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ABSTRACT

This work employed the Zernike and Karhunen-Loeve polynomials in the
adaptive optics (AO) systems to correct wave-front aberrations. The present work uses
MATLAB-based program for simulating wave-front distortion correction with the use
of the Modal AO method. Wave-front aberrations were represented by a modified von
Karman turbulence model; numerical simulations and analyses were performed. The
Zernike polynomials higher values of SNR and Strehl ratios, lower values of RMSE,
variance, and covariance in comparison to Karhunen-Loeve polynomials modes,
proved the superiority of the Zernike polynomials in correcting wave-front distortion.
The present work provides valuable insights into the quality and performance metrics
of the Karhunen-Loeve and Zernike modes, with a focus on gaining a more detailed
understanding of the different aberration modes for enhancing wave-front corrections
in optical systems.

Keyword: Zernike polynomials, Karhunen-Loeve Polynomials, Modal adaptive
optics, PSF, and Modified von Karman Turbulence.
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1. Introduction

Ground-based telescopes can achieve theoretical diffraction-limited resolution through the
use of Adaptive Optics (AO) to compensate for the blurring effect of the Earth's atmosphere.
The largest telescopes and most innovative scientific equipment, combined with the high
angular resolution provided by AO, make this combination a critical tool for the purpose of
studying and understanding the universe [1].

In the 21st century, effective communication by the American National Standards Institute
(ANSI) and the International Organization for Standardization (ISO) was promoted through the
Zernike polynomials developments and the standardization of several Zernike sets [2].

Zernike polynomials are extensively used because of their exceptional mathematical
properties. They are orthogonal over a unit circle. Because of this orthogonality, wave-front
function expansion coefficients are independent of the number of terms. This enables
convenient mathematical manipulations of wavefronts, such as addition, subtraction,
translation, rotation, and scaling. Also, they efficiently represent common optical errors, such
as astigmatism, coma, and spherical aberration, which ease the classifications and
quantifications of wave-front aberrations [3]. Moreover, the evaluation of the image quality of
an optical system using the Zernike polynomials is easy since the system point spread
function(PSF) can be analytically computed from the Zernike expansion coefficients of the
wave-front aberrations based on the (extended) Nijboer—Zernike theory [4]. Zernike and
Karhunen-Loeve (KL) polynomials have been utilized to simulate atmospheric turbulence,
taking into consideration temporal as well as spatial effects on observed images. In addition to
that, due to their orthonormality and statistical independence, KL polynomials have been
utilized in favor of the Zernike polynomials [5].

To effectively correct or minimize various types of aberration modes that are introduced
by atmospheric turbulence, it is essential to first capture and quantitatively describe their
characteristics [6]. For this purpose, the wave aberration function works suitably, as it provides
a comprehensive description of the combined impact of the optical system on light as it passes
through every point within the aperture of the telescope [7].

The von Karman model presents the nature of the wave-front perturbations caused by
atmospheric turbulence [8]. This model is commonly used in simulations of imaging through
atmospheric turbulence and is backed by a number of experimental studies. It directly causes
phase fluctuations by attributing the wave-front perturbations to changes in the atmosphere's
refractive index [9].

The study demonstrates how to choose the ideal polynomial basis functions for AO systems
for effective astronomical observations and improved image quality. Several studies have
investigated the use of Zernike or KL polynomials individually in adaptive optics, often
demonstrating advantages unique to each. However, most prior research lacks a systematic,
metric-based comparison of both bases under the same simulation conditions. This research
aims to fill that gap by evaluating the comparative performance of both basis sets across
multiple quality metrics under identical, physically realistic conditions.

The originality of this paper lies in its quantitative performance evaluation of Zernike and
KL polynomials under realistic atmospheric turbulence modeled by a modified von Karman
spectrum. It further distinguishes itself by applying multiple image quality metrics such as
Strehl, Signal to Noise Ratio (SNR), Root Mean Square Error (RMSE), variance, and
covariance. This comprehensive comparison provides clear, evidence-backed
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recommendations for AO system design, which were not previously established in such an
integrated manner. The efficacy of a modified von Karman turbulence model in simulating
atmospheric effects on wavefronts was examined to better apprehend the accuracy and
applicability of this model in representing real-world conditions for Modal AO systems.

