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Abstract

The problem of atmospheric turbulence has taken a considerable amount of
attentions in the literatures. Most of theise studies have not considering the
quantitative aspects of the seeing conditions in terms of mathematical representation.
The study involves two-dimensional computer simulations of short exposure
recording using Kolmogorov approach. The quality of these images is quantified in
order to see the effects of atmospheric turbulence on the observed images. This
assessment shows clearly the parameters that affect the possibilities of approaching
diffraction limiting resolution of the telescope.
The results demonstrate that the average frequency components are linearly
proportional to the square of the telescope radius and linearly proportional to the
seeing conditions.
Signal to noise and signal to background ratios of the autocorrelation function of a
binary star as a function of telescope diameter and seeing conditions are calculated.
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atmospheric turbulence, this
becomes 1" or more.

resolution may

All telescopes have an inherent limitation to
their angular resolution due to the diffraction of
light at the telescope’s aperture.

The incoming light is approximately a plane wave
since the source of the light is so far away. In this
far field limit, Fraunhofer diffraction occurs and
the pattern projected onto the focal plane of the
telescope will have little resemblance to the
aperture. According to Rayleigh criterion, and if
A=450 nm , D=6 m, the resolving power is
equal to (0.01887"). In the presence of

Many observatories, including the Mount Wilson
Observatory [1], European Southern Observatory
[2] and [3], constantly monitor the local seeing
conditions. These data can be used for setting
observing schedules, assessing facility upgrade
feasibility, and designing high resolution imaging
instruments [4].

When imaging an object through the atmosphere,
however, the wave front has passed through many
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such turbulent layers, each characterized by
different average densities and velocities. By
observing centroid motion as a measure of the
variation in angle of arrival, Fried [5] used the
model of atmospheric turbulence developed by
Kolmogorov [6] and Tatarski [7] to quantitatively
relate the results to seeing.

Measurements of the space time correlation
function of images at the focus of a large
telescope have been studied by [8]. The results
indicate that the image boiling has a directional
component that is parallel to the motion of the
turbulence in the pupil plane.

Techniques to overcome the effects of the
atmosphere have been developing rapidly. These
techniques can be grouped into two categories:
pre-detection and post-detection. Welsh and
Roggemann [9], using the post detection scene
technique in order to deconvolve wave front
sensing (DWFS). A wave front sensor (WFS) is
used to record the wave front phase distortion in
the pupil of the telescope for each short exposure
image. The addition information provided by the
WEFS is used to estimate the system’s point
spread function (psf). The psf is then used in
conjunction with the ensemble of short exposure
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images to obtain an estimate of the object
intensity distribution via deconvolution.

The objective of this paper is to study
quantitatively the effects of telescope apertures
on the actual power spectra and the
autocorrelation functions of short exposure
images of a binary star in the presence of
atmospheric turbulence using different size of
telescope apertures.

Image Formation Model

When an optical system produces an image
using perfectly incoherent light, then the function,
which describes the intensity in the image plane
produced by a point object plane, is called the
Impulse Response Function. The input (object
intensity pattern) and output (image intensity
pattern) are related by the simple convolution.
Since it is impossible to construct a truly
infinitesimal source, one cannot directly measure
the response of a system to a point impulse. The
following diagram represents the calculation of
the OTF and MTF.

Object Convolution Impulse response
f(x,y) psf(x,y)
Image
g(x.y)
Image
G(u,v)
: Optical transfer
1
F%; T(u,v)function OTF

Fig. (1): Calculation of the optical transfer function in
incoherent linht

It is important to study the effects of the telescope
aperture on the actual psf and the modulation
transfer function, MTF. The pupil function
H(y,7) In the absence of atmospheric turbulence

is given by:

. 12
1 it [p-nfel-rf < R
H(7.7)= @)
0 otherewise
where R is the radius of the telescope aperture.

The instantaneous psf of the telescope system
alone is given by:

psf (x,y) = ‘FT [H(.7)]

2
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The MTF of a system may be measured by one of
two methods: auto-correlating the pupil function
of the lens-under-test or analyzing the psf
calculated by Fourier transforming the pupil wave
front. The transfer function of an incoherent
optical system is equal to the autocorrelation of
the pupil function [10],

+00+00

Tv)= [ [H@ . )H @ +n'y+y)dndy @)
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The variables (5,7) represent distances in the
pupil, and are related to the spatial frequency
variables (u,v) by:

n = fiu;
where f is the focal length.

