    (     x 2    L 0 2  (   L 0 2 +   y 2  ( b   e 1 − a ) ) ) 2   .   


  𝜇 = −  1 2  (     x 2    L 0 2  (   L 0 2 +   y 2  ( b   e 1 − a ) ) ) > 0


    𝜆  22 , 23 = 𝜇 ∓ 𝜃


  𝜇 > 0


  H  ( 𝛼 )


    H  (   𝛼 1 ) =     𝛼 1 𝜋 2 −   m i n ⁡   {  | a r g  (   𝜆 21 ) | ,  | a r g  (   𝜆 22 ) | ,  | a r g  (   𝜆 23 ) | } = 0 .


  H  ( 𝛼 )


       d   H  ( 𝛼 )  d 𝛼 |  𝛼 =   𝛼 1 =   𝜋 2 ≠ 0


  𝛼


    𝛼 1


    E 2 =  (   x 2 ,   y 2 , 0 ) .


  ∎


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  𝛼


    S 1 ,   S 2 ∈ ℝ


  3  (   S 1 +   S 2 ) <   B 1 < −  3 2  (   S 1 +   S 2 ) .


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  𝛼


      𝛼 2 =  2  𝜋  | a r g  (   𝜆  32 , 33 ) |


  J  (   E 3 )


    𝜆 3 +   B 1   𝜆 2 +   B 2 𝜆 +   B 3 = 0


    𝜆 31 =   S 1 +   S 2 −     B 1 3


    𝜆  32 , 33 =   w 1 ∓   w 2 i


    w 1 = −     S 1 +   S 2 2 −     B 1 3


    w 2 =    3 2  (   S 1 −   S 2 )


    S 1 =     P 1 +    P 2 3 +   P 1 2 3   ,       S 2 =     P 1 −    P 2 3 +   P 1 2 3 ,


    P 1 =   9   B 1   B 2 − 27   B 3 − 2   B 1 54     and         P 2 =   3   B 2 −   B 1 2 9 .


    P 1 =   9   B 1   B 2 − 27   B 3 − 2   B 1 54     and         P 2 =   3   B 2 −   B 1 2 9 .


      S 1 ,   S 2 ∈ ℝ


  3  (   S 1 +   S 2 ) <   B 1 < −  3 2  (   S 1 +   S 2 ) ,


    𝜆 31 =   S 1 +   S 2 −     B 1 3 < 0


    w 1 = −     S 1 +   S 2 2 −     B 1 3 > 0 .


  J  (   E 3 )


    𝜆  32 , 33 =   w 1 ∓   w 2 i


  H  ( 𝛼 )


    H  (   𝛼 2 ) =     𝛼 2 𝜋 2 −   m i n ⁡   {  | a r g  (   𝜆 31 ) | ,  | a r g  (   𝜆 32 ) | ,  | a r g  (   𝜆 33 ) | } = 0 ,


       d   H ( 𝛼 )  d 𝛼 |  𝛼 =   𝛼 2 =   𝜋 2 ≠ 0 .


    𝛼 2 =  2  𝜋  | a r g ⁡  (   𝜆  32 , 33 ) | =  2  𝜋     t a n  − 1 ⁡   (  |     w 2    w 1 | )


  H ( 𝛼 )


  𝛼


    𝛼 2


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  𝛼 ∈  ( 0 ,   𝛼 2 )


  𝛼 ∈  (   𝛼 2 , 1 )


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


  𝛼 =   𝛼 2 .


  ∎


    E 1 = ( 1 −   q 1 , 0 ,   0 )


    E 2 =  (   x 2 ,   y 2 , 0 )


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


    e 1  ( 1 −   q 1 ) ≤   d 1 +   q 2


    E 1 = ( 1 −   q 1 , 0 ,   0 )


    V ∗ ( x , y , z )


    V ∗  ( x , y , z ) =  ( x  ( t ) −  ( 1 −   q 1 ) −  ( 1 −   q 1 ) L n  (   x  ( t )  1 −   q 1 ) ) +  1    e 1 y  ( t ) +  1    e 1   e 2 z  ( t ) .