2. Light Beam Propagation

The beam propagation technique is widely used to numerically simulate light propagation
through nonlinear, inhomogeneous, and anisotropic materials, such as wave-guiding structures
with gentle variations along propagation direction. With this technique, solutions are calculated
in very small increments, taking into consideration the separate linear and nonlinear (or non-
deterministic) steps [10].
The profiled electromagnetic beam is where we start at z = 0. The profiled beam travels from
zto z + Az, covering the first longitudinal increment (4z) in our case, which is Gaussian. The
field experiences the familiar Fresnel-Kirchhoff diffraction integral across this distance (4z),
substituting Az for z in the following way [11][12]:

@ k
UGy = || UGnwe (jZ«xi,xo)z + (yi,yo)2)> dody, ()

In which U(x,, yo) represents the input profiled beam, U (x;, y;) represents the field following
distance 4z, k represents the unbounded wave number.
Therefore, phase perturbations due to turbulence-induced fluctuations in the refractive index
following a distance of Az are represented by the multiplication of the field by a phase function
e@0x)) a5 [13][14]:

Uout (X3 yi) = Ui (x5, 7)€" eyi) (2)

Where: U,y (x;,v;) represents the field amplitude immediately following the random
phase screen, and U;, (x;,y;) represents the field amplitude before the random phase screen.
The procedure above is repeated until the field has traveled the required distance.

The propagation path in the case of a single-phase screen could be divided into two parts:
(a) from the phase screen to the observation plane at z = L, and (b) from the phase screen to
input profiled Gaussian beam [15]. One way to represent a single-phase screen is as a particular
type of extended phase screen. Complexity and accuracy must be balanced while working with
the extended-phase screen, which depicts a broad range of turbulence [16] [17]. Thus, the
incremental diffractive distance (4z) reduces with the increased phase screen count for a given
propagation  distance, leading to  longer  processing times. To  better
represent atmospheric turbulence across an extensive medium, 4z — 0, an infinite number of
phase screens is the ideal condition [18][19].

3. Model Approach

The estimated functions serve as coefficients of the aperture function in a Modal representation.
A set of functions is used to represent the wavefront; these functions are all applicable over the
entire aperture. It is necessary for both functions to be linearly independent in order to represent

the phase as [20]:
K

006Y) = ) @ Zi(x,y) ®

k=1
Where: a;, is the coefficients and Zj, is the function, Zernike or KL polynomials, that will be
discussed to approximate the wave-front.
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4. Zernike Polynomials

The power series terms inthe Zernike polynomial expansion include proper
normalization factors. The standard normalized low-order Zernike polynomials are defined
over the unit circle. The classical and most widely utilized Zernike polynomials, in this study,
have been normalized over a circular domain by Noll [21]. These polynomials have the
following precise definitions [22] [23]:

Zepenj =Vn+1 R (1) V2 cosmo (4)
whenm # 0
Zogaj =Vn+1 Ry () V2 sinm6 (5)
whenm # 0
Z;=vn+1 Ry (r),whenm =0 (6)
Where the radial function:
(n-m)/2
HOESSY = P2 )
n - [[ntm [[ntm |
& SRR
n and m are frequently used integrals and satisfy m < n,n — |m| = even. Index j represents

a mode ordering number and is a function of n and m. Each type of aberration mode can be
illustrated as in Figure 1.
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Figure 1: Typical circle Zernike polynomials [24].

5. Karhunen-Loeve polynomials
Zernike polynomials make up the Karhunen-Loeve (KL) polynomials, yet their
coefficients are statistically independent. Comprehension of atmospheric turbulence,
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represented by the Kolmogorov model depending on Kolmogorov statistics [25] [26], requires
an understanding of this feature. The basis of KL functions is Zernike polynomial expansion.
Using this method, KL equations may be reduced to a system of linear algebraic equations that
can be analytically defined with regard to the hypergeometric function for matrix elements [27].
The specified KL polynomials are [28][29]:

N
Ky (p, 0) = Z bpiZ; (8)
=1

Where: by, ; is the constructing matrix of KL polynomials (which could be found in the study of

Hassan et al. [5]), and N represents the number of Zernike orders where KL order j is
represented. Table 1 contains KL aberration modes up to the 4th order that were used in our
research.

Table 1: Karhunen-Loeve polynomials up to 4th order [5]

Order Aberration mode

K1 VA

K2 ba2Zo+ by7Z7 +b2,16Z16

K3 b3 3Z5+ b3 sZs +b317Z17

K4 by sZs+ ba 12212 +ba 23703

K5 bscZet bs, 13213 +bs 24204

K6 beaZst be 11211 +be22Zn

K7 b7.9Zo+ by,18Z18 +b731Z31+b7,48Z48

K8 bs,10Z10% bs 19219 +bs 32Z32tbs 49249

K9 by 2Zo+ bo.7Z7 +b9,16Z161b9.20Z291b9 46Z.46
K10 bi03Z3+ b10sZs +b10,17Z171b10,30Z30tb10.47Z47
K11 bi1,14Z1a% bi1.25Z25 +b11,40Z40+b11,64Z64
K12 bi2,15Z15 b12,26Z26 Tb12,41Z41+b12,65Z65
K13 bi3s5Zst bi3,12Z12 +b1323Z23+b13 387358+b13,62Z62
K14 bias Zet bia,13 Z13 +01424Z241b1439 Zoz+b14 63763
K15 bisa Zat+ bis 1211 +bis 2072 +bis 37 Za7tbisse Zsstbis 9279