MTF is then computed by taking the absolute of
Eqg. (3).

y="fiv (4

Atmospheric Turbulence:

Large scale temperature inhomogeneities

caused by differential heating of different
portions of the Earth's surface produce random
micro-structures in the spatial distribution of
temperature which, in turn, cause the random
fluctuations in the refractive index of the air.
These large-scale refractive index
inhomogeneities are broken up by turbulent wind
and convection, spreading the scale of the
inhomogeneities to smaller sizes [11].
In the case where we are imaging through a
random medium, the pupil function may be split
into a product of two functions, one representing
the effect of the random medium, and one
representing the pupil function of the imaging
component;

5
H(n.7)=Aln.y)Z(n.7) ©
where A(n,y) is the pupil function of the
imaging part of the system which is exactly the
same as that given by Eq.(1) and z(#,y) is the

complex amplitude at the imaging aperture due to
a point source in the object plane.
Substiting of Eq. (5) into (3) yields,

+00+00

T(uv)= [ [AM YA (+n 7 +7)

—00—-00

Z(M'Y)Z (m+n,y+y)dndy ()

The transfer function of the random medium /
imaging system for normal time- averaged
imaging may be found by taking the ensemble
average of T(u,v). Thus,

+00+00

(T(uv)) = [ [A YA (+n'y +7)

—00—00

(Z('y)Z' (+ 'y + v ))dndy ()
The autocorrelation function of z(#,y) is defined

as: 210

C,(n.y)=(Z(n'. V)2 (n+7'r+7") ®)
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The transfer function of the optical system only
may be written as:

+00 +00

T(uV)= [ JA R (v p+7 Mofdy )

This is exactly the representation given by Eq.(3),
and therefore,

(T(u,v))=T,(u,v)C,(Afu,Afv) (10)
The form of C, (Afu,Afv) falls to zero much
faster than 1 (u,v), and the resolution is therefore

limited by the seeing [10].

Simulations:

Consider an extremely distant
guasimonochromatic point source located on the
optical axis of a simple imaging system. In the
absence of atmospheric turbulence, this source
would generate a plane wave normally incident
on the lens. In the presence of the atmosphere, the
plane wave incident on this inhomogeneous
medium propagates into the medium, and
ultimately a perturbed waves falls on the lens.
The field distribution incident on the lens can be
expressed as,

Z(n.y)= et (11)

where #(7:7) js the random phase of the
incident wave front. The instantaneous psf of the
entire telescope atmosphere system is given by:

FTH(M.Y)Z(m.y)]

H(7.7) is taken to be a two dimensional circular
function according to Eq.(1). The actual size of
the array (M by N) is taken to be 512 by 512
pixels. This size is taken as large as possible in
order to keep the theoretical diffraction limit of
the telescope of interest to be truncated at zero
value inside this array. In the absence of
atmospheric turbulence, the phase function in Eq.
(11) becomes zero and Zz(n,y)=1. The psf and

MTF, [T(u,v), at different telescope apertures are
shown in Figs. (2 and 3).

psf(x,y) = (12)

(a) telescope aperure
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Fig.(2): psf and MTF as a function of telescope
diameter(R=120)

lelescope apenure | b ) lagi1+P'5F)
05 / \
0
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05
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(f) Normalize MTF

Fig.(3): psf and MTF as a function of telescope
diameter(R=12.5).

(e MTF

These two figures demonstrate that the faint
details of the psf for R= 120 are much sharper
then that of R=12.5. It should be

pointed out here that asR —> =, the psf becomes
delta function and MTF becomes nearly
constant.

The MTFs at different R are normalized to one at
maximum,

MTR,(x.y) = MTF(00)
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where MTF(0,0) represents the value of the D.C.
(i.e. the central value of the array).