    V ∗ ( x , y , z )


    V ∗ ( x , y , z ) > 0


   ( x  ( t ) , y  ( t ) , z  ( t ) ) ≠  ( 1 −   q 1 , 0 ,   0 )


    V ∗ ( x , y , z ) = 0


   ( 1 −   q 1 , 0 ,   0 )


  𝛼


    V ∗ ( x , y , z )


      C   D  𝛼     v ∗ ⁡   ( x , y , z ) ≤  (   x  ( t ) −  ( 1 −   q 1 )  x  ( t ) )     C   D  𝛼 x  ( t ) +  1    e 1     C   D  𝛼 y  ( t ) +  1    e 1   e 2     C   D  𝛼 z  ( t )


  =  ( x −  ( 1 −   q 1 ) )  ( 1 − x −   y  1 + a x + b y −   q 1 ) +  1    e 1  (     e 1 x y  1 + a x + b y −   y z  1 + m y + n z −  (   d 1 +   q 2 ) y ) +  1    e 1   e 2  (     e 2 y z  1 + m y + n z −  (   d 2 +   q 3 ) z )


  =  ( x −  ( 1 −   q 1 ) )  ( 1 − x −   y  1 + a x + b y −   q 1 ) +  1    e 1  (     e 1 x y  1 + a x + b y −   y z  1 + m y + n z −  (   d 1 +   q 2 ) y ) +  1    e 1   e 2  (     e 2 y z  1 + m y + n z −  (   d 2 +   q 3 ) z )


  = −    ( x −  ( 1 −   q 1 ) ) 2 −  1    e 1   e 2  (   d 2 +   q 3 ) z +  (   1 −   q 1  1 + a x + b y −  1    e 1  (   d 1 +   q 2 ) ) y


  = −    ( x −  ( 1 −   q 1 ) ) 2 −  1    e 1   e 2  (   d 2 +   q 3 ) z +  (   1 −   q 1  1 + a x + b y −  1    e 1  (   d 1 +   q 2 ) ) y


  ≤ −    ( x −  ( 1 −   q 1 ) ) 2 −  1    e 1   e 2  (   d 2 +   q 3 ) z +  (  ( 1 −   q 1 ) −  1    e 1  (   d 1 +   q 2 ) ) y


  ≤ −    ( x −  ( 1 −   q 1 ) ) 2 −  1    e 1   e 2  (   d 2 +   q 3 ) z +  (  ( 1 −   q 1 ) −  1    e 1  (   d 1 +   q 2 ) ) y


      C   D  𝛼   V ∗ ( x , y , z ) ≤ 0


    e 1  ( 1 −   q 1 ) <   d 1 +   q 2


    e 1  ( 1 −   q 1 ) ≤   d 1 +   q 2


    E 1 = ( 1 −   q 1 , 0 ,   0 )


  ∎


    E 2 =  (   x 2 ,   y 2 , 0 )


      𝜙 1 =  {    ( x , y , z ) ∈  ℝ + 3   :       0 < y <     m ∗    e 2 −   m ∗     w h e r e       m ∗ =   1 + a   x 2    e 1  ( 1 + b   y 2 )   } ,


  a   y 2 ≤ 1 .


    V ∗ ( x , y , z )


    V ∗  ( x , y , z ) =  ( x  ( t ) −   x 2 −   x 2  Ln ⁡   (   x  ( t )    x 2 ) ) +   1 + a   x 2    e 1  ( 1 + b   y 2 )    ( y  ( t ) −   y 2 −   y 2  Ln ⁡   (   y  ( t )    y 2 ) ) + z  ( t ) .