Atmospheric Turbulence

An introduction to atmospheric turbulence is given in this section, with a particular
emphasis on the modified von Karman phase turbulence model. The numerical generation
regarding random phase screens that illustrate random turbulence behavior across a
thin transverse layer in the propagation direction is explored [30]. There is a chance that the
properties of optical waves passing through atmospheric turbulence would vary significantly,
which could impair system performance. Three parameters are essential in standard turbulence
modelling to describe the behavior regarding atmospheric turbulence: the outer (Lo) and inner
(lo) scales of turbulence eddies and the refractive index structure parameter (C2) that indicates
the strength related to atmospheric turbulence [31].

6. Von Karman Modeling

To make the Tatarski spectrum valid for both the outer and inner scale parameters, von
Karman adjusted it in a way to be finite for k < 1/Lo. Modified von Karman Spectrum's power
spectrum density is provided by [32]:
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kZ
exp (—17)
@n(k) = 0.033C2 75 0<k<o 9
(k2 +k2)6
The medium structure constant is denoted by C2 by the above equation: the
equivalent wavenumber for the inner scale is km = 5.92/1, the wavenumber for the outer scale
is ko = 2m/Lo, and the unbounded non-turbulent wave number in the medium is k. Here, ¢n(k)
represents the medium's refractive index's PSD (power spectral density). One of its main

advantages is that this model is integrable at k=0 and includes both outer and inner scales [33].

7. Phase Screen Generation

Examining how to utilize a discrete grid is to create a phase screen that replicates statistical
features of phase fluctuations brought on through turbulent atmospheric conditions, and how to
employ Fast Fourier Transform (FFT) methods to generate a phase screen from the specified
spectrum. A phase screen's main goal is to simulate the disturbances of the random phase that
result from unpredictable fluctuations in the refractive index during extended atmospheric
turbulence [34]. Planar or extended, the generated random phase screen is determined by
several parameters, including the inner and outer scales (lo and Lo), the incremental spatial
frequencies Akx, Aky, and C?2 (or Fried parameter ro). Creating a series of random complex
numbers (with a Gaussian distribution) on a selected grid involves starting with the modified
von Karman spectrum model with the given parameters and utilizing a standard scheme
depending upon the generation of the Fourier transform. The phase screen is obtained
through an inverse Fourier transform after the random numbers are multiplied by the phase
power spectrum’s square root, as in Equation (10). Depending on the modified von Karman
spectrum model, the real part of the result is regarded as a random phase function @(x,y) owing
to the atmospheric fluctuations. In 2-D, the discrete phase distribution is written as [18]:

Inverse fast Fourier transform operation (IFFT) is represented by a and b, which are random
numbers created to suitably simulate the modified von Karman phase’s random noise-like
properties, @n(k), as in Equation (9).

8. Numerical Simulations, Results, and Discussion

The effectiveness of two orthogonal functions in the Modal AO systems for wave-front
correction was investigated using a numerical computer simulation, which used Zernike
aberration modes for computing KL polynomials that were useful for the wave-front aberrations
representation and analysis in the optical systems. A phase screen, which replicated the
statistical properties of phase fluctuations that occurred due to turbulent atmospheric
conditions, was generated using a modified von Karman model. The numerical simulation for
profiled wave-front beam propagation over a turbulent medium, the atmosphere, was presented
in this section. The detailed steps of the flowchart for the computer simulation, focusing on
efficient wavefront reconstruction and compensation using two orthogonal functions, are
presented in Figure 2.
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Figure 2: Flowchart of the computer simulation process.

9. 1. Initialization and Parameter Setup:
The simulation parameters, the number of grid points, total grid size, and grid spacing were
defined, as in Table 2.
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Table 2: Includes All Basic Simulation Parameters.

Parameter Value Description
Grid size (N) 256 Spatial resolution
Wavelength (1) 550 nm Central observing wavelength
Turbulence model Modified von Karman Atmospheric phase perturbation model
Number of modes 15 Zernike/KL modes used in correction
To 0.1 m Fried parameter
Lo 25 m Outer scale of turbulence

9. 2. Deformable Mirror (DM) and Ideal Point Spread Function (PSF) Generation:

An amplitude pattern (circular deformable mirror (DM) aperture) for the wavefront was
generated, as shown in Figure 3, for which the Fourier transform was calculated to create the
ideal Point Spread Function (PSF), shown in Figure 4.