The average frequency components (AFC) of
MTFy(x,y) is computed by:

AFC= iii MTR, (x.y) (14)

y=1 x=1

Fig. (4) shows the effect of R on the actual value
of AFC in the absence of atmospheric
turbulence. The figure illustrates a new fact that
AFC is nearly proportional to the square of the
telescope radius.

1
0.9
0.8
0.7

06 AFC =0.00007 R ?

05

AFC
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0.2

0.1

0
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fajro=1

[clm=5 {djro=25
Fig. (5): The real parts of the complex wave
front at the exit pupil for different seeing

conditions (R=120).

Now in the presence of atmospheric turbulence,
Z(n,y) Is taken to be a Gaussian random

distribution (i.e. the real and imaginary parts are

211 aussian random distribution). This function is

wien convolved with a normal Gaussian function
(G) following the equation,
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Sixy)—e X % F1@?) (g5

where X, and y, represent the centers of the array
and o is the standard deviation of the Gaussian,
o Is taken to be r, which is called the Fried
coherent diameter [12]. The result of this
convolution is another complex function at a
certain seeing condition. (i. e, Zz(n,y) Is a

complex function at certain seeing condition r,).
The real parts of this complex wave front of an

9
50
100
150
0 1m 1A

(byro=10

unresolved star at the exit pupil (R=120) for il o 14 cll o 1A
different seeing conditions are shown in Fig. (5). (c)ro=25 (d)ro=3]
The figure demonstrates very clearly, that as r, Fig.(7): Average psfs at different I, (R=120).

increases the size of the spots increases and as

r,—>oo, the pupil function becomes purely 1 1

uniform (all the values inside the pupil becomes
the same and this is the case where there is no any 05 hid d 05
trace of turbulent atmosphere). .
Short exposure psfs at different seeing conditions, ;
r,, for R=120 are generated. Fig.(6) demonstrate 0 0
the results for R=120. Each image represents the (2)
speckle image of an unresolved star.

B

(b)

To estimate the long exposure psf, either Fourier J\‘
Bm

(d)

a0

transforms of Eq. (7) is computed via generating
a series of N realization of z(#,y)and then taking 05 05
the inverse Fourier transform or equivalently
generating N short exposure images of psf via

Egs.(2 and 5). In this study 100 short exposure ’ 5w i
images of an unresolved star are generated and 2 o )
then averaged out, a Gaussian functions are then Fig.(8): Gaussian fitting psfs. Dotted lines
fitted to the results. Figs. (7,8,9) demonstrate this representing central lines through Fig.(7).

process respectively.
Gl
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Fig. (6): Short exposure images of an unresolved Fig. (9): Long exposure psfs corresponding to
star at different seeing condition, r,. Fig. (7).

To see the effect of the seeing condition, r,, on
212 > actual frequency components of long
exposure image of an unresolved star. AFC is
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calculated following Eq. (14). The results are
shown in Figs. (10 and 11).
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Fig. (10): Long exposure AFC as a function of

r, (R=120).
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Fig. (11): AFC as a function of R.

Fig. (10) is also demonstrates a new fact that in
the presence of atmospheric turbulence, AFC is
linearly proportional to r, .
the seeing conditions are severely affect AFC for
large R and this will be reduced as R decreases.

Now, we turn our study to examine the effects of
the seeing condition on actual parameters of a

short exposure image of a binary star. Each
speckle image as generated before is added to its
a shifted version of itself to create a high light
level image of a binary star, g(x,y). The shift that
used in all cases is (5, 5), i. e. a small shift
relative to the width of the seeing disc.

Fig. (11) show how
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The autocorrelation function of an image of
binary star is then computed by:

C(Ax,Ay):Uj:g(x,y)g(x+Ax,y+Ay)dxdy
=g(x,y)eg(x,y)

={f(x,y)® f(x,y)}e {psf (x,y)® psf(x,y)}
where e denotes autocorrelation.

The short exposure image of an unresolved star,

binary star, power spectrum, and the
autocorrelation function at different seeing

(16)

conditions and at different R are shown in Figs.

(12 to 20).