    V ∗ ( x , y , z )


    V ∗ ( x , y , z ) > 0


   ( x  ( t ) , y  ( t ) , z  ( t ) ) ≠  (   x 2 ,   y 2 , 0 )


    V ∗ ( x , y , z ) = 0


   (   x 2 ,   y 2 , 0 )


  𝛼


    V ∗ ( x , y , z )


      C   D  𝛼   V ∗  ( x , y , z ) ≤  (   x  ( t ) −   x 2  x  ( t ) )     C   D  𝛼 x  ( t ) +   1 + a   x 2    e 1  ( 1 + b   y 2 )    (   y  ( t ) −   y 2  y  ( t ) )     C   D  𝛼 y  ( t ) +     C   D  𝛼   z  ( t )


                                                  =  ( x −   x 2 )  ( 1 − x −   y  1 + a x + b y −   q 1 ) +   1 + a   x 2    e 1  ( 1 + b   y 2 )  ( y −   y 2 )  (     e 1 x  1 + a x + b y −   z  1 + m y + n z −  (   d 1 +   q 2 ) ) +     e 2 y z  1 + m y + n z −  (   d 2 +   q 3 ) z


                                                  =  ( x −   x 2 )  ( 1 − x −   y  1 + a x + b y −   q 1 ) +   1 + a   x 2    e 1  ( 1 + b   y 2 )  ( y −   y 2 )  (     e 1 x  1 + a x + b y −   z  1 + m y + n z −  (   d 1 +   q 2 ) ) +     e 2 y z  1 + m y + n z −  (   d 2 +   q 3 ) z


  ≤ −  ( 1 − a   y 2 )    ( x −   x 2 ) 2 −   b   e 1   x 2  ( 1 + a   x 2 )    L 0 L   e 1  ( 1 + b   y 2 )    ( y −   y 2 ) 2 +  (  (   e 2 −   1 + a   x 2    e 1  ( 1 + b   y 2 ) ) y +   1 + a   x 2    e 1  ( 1 + b   y 2 )   y 2 )   z  1 + m y + n z   .


  ≤ −  ( 1 − a   y 2 )    ( x −   x 2 ) 2 −   b   e 1   x 2  ( 1 + a   x 2 )    L 0 L   e 1  ( 1 + b   y 2 )    ( y −   y 2 ) 2 +  (  (   e 2 −   1 + a   x 2    e 1  ( 1 + b   y 2 ) ) y +   1 + a   x 2    e 1  ( 1 + b   y 2 )   y 2 )   z  1 + m y + n z   .


      C   D  𝛼   V ∗ ( x , y , z ) ≤ 0


    𝜙 1


    a y 2 < 1


  a   y 2 ≤ 1


    E 2 =  (   x 2 ,   y 2 , 0 )


    𝜙 1


      ∎


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


      𝜙 2 =  {  ( x , y , z ) ∈  ℝ + 3   :   0 < L <     e 1 b   x 3  m   z 3   L 1   } ,


  a   y 3 ≤ 1   .


    V ∗ ( x , y , z )


    V ∗  ( x , y , z ) =  ( x  ( t ) −   x 3 −   x 3  Ln ⁡   (   x  ( t )    x 3 ) ) +   1 + a   x 3    e 1  ( 1 + b   y 3 )    ( y ( t ) −   y 3 −   y 3 Ln ⁡  (   y ( t )    y 3 ) ) +    ( 1 + a   x 3 )  ( 1 + m   y 3 )    e 1   e 2  ( 1 + b   y 3 )  ( 1 + n   z 3 )  ( z  ( t ) −   z 3 −   z 3  Ln ⁡   (   z  ( t )    z 3 ) ) .


    V ∗ ( x , y , z )


    V ∗ ( x , y , z ) > 0


   ( x  ( t ) , y  ( t ) , z  ( t ) ) ≠


   (   x 3 ,   y 3 ,   z 3 )


    V ∗ ( x , y , z ) = 0


   (   x 3 ,   y 3 ,   z 3 )


  𝛼


    V ∗ ( x , y , z )


      C   D  𝛼   V ∗  ( x , y , z ) ≤    (   x  ( t ) −   x 3  x  ( t ) )     C   D  𝛼 x  ( t ) +   1 + a   x 3    e 1  ( 1 + b   y 3 )    (   y  ( t ) −   y 3  y  ( t ) )     C   D  𝛼 y  ( x ) +    ( 1 + a   x 3 )  ( 1 + m   y 3 )    e 1   e 2  ( 1 + b   y 3 )  ( 1 + n   z 3 )  (   z  ( t ) −   z 3  z  ( t ) )     C   D  𝛼 z  ( t )