PSF Without Turbulence
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200
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80 100 150 200 250 300 360 400 450 500
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Figure 3: The DM Aperture.

U X [Pixel]

Figure 4: The Ideal PSF of the Optical
System.

9. 3. Distorted Wave-front Simulation and its PSF:

The phase screen was generated by simulating a distorted wavefront with a modified von
Karman turbulence model's PSD, as shown in Figure 5. The accumulated distorted PSF was
normalized, as in Figure 6. The Strehl Ratio was calculated as the ratio of the highest value in
the ideal PSF to the highest in the distorted PSF, resulting in a Strehl Ratio of 0.0834.

PSF With Turbulence

Wavefront

400 600

200
& 200

50 100 150 200 250 300 350 400 450 500 0% Y [Pixel] 0 0 X [Pixel]
X [Pixel]

Figure 5. The Original Distorted Wavefront. Figure 6. The Normalized Accumulated
Distorted PSF.
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9.4. Calculation of the Required KL Aberration Modes:
The KL aberration modes can be represented according to Table 1, and they are shown in Figure
7.

Piston

<

Figure 7: Grapnhical Representation of the KL Polvnomials up to the 4th Order

9.5. Wave-front Sensing and Influence Matrix:

The distorted wavefront was assigned to the measured wavefront. An influence matrix,
which is the interaction of deformable mirror actuators with the wavefront, was generated for
Modal AO using the Zernike and KL polynomials. Figure 8 represents the sum of 15 Zernike
aberration modes, and Figure 9 represents the sum of 15 KL aberration modes. Zernike and KL
polynomials are a set of orthogonal basis functions that were used in Modal AO to control the
deformable mirror surface to represent the wave-front distortion. The control signals for the
deformable mirror actuators were calculated using these two functions. This allows for the
correction of a wide range of wave-front aberrations.
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Figure 8: The Accumulative 15 Figure 9:The Accumulative 15 KL’s
Zernike's Aberration Modes. Aberration Modes.
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It can be noted from Figures 7 and 8 that the Zernike modes give a smoother representation of
the wave-front aberrations, and this is due to their well-established use in practical AO systems.
KL modes, although they offer better statistical representation of the wave-front error, show
more variability and sensitivity to certain characteristics of the observed wavefronts.

8.6. Wave-front Correction:

To reconstruct the original wavefront shown in Figure 5, wave-front correction was
calculated by applying the accumulative 15 Zernike aberration modes, shown in Figure 8, to
the measured wavefront. Figure 10 shows the reconstructed wavefront. Still, there remains a
relatively low wave-front error between the reconstructed and original wavefront, as shown in
Figure 11. This low error shows that the Zernike modes have successfully reduced most of the
wave-front distortions. This result proves that the Zernike modes are suitable to be applied for
applications where high wave-front correctness is required.

Residual Error

Reconstracted Wavefront Using Zernike Polynomials
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Figure 10: The reconstructed wavefront
using 15 Zernike’s aberration modes.
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Figure 11: The difference between the
reconstructed wavefront and original

The accumulative 15 KL aberration modes, shown in Figure 9, were employed to calculate
the wave-front correction for reconstructing the original wave-front (shown in Figure 5). The
reconstructed wavefront is shown in Figure 12. The remaining wave-front error between the
reconstructed and original wavefront can be noted from Figure 13.

Reconstracted Wavefront Using KL Polynomials
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50 100 150 200 250 300 350 400 450 500 x10%
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Figure 12: Represents the reconstructed Figure 13: The difference between the
wavefront using 15 KL’s aberration reconstructed wavefront and original

modes. wavefront.
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Comparing Figures 12 and 13, it can be noted that the wave-front residual error using the
Zernike modes is lower than that using the KL modes, indicating that the Zernike modes offer
more accurate wave-front correction, giving better overall image quality in practical
applications. Zernike modes may minimize the overall variance; they are not as effective as the
KL modes in correcting certain types of wave-front aberrations. This concludes that the Zernike
modes are more accurate than the KL modes to get good image quality.

8.7. Analysis and Visualization of PSFs:

The reconstructed PSF is shown in Figure 14. Strehl ratio, covariance, RMSE, and variance
were plotted against individual aberration no. modes (for both Zernike and KL modes), as
shown in Figure 15. Figure 16 shows the plots of Strehl ratio, covariance, RMSE, and SNR
against accumulative aberration no. modes.