100 200 300 400 500
(a)

100 200 300 400 500
(b)

120
; 140
100 200 300 400 500 80 100 0140

{c) (d)
Fig. (12): Simulation (R=120, r,=1)
(a) Short exposure psf
(b) Short exposure binary star
(c) Power Spectrum
(d) Autocorrelation function
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Fig.(13): Simulation (R=120,r,=3)
(a) Short exposure psf.
(b) Short exposure binary star.
(c) Power Spectrum.
(d) Autocorrelation function.
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Figs.(12 to 14) demonstrate very clearly that
the sharpness of the signal (R=120) remains
visually unchanged as long as the seeing Fig.(17): Simulation (R=50, r,=5)

conditions increases (i.e., the sharpness of the (a) Short exposure psf.
(b) Short exposure binary star.

signal is independent of the seeing conditions). (c) Power Spectrum.

The same process is then repeated with R=50 (d) Autocorrelation function.
pixels and the results are depicted in Figs. (15,

16, 17).

It should be pointed out here that as R decreases,
the actual size of the power spectrum is also
decreases. The signal becomes wider and
smoothes.
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Fig. (20): Simulation (R=125, I, =5)
(a) Short exposure psf.
(b) Short exposure binary star.

(c) Power Spectrum.
(d) Autocorrelation function.

04

a0 1m0 ]

(b)

Fig. (21): Autocorrelation function (R=120, I, =1)

a- Diagonal line through Fig.(12d)
b-  Perspective plot of Fig.(12d)

Figs. (18 to 20) shows that the signal is disappear.
This is because the separation of a binary star is
within the width of the psf of the telescope.

The diagonal lines of the autocorrelation
functions and the surface plots of the preview
figures are shown in Figs. (21 to 25).
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Fig. (23): Autocorrelation function (R=12.5, I, =1)

a- Diagonal line through Fig. (18d).
b- Perspective plot of Fig. (18d).
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ig. (25): Autocorrelation function (R=120, I, =5)

a- Diagonal line through Fig. (14d).
b-  Perspective plot of Fig. (14d).

The signal, background, signal to background
ratio, signal to noise ratio, and the width at half
maximum of the autocorrelation functions are
calculated for the above figures as described in
Fig.(26).
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Fig. (27): Signal as a function of 1, for different values of R.

The value of the secondary peak in the line
autocorrelation function is taken to be the value
of S+B, the background is calculated from the
average values of the points that located at a
distance 52152 from the center of the array.

The standard deviation of the noise is estimated
from the standard deviation of the values which
taken for the estimated of the background.

The results of these calculations are shown in the
following figures:

217
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Fig. (28): Background as a function of 1, for different

values
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Fig. (29): Signal to Background ratio as a function of
r, for

Fig. (27) demonstrates that, for a fixed telescope
diameter, as the seeing condition gets better (r,
increases), the signal is also increases slightly
(i.e., no significant change in signal values).

Fig. (28) shows that, for a fixed telescope
diameter, as the seeing condition gets better (r,
increases), the background is  decreases
significantly. Therefore, the signal to background
ratio is increases with increasing r, as shown in
Fig. (29).
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Fig.(30) shows that for larger telescope, the signal
to noise ratio is slightly decreases with increasing
ro. As the telescope diameter decreases, the signal
to noise ratio becomes unchanged. Fig. (31)
shows that the FWHM of the autocorrelation

function

is decreasing exponentially as r,

increases.

Conclusions:
The following conclusions could be drawn:

1.

2.

3.

AFC is found to be linearly proportional to
the square of the telescope radius.

AFC is linearly proportional to the seeing
conditions, r,.

When the seeing condition r, gets better and
evenat I, / R = 0.04 the AFC is still far away
from the actual value in the absence of
atmospheric turbulence.

For large telescope, the speckle size is very
small, and forR —» «, the speckle size is

nearly a delta function. The secondary pe: 218

6. As the seeing conditions
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of the autocorrelation functions are also
nearly delta functions.

For a telescope of small diameter, there is no
significant change in the signal as r,
increases. As the telescope diameter
increases, the signal is slightly increases.
increases, the
background is significantly decreases. This
leads to high signal to background ratio.

The signal to noise ratio as a function of the
seeing condition is not changes significantly
and is considered to be unchanged.

The size of the fringes of the power spectrum
is linearly proportional to R.
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