  =  ( x −   x 3 )  ( 1 − x −   y  1 + a x + b y −   q 1 ) +   1 + a   x 3    e 1  ( 1 + b   y 3 )  ( y −   y 3 )  (     e 1 x  1 + a x + b y −    z  1 + m y + n z −  (   d 1 +   q 2 ) ) +    ( 1 + a   x 3 )  ( 1 + m   y 3 )    e 1   e 2  ( 1 + b   y 3 )  ( 1 + n   z 3 )  ( z −   z 3 )  (     e 2 y  1 + m y + n z −  (   d 2 +   q 3 ) )


  ≤ −  ( 1 − a   y 3 )    (   x − x 3 ) 2 −   1 + a   x 3    e 1  ( 1 + b   y 3 )  (   b   e 1   x 3   ( 1 + a   x 3 + b   y 3 )  ( 1 + a x + b y    ) − m   z 3 )    ( y −   y 3 ) 2 −   n   y 3  ( 1 + a   x 3 )  ( 1 + m   y 3 )    e 1  ( 1 + m   y 3 + n   z 3 )  ( 1 + m y + n z )  ( 1 + b   y 3 )  ( 1 + n   z 3 )    ( z −   z 3 ) 2   .


  ≤ −  ( 1 − a   y 3 )    (   x − x 3 ) 2 −   1 + a   x 3    e 1  ( 1 + b   y 3 )  (   b   e 1   x 3   ( 1 + a   x 3 + b   y 3 )  ( 1 + a x + b y    ) − m   z 3 )    ( y −   y 3 ) 2 −   n   y 3  ( 1 + a   x 3 )  ( 1 + m   y 3 )    e 1  ( 1 + m   y 3 + n   z 3 )  ( 1 + m y + n z )  ( 1 + b   y 3 )  ( 1 + n   z 3 )    ( z −   z 3 ) 2   .


      C   D  𝛼   V ∗ ( x , y , z ) ≤ 0


    𝜙 2


    a y 3 < 1


    a y 3 ≤ 1


    E 3 =  (   x 3 ,   y 3 ,   z 3 )


    𝜙 2


  ∎


                    a = 1 ,       b = 0 . 1 ,         q 1 = 0 . 2 ,         e 1 = 1 . 2 ,       m = 1 ,       n = 0 . 1 ,    


    d 1 = 0 . 04 ,         q 2 = 0 . 55 ,         e 2 = 1 ,         d 2 = 0 . 1 ,         q 3 = 0 . 2 .


    d 1 = 0 . 04 ,         q 2 = 0 . 55 ,         e 2 = 1 ,         d 2 = 0 . 1 ,         q 3 = 0 . 2 .


    E 1 = ( 0 . 8 ,   0 ,   0 )


    q 2 ∈  ( 0 . 49333 ,   1 )


    q 2 ∈  ( 0 ,   0 . 49333 )


    q 2 ∗ =   q 2 = 0 . 49333


    q 2 = 0 . 55


    E 1


    𝜆 1 = − 0 . 8      


    𝜆 1 = − 0 . 05666    


    𝜆 1 =   − 0 . 3


    E 1 = ( 0 . 8 ,   0 ,   0 )


  𝛼 ∈  ( 0 ,   1 )


  𝛼


    E 1


    q 2


    E 1


   ( 4 )


  α = 0 . 85


    q 2 = 0 . 55


    E 1 = ( 0 . 8 ,   0 ,   0 )


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


   ( 4 )


  α = 1


    q 2 = 0 . 55


    E 1 = ( 0 . 8 ,   0 ,   0 )


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


    E 1 = ( 0 . 8 ,   0 ,   0 )


    E 1 = ( 0 . 8 ,   0 ,   0 )


     ( 4 )


    E 1 = ( 0 . 8 ,   0 ,   0 )


  𝛼


  𝛼


    E 2 =  (   x 2 ,   y 2 , 0 )


    q 2 = 0 . 01


    q 3 ∈  ( 0 . 3712 ,   1 )


    q 3 ∈  ( 0 ,   0 . 3712 )


    q 3 = 0 . 4


    E 2 =  ( 0 . 04718485 ,   0 . 8525155 ,   0 )