Reconstracted PSF

400 600

200 200

Y [Pixel] [ X [Pixel]

Figures 14. The Reconstructed PSF.

The Strehl ratio measures the quality of the optical system; high values indicate good
performance. The covariance represents the spread of the data points. Low values indicate less
spread. The Root Mean Square Error, or RMSE, measures the difference between actual and
calculated values; low RMSE values indicate good accuracy.
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Figures 15: (a) Strehl Ratio, (b) Covariance, (c) RMSE as a function of individual
aberration no. modes (for both Zernike and KL modes), and (d) Variance.
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From Figure. 15a, it can be noted that the Zernike modes generally have higher Strehl Ratio
values compared to KL modes. Also, there is major variability in the Strehl Ratio values for KL
modes compared to the Zernike modes. This indicates that the Zernike modes perform better
than the KL modes. Figures (15b and 16b) demonstrate that the individual and accumulative
Zernike modes have lower covariance values than those of the KL modes. Both individual and
accumulative Zernike modes are of good accuracy, as indicated by their lower RMSE values
than those of the KL modes, as seen in Figures (15¢ and 16c¢). The individual KL. modes reveal
high variation in the variance values compared to those of the Zernike modes, as seen in Figure
15d. This indicates that the Zernike modes match the original wave-front data well. Signal-to-
Noise Ratio (SNR) measures the signal quality. The higher the value, the better the quality of
the signal. Figure (16d) shows that the accumulative Zernike aberration modes are of better
performance than the accumulative KL modes. The results showed higher Strehl Ratio values,
lower covariance values, and lower RMSE values for the Zernike modes compared to those of
the KL modes.

—#— Accumulative Zemike Mades
—&— Accumulative KL Modes

g
o

—#— Accumulative Zermike Modes
—&— Accumulative KL Modes

Covariance
n rs
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Abenation no. Mode Abenation no. Mode

Figures 16: (a) Strehl Ratio, (b) Covariance, (c) RMSE, and (d) SNR as a function of
accumulative aberration no. modes (for both Zernike and KL modes).

It is important to consider the computational cost associated with implementing Zernike
and KL polynomials. In our simulations, the average processing time for reconstructing
wavefronts using KL modes was higher due to the additional step of Eigen-decomposition
required to generate the KL basis. Zernike polynomials, being analytically defined, were
computationally more efficient. This makes Zernike a preferred choice in real-time AO systems
where speed is critical. In this study, 15 modes were selected based on a balance between
computational complexity and correction accuracy. Increasing the number of modes improves
correction accuracy but also increases computational burden and potential fitting error in the
presence of noise. We observed diminishing returns in image quality improvement beyond 15
modes.

The superior performance of Zernike polynomials can be attributed to the nature of the
atmospheric turbulence simulated by the modified von Karman model, which introduces low-
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order aberrations that are well captured by Zernike modes. Furthermore, the absence of noise
in the simulation and the limited number of modes may also favor Zernike. This observation
aligns with previous studies where Zernike was found to be more robust for low-to-moderate
order aberration correction under similar turbulence models. Our study assumes that the von
Karman model accurately represents atmospheric turbulence, though it may not cover all real-
world conditions, particularly in dynamic or localized turbulence. Simulations were used to
assess the performance of Zernike and KL polynomials under ideal conditions, such as perfect
system alignment, which may not reflect actual usage. However, limitations include the
resolution of the simulations, constrained by computational resources, and the limited number
of actuators in the deformable mirror, both of which could affect accuracy in correcting higher-
order aberrations in real-world applications.

Conclusion

The results from the numerical simulation and analyses clearly show the effectiveness of wave-
front aberration studies in Modal adaptive optics systems. Information about the quality and
performance measurements was obtained using two orthogonal functions, Zernike and
Karhunen-Loeve polynomials, for wave-front correction. Both polynomials were used to
evaluate the system’s ability to correct aberration, providing a comparative analysis of their
effectiveness in enhancing wave-front reconstruction and reducing the residual errors.

Zernike aberration modes were proved to be more beneficial in correcting wave-front
distortions compared to Karhunen-Loeve modes. As evidenced by their higher Strehl Ratio and
SNR values, which indicate better image quality and improved optical performance, and lower
variance, covariance, and RMSE values. These results indicate the importance of knowing and
understanding the properties and possible implementations of different aberration modes to
improve wave-front distortion corrections in optical systems. This research did not study the
possible benefits of hybrid AO systems that combine zonal (Zernike) and modal (Karhunen-
Loeve) methods. Future work might investigate whether such hybrid systems provide high
correction accuracy by exploiting the strengths of both polynomial groups.
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