  𝛼 ∈  ( 0 ,   1 )


  𝛼


   ( 4 )


  α = 0 . 85


  a = 1


    E 2 =  ( 0 . 04718485 ,   0 . 8525155 ,   0 )


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


   ( 4 )


  α = 1


  a = 1


    E 2 =  ( 0 . 04718485 ,   0 . 8525155 ,   0 )


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


     ( 4 )


    E 2


  𝛼


  𝛼


  0 < a < 1 . 657  


    E 2


  a > 1 . 657


    E 2


  a = 2


    E 2 =  ( 0 . 049508 ,   0 . 891726 ,   0 )


    𝛼 2 =  2  𝜋     t a n  − 1 ⁡    0 . 178172972324115  0 . 0046403534085 = 0 . 9834235 .


  𝛼 ∈ ( 0 ,   0 . 9834235 )


    E 2


  𝛼 ∈ ( 0 . 9834235 ,   1 )


    E 2


    E 2


    E 2 = ( 0 . 049508 ,   0 . 891726 ,   0 )


  𝛼 = 0 . 9


  𝛼 = 0 . 96


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


    E 2 = ( 0 . 049508 ,   0 . 891726 ,   0 )


  𝛼 = 0 . 99


  𝛼 = 1


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


     ( 4 )


    E 2


  𝛼


  𝛼


    E 3


  a = 0 . 2 ,         b = 0 . 3 ,             q 1 = 0 . 01 ,             e 1 = 1 ,           m = 2 ,           n = 0 . 2 ,


    d 1 = 0 . 3 ,             q 2 = 0 . 2 ,             e 2 = 0 . 6 ,             d 2 = 0 . 1 ,             q 3 = 0 . 01 ,


    d 1 = 0 . 3 ,             q 2 = 0 . 2 ,             e 2 = 0 . 6 ,             d 2 = 0 . 1 ,             q 3 = 0 . 01 ,


    E 3 =  ( 0 . 748535 ,   0 . 299294 ,   0 . 169623 )


  .


   ( 4 )


  α = 0 . 8


    E 3 =  ( 0 . 748535 ,   0 . 299294 ,   0 . 169623 )


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


   ( 4 )


  α = 1


    E 3 =  ( 0 . 748535 ,   0 . 299294 ,   0 . 169623 )


   (   x 0 ,   y 0 ,   z 0 ) =  ( 1 ,   1 ,   1 )


     ( 4 )


    E 3


  𝛼


  𝛼


  a = 1 ,         b = 3 . 45 ,           q 1 = 0 . 6 ,           e 1 = 10 . 6 ,         m = 10 ,         n = 0 . 1 ,    


    d 1 = 0 . 03 ,           q 2 = 0 . 04 ,           e 2 = 2 ,           d 2 = 0 . 03 ,           q 3 = 0 . 03 .


    d 1 = 0 . 03 ,           q 2 = 0 . 04 ,           e 2 = 2 ,           d 2 = 0 . 03 ,           q 3 = 0 . 03 .


    E 3 =  ( 0 . 359302 ,   0 . 064356 ,   5 . 016552 ) .


  𝛼 ∈  ( 0 ,      2 3 )


  𝛼 ∈  (  2 3 , 1 )


    E 3 =  ( 0 . 359302 ,   0 . 064356 ,   5 . 016552 ) ,


  𝛼 = 0 . 6


  𝛼 = 0 . 65


   (   x 0 ,   y 0 ,   z 0 ) =  ( 0 . 4 ,   0 . 1 ,   5 )


    E 3 =  ( 0 . 359302 ,   0 . 064356 ,   5 . 016552 ) ,


  𝛼 = 0 . 7


  𝛼 = 0 . 75


   (   x 0 ,   y 0 ,   z 0 ) =  ( 0 . 4 ,   0 . 1 ,   5 )


     ( 4 )


    E 3


  𝛼


  𝛼


    E 1 ,     E 2


    E 3


    E 1


  𝛼


    E 2


    E 